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Abstract In [1] Zawadoski introduces a banking network model in whioh asset
and counter-party risks are treated separately and theslisdge their assets risks
by appropriate OTC contracts. In his model, each bank hastawl counter-party
neighbors, a bank fails due to the counter-party risk onbt ifeast one of its two
neighbors default, and such a counter-party risk is a lovibgiodity event. Infor-
mally, the author shows that the banks will hedge their asskes by appropriate
OTC contracts, and, though it may be socially optimal to iesagainst counter-
party risk, in equilibrium banks wilhot choose to insure this low probability event.
In this paper, we consider the above model for more genetalank topologies,
namely when each node has exacttycdunter-party neighbors for some integer
r > 0. We extend the analysis of [1] to show that as the number ohtes-party
neighbors increase the probability of counter-party rislo ancreases, and in par-
ticular the socially optimal solution becomes privatelgtsinable when each bank
hedges its risk to at leagt banks, whera is the number of banks in the network,
i.e, when 2 is at leasty2, banks not only hedge their asset risk but also hedge its
counter-party risk.

1 Introduction

Economic stability has received special attention during past several years
mainly because of the economic downturn experienced diolrathe recent past.
This attention has generated renewed interest in evafpuhtiw important the eco-
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nomic stability is as having an unstable economy can paveaovaly economic crisis
each time when the global markets sees a downward trenchdrgh@nstability and
its effects on the economy can be very costly due to its contagiopitbower ef-
fects to other parts of the economy and it is fundamental ve hasound, stable and
healthy financial system to support th@ent allocation of resources and distribu-
tion of risks across the economy. Financial risk manageisentritical component
of maintaining economic stability. Hedging is a risk managet option that pro-
tects the owner of an asset from loss. It is the process dfrglifisks to the futures
market. The risks in the market must be first identified in otdenanage the risk.
To identify the risk one must examine both the immediate (@sset risk) as well as
the risk due to indirectféects (counter-party risk). Though hedging will minimize
overall profit when markets are moving positive, it also kefpreducing risk during
undesirable market conditions. However, as the owner teligher asset risk to
protect against defaults, the owner also gets exposed tmti@er-party risk.

In [1] Zawadoski introduces a banking network model in whibk asset and
counter-party risks are treated separately, and showgdutinder certain situations,
banks do not manage counter-party risk in equilibrium. Birhodel, each bank has
only two counter-party neighbors, a bank fails due to thentauparty risk only if
at leastone of its two neighbors default, and such a counter-pastyis an event
with low probability. Informally, the author shows that the bankd wedge their
asset risks by appropriate OTC contracts, and, though it Imeagocially optimal
for banks to insure against counter-party risk, in equilitir banks willnotchoose
to insure this low probability event. The OTC contract nolyarreates a contagion
but also creates externalities which undermines the inenbof the banks to avert
contagion. The model uses short term debt to finance thdiassat. The failure in
this model is from the liability side, where the investora nn the banks when they
do not trust the bank.e., the investors do not roll over the debts of the banks. Hence
the contagion can be avoided only by increasing the equitynan by providing
liquidity.

In this paper, we consider the above modelrfare generahetwork topologies,
namely when each node has exacttycdunter-party neighbors for some integer
r > 0. We extend the analysis of [1] to show that as the number ohtes-party
neighbors increase the probability of counter-party risk éncrease's and in par-
ticular, the socially optimal solution becomes privatalgtinable when each bank
hedges its risk to a $ficiently large number of other banks. The counter-party risk
can be hedged by holding more equity, buying default insteam their counter-
parties or collateralizing OTC contracts. Since holdingess capital or collateral-
izing OTC contracts is a wasteful use of scarce capital [hemthe banks choose
to hedge their counter-party risk they buy the default ineae on their counter-
parties. More precisely, our conclusions for the geners¢ cd 2 neighbors are as
follows:

o All the banks will still decide to hedge their asset risks.

1 Thus, the owners will decide to hedge their counter-party tigkeby helping to contain an
economic crisis.
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o If the number of counter-party neighbors is at le#stthen all banks will de-
cide to insure their counter-parties, and socially optis@iition in case of two
counter-parties for each bank now becomes privately opsoiation.

¢ In the limit when the number of banksn the network tend toeo, as the number
of counter-party neighbors approach 1, failure ofvery fewof its counter-party
banks will not @fect a bank.

2 Related Prior Research Works

As we have already mentioned, Zawadowski [1] introduced r&kipg model in
which asset risk and counter-party risk are treated seggrathowed that banks
always prefer to hedge their asset risk using OTC contraudsaéso showed that
banks do not hedge their counter-party risk even thoughihgdmunter-party risk
is possible and socially desirable. Allen and Gale [23] stabwhat interbank de-
posits help banks share liquidity risk but expose them tetdssses if their counter-
party defaults. Their model cannot be used to understandaihigactual choices in
case of OTC derivatives as they modeled the liquidity risabis [18] proposed
a model in which links are formed between banks which sergeanainsurance
mechanism to reduce the risk of contagion. Allen and BabBkgdinted out that
graph-theoretic concepts provide a conceptual framewsek to describe and ana-
lyze the banking network, and showed that more interbards lpyovide banks with
a form of coinsurance against uncertain liquidity flows. &ad Kapadi [5] showed
that more interbank links increase the opportunity for agieg failures to other
banks during crisis. Several prior researchers such ad?117,21] commented
that graph-theoretic frameworks may provide a powerful tmoanalyzing stability
of banking and other financial networks. Kleindoré&tial. [11] argued that network
analyses can play a crucial role in understanding many itapbphenomena in fi-
nance. Freixast al [24] explored the case of banks that face liquidity fludtra
due to the uncertainty about consumers withdrawing furadzdtta and Manna [13]
analysed the monthly data on deposit exchange to undertaisgread of liquidity
crisis using network topology.

Babus [20] studied how the tradéfdetween the benefits and the costs of be-
ing linked changes depending on the network structure asdrakd that, when the
network is maximal, liquidity can be redistributed in thestgm to make the risk of
contagion minimal. Corbo and Demange [6] explored the imglahip of the struc-
ture of interbank connections to the contagion risk of diéfagiven the exogenous
default of set of banks. Niest al. [17] explored the dependency of systemic risks
on the structure of the banking system via network theoggijgroach and the re-
silience of such a system to contagious defaults. HaldaBles[iggested that conta-
gion should be measured based on the interconnectedneasshohstitution within
the financial system. Liedorgt al. [8] investigated if interconnectedness in the in-
terbank market is a channel through which banffec each others riskiness, and
argued that both large lending and borrowing shares inbatéc markets increase
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the riskiness of banks active in the dutch banking marketotéiki and Moore [26]
studied the chain reaction caused by the shock in one firmlanfitancial difi-
culties in other firms due to this chain reaction. Acharya Bisih [14] compared
centralized markets to OTC markets and showed that copargy-risk externali-
ties can lead to excessive default and production of agtgegk. Caballero and
Simsek [16] concluded that OTC derivatives are not the sedsan for the in@-
ciency of financial networks. Pirrong [15] argued that caindbunter-parties (CCP)
can also increase the systemic risk under certain circurossaand hence the in-
troduction of CCP will not guarantee to mitigate the systerigk. Zawadowski [7]
showed that complicated interwoven financial intermediatan be a reason for
inefficient financial networks, and hence OTC are not the only refmdfinancial
instability. Stulz [9] showed that exchange trading ha lienefits and costs com-
pared to OTC trading, and argued that credit default swa@SjQid not cause
the crisis since they worked well during much of the first yeathe crisis. Zhu
and Pykhtin [19] showed that modeling credit exposurested ¥or risk manage-
ment application, while modelling credit value adjustm@iVA) is necessary step
for pricing and hedging counter-party credit risk. Corbal &emange [6] showed
that introduction of central clearing house for credit déffawaps will mitigate the
counter-party risk. Gandtet al. [4] paralleled and complemented the conclusion
of [6], i.e., the creation of central clearing house for CDS contractg nwd reduce
the counter-party risk.

3 The basic model

The model has > 3 banks and three time periots 0, 1, 2 termed aitial , interim
andfinal, respectively. Each bank has exactly@unter-party neighbors for some

integerr > 0 (see Fig. 1 for an illustration). The unit investment of kedank in
li—r] li-2r|

thelong termreal asset yields a return &+ Z & — Z g att =2, whereR=
k=li-1|  k=]i-(r+1)|

{ ELH< Ru. :I :Eg E;g}ggi fs;;:sceed’sand eaclzy is realized at = 2 taking values ofi

or —u each with probability/2. For each unit investment made by the bank-a0,

the investor lend® > 0 as short term debt and equity-D > 0 is the bank’s share.

The short term debt has to be rolled over at time petried for the banks to operate

successfully. Thus the debt holders have an option to wathdunding and force

the bank to liquidate the real project.

Let e {0,1} be the unobservabldfert choice such that a bank needs to exert
an dfort of e= 1 at both time period = 0 andt = 1 for the project to be successful
(i.,e, R=Ry). At t = 1 the project can be in one of the two states: a “bad” state
with probability p or a “good” state with probability 2 p, irrespective of the féort
exerted by the bank. At a “bad” state the project of one of &melomly chosen bank
fails and deliverdR , even ife= 1 at both time periods= 0 andt = 1. Unless the
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Fig. 1 An illustration of a network of 16 banks, 1,..., 15with r = 3. Each j is connected to
the banks i3 (mod 16) i-2 (mod 16) i-1 (mod 16) i+1 (mod 16) i+2 (mod 16)@Nd (13 (mod 16)

bank demand collateral from its counter-parties, if thelkduderfaults at = 1 then all
the hedging liabilities of the defaulted bank gets candeltbe investors liquidate
the bank and take equal sharelofthe value of the bank when it is liquidated). If
the bank survives till = 2 and the counter-party risk gets realized then, the bank has
to settle the counter-party hedging contraeforepaying its debt.

We use the following notations for four specific values of pinebability of bad
statep:

p°% if p< p*° then irrespective of the number of counter-party neighlploere
is no need for counter-party insurance even from sociapeets/e.

pnd: if p> p'" then the banks will not buy counter-party insurance as tivager
benefits of insuring exceeds the cost.

pe™: if p < p®™then the banks will continue to prefer short term debt.

pat if p< p®tthen no bank will have an incentive to hold more equity and bor
row less.

Parameter Restrictions and Assumptions

The following parameter restriction are adopted from [1ljrtake them consistent
for a network model with 2counter-partiesB is the banks’ private benefit with the
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subscript representing the specific time period aZnhdenotes the additional non-
pledgable pay®. Inequality (1) ensures that the investors will choose tbaweer
the debt at = 1 when the project is expected to succeed,(R = Ry), and the
investors will decide to liquidate the banktat 1 if the bank’s project is expected
to fail (i.e.,, R=R.). Inequality (2) implies that it is socially optimal to exeffort.
Inequality (3) ensures that banks have to keep positivetyetmiovercome moral
hazard. Inequality (4) ensures that, counter-party risthefbank is large enough
to lead to contagion but small enough that the bank does not twaengage in
risk-shifting.

RL<L<(1—E)(RH+X)_Bl )
n
2B
Ri-R.> 5 ©)
1-%
B> Ry—-1+X 3)
. 2r!
2r _ =
Bl[z KZ_;) KI(2r - K)!]
Bi-X<u< - (4)

L, o2r-2K
2r _—
KZ:J)K!(Zr—K)!
1-(1-p)(Ry+X-By)-pL
(1-pB:1

2u<By<(1-p)By (6)

B>Y2 and B> (5)

4 Our Results

Our results imply that when the number of counter-party Inleays is at least/2,
the socially optimal outcome become privately sustainable

Theorem 1. If the probability of bad state is ¢[ 0, p*), where f = min{pi”d, paut p‘e”“}
then the followings hold.

(a) Banks endogenously enter into OTC contracts as showmwadowski if1].

(b) Banks borrow Dx 1 for short term at =0 at an interestrate R >1and R; =1
as shown by Zawadowski jf].

(c) In a bad state, failure of a single bank leads to run on ahks in the system
only when2r < n/z,

(d) If a bank loses at least r counter-parties, it needs a aettiction of 1=ru—
B+ X>0.

(e) The contagious equilibrium stated by ZawadowsKilinexist only if2r < n/2.
When2r > /2 banks insure against counter-party risk using default rasge.
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NIfpe (p5°°, p‘”d) then the socially optimal outcome is sustainable in equiili.

Theorem 1(a) is proved in Lemma 5, whereas Theorem 1(¢j)(aje showed
in Lemma 6. Theorem 1(d) follows from the derivations of paeser values as de-
scribed in Section 4.1; these derivations follow from thekin [1] and are provided
in the appendix. Theorem 1(b) uses the same proof as tha} anflis therefore
omitted.

4.1 Proofsof Theorem 1

The derivations of the parameters and their values destiibéems (1) — (VIII)
below follow from the work in [1] since they are noffected by changing the num-
ber of counter-party neighbors from 2 to. For the sake of completeness, these
derivations are provided in the appendix.

() The maximum amount of borrowing &t 0 that can be roll over dt=1 is
given by:

DmaX(R,o) _ RH - B;|_+X <
’ Ro

and the expected paffof the above bank borrowinQ™#* is By.
(I In a stable system where all banks buy counter-partyriasce, the price per
unit of default insurance is

1

§afe — 1;8

p
n Pn

(where the superscript “safe” denotes the insured system).
(1 In a stable system where all banks buy counter-parsurance, the amount
borrowed by the bank for unit investment in the project is

psafe (1— ‘—:) (Ry— By +X)+ Fﬁ) L

(IV) In a contagious system where banks decide not to buyramsxe, the amount
borrowed by the bank for unit investment in the project is

D*=(1-p)(Ry—B1+X)+pL

(V) In a contagious system where banks decide not to buy amse, the interest
rate for the amount borrowed is

leo =
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Bo
Ry +X-L-Bi(1-p8)+
(1-B)(Ru+X-B1-R)
Ry+X-L- Bl(l—ﬂ)—[—:‘(RH -R)
(Vi) pait= min{ps-a“‘, p-aut pfautl ‘where the superscripisut rautand.autstand for
safe autarky, risky autarky and full autarky, respectively
1(1-B)
BB1

(Informally, Lemma 1 states that the probability of bad statest be at least! =
1(1-5)
BB

v pm= 1) (525 R+ABi-L |
n

-1

(V”) pf.aut —

Lemma 1. p"? =

for a bank’s benefit to outweigh the cost of its counter-parsyrance.

Proof. The private incentive of a single bank to stay insured irgsfadeviating
from counter-party insurance is when the following holdstfie left-hand side of
the inequality, the first term is the payaf no bank defaults, the second term is
the paydr if any of the counter-parties of the bank default, the théndrt is money
invested to buy the insurance on the bank’s counter-patidghe fourth term is the
bank’s equity):

benefits from all banks being insuregd benefits from all but one bank not being insured

5/3(1— (d+20p) o ﬁzr—p(|31+ 1) - s2rl) - (1- D)

2,8(1— (1+ 2r).p) Bl_(l_Dsafe>
B

_,8—(81 1)— s52%§2r) > 0 = ,8—(81 - (—+,8 )(Zrl)zo

_ 2,8rp81 2prpl _ﬁ Zrﬁl 2,8rp| >0=p8rpBy—rl +rgl >0

n n n n
I(l_ﬂ) N pmd: I(l_ﬁ)
BB BBy

=BrpBy>rl —rBl =BpBL =1 -8l = p=>

2Ir (1-)
(n-1)(Ru +X~L-By(1-p))

(Informally, Lemma 2 states that the probability of bad statest be at mostp©=

2Ir (1-pB)
DR ET) for the social benefits to outweigh the social cost of its ¢eun

party |nsuranc¢

Lemma 2. p>°¢=

Proof. The social benefits outweigh the social cost of the couraerypnsurance
of the system if and only if the following holds:
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benefits from all banks being insured benefits from no bank being insured

=81 (1+2r)p ,8 B +|)_Ssafe(2r|)_(l_Dsafe) > B(1-p)B.—(1-D*)
_ ﬁBlp 2BBy1pr 2,381|0r 2Blpr _(1-B  Bp pL
= gy - 1R P SRR, 2 ( - )(Zrl) 1+(1——)(RH+X Bl)+—
ZﬂBl(l—p)—1+(1—p)(RH+X—Bl)+P|—
E,BBl—'BBlp 2,8Ipr 2r| 2,8r| 2,8Ipr_1 R+ X By pPH pX p|31+p|_
n n n n n

>,BBl—pﬂBl—1+RH+X Bl—pRH pX+pBl+pL
BBip _2rl 28rl _pRy pX pB pL

= "t h s ittt Z PABi-pRi-pX+pBi+pl
_ _PBip_PRs_pX PpBi p 2RI 2BRI
=-— """ " ' +PABL+ PRy +PX-pB-pL > ———-——

= p(—,BBl—RH—X+Bl+L—nﬂBl+nRH+nX—nBl—nL) > 2ir(1-58)
= p(BB1(n—1)+Ry(n—1)+ X(n—1)-By(n—1)-L(n-1)) = 2Ir(1-5)

2Ir (1-p) 2ir (1-p)
M-DEB+Ra+X-Bi-1) 7= (-D(Ra+X-L-B;1-5))

=p =2

SOC 2|r(1 B)
AN = D Ry + X L-Bi1=5)) .

Corollary 1. If each bank has only two counter-parties thea t and thus pg°¢=
21(1-p)
(n-1)(Ru+X-L-By(1-p))’

Lemma 3 (Probability of failure in risky autarky).

2r!
oo Z Kl(2r— K)!

(B-1X(, 2r < 1
O E ke

r aut _ (1 ﬁ)

Ry+X—L-By(1-p8)-

(An informal explanation of Lemma 3 is as follows. If a bank kasugh eg-
uity to survive even if all of its counter-parties collapseen the bank may be
forced to borrow less and this is not profitable. But, if thenkalecides to devi-
ate to risky autarky then it cannot pay back its debt if thel raject delivers
Ry —2ru. The probability of failure if the bank chooses risky altais given by

raut =(1- ,8) 1- 225: Skeo vIETRY

R +X—-L—-By(1-B)- W{“X(l—z% szom))'

Proof. For a bank to be in risky autarky, they borrow less such theuritroll over
the debt at = 1 if its neighbors collapse but need not survive at2. The relevant
incentive constraint is:
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21X < 1 autyr.aut
Ru+ or KZ_OK!(Zr—K)!_R’r~° D™= By

2l X < 1
= .autDr.aut< R _ B
Ro SPH=BY o KZ;)K!(Zr—K)!

The break-even condition for investorstat O is:

Dr.aut — EL + (1_ E) ;gutDr.aut

_ qraut_ P n P P ( _)er
= D= "L+ Ry~ By- Ryt Bi+(1- )5 ZK'(Zr—K)'

A bank decides not to deviate to risky autarky in a contageyssem if and only if
the following holds:

paydf in contagious systenx paydt in risky autarky

_,3(1 p)Bl—(l D*)>ﬁ(l p)(RH+X RrautDraut)+ﬁ pBl (1 Draut)
=pBB1-pBB1-1+Ry+X-B1—pRy—pX+pB:

2r' X 1 -1
Z(ﬂ_pﬁ)(RH+X_RH+Bl ;2r ZK OK'(ZI’ K)') ,Bnn pBl—1+EL
1

b p p\2r! X
+RH—Bl—ﬁRH+ﬁBl+(1") 2 20Kz

n
n 2r! 1
= m(l—ﬁ)X(l—gZK:O m)
1)X 2r! 1
> p|Ry+X-L-By(1-8)— (- 1) (_Z_ZFZ{(OW)]

which implies

2r!
oo Z Kl(2r -K)!

—1)X 2r!
RH+X—L—Bl(1—ﬁ)— (n[;_l) [ 2; Z Kl(2r—K)‘]

O

r aut _ (1 ﬁ)

Corollary 2. If the number of neighbors Bthen r= 1 and thus

1_2(1‘4_1.)
4\2 1
raut (1 :8)

RH+X L-By(1- ﬂ)—rﬁ—lj'X(l—%(%+%))
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= raut (1 :8)
1
-1 Ry+X-L-By(1- ﬂ)—”g—x(l 2)
n-1
X
= raut 1 4
~05 1R P X-L-Bya-p (B2 (5)
H 1(1-8 =1 )\2
Lemma 4 (Probability of failure in safe autarky).
2ru+X-B;

Saut (1 B)
(” 1)RH+X—L—Bl+,BBl+i%i(X+2ru—Bl)

(An informal explanation of Lemma 4 is as follows. If a bankades to deviate to
safe autarky, it will survive unless it is directlyfected by low return R It can pay
back its debt even if the real project deliverg-R2ru. The probability of failure if the

- _ n 2ru+X- Bl
bank chooses safe autarky is given B§p= (1-8) () VTR o Bl)).

Proof. Suppose that a bank survivestat 2 even if all of its counter-party risks
are realized to ensure that the péyaf the real project iRy — 2ru. Since the bank
needs enough equity to survive even if real project yi®ds 2ru, we have

RH —2ru— R,sgutDsaut >0 = R,sgutDsaut < RH —2ru
The break-even condition for investorstat O is:

Dsaut ( ) RsautDsaut L — Dsaut ( _ E) (RH _ 2ru) + EL

Banks do not deviate to safe autarky from contagious systeand only if the
following holds:

paydf in contagious systenx paydf in safe autarky
=p(1-p)B1-(1-D*) > B(l— E)(RH +X_ngutDsaut)_(1_ psaut)
=pB;—pBB;—1+Ry+X-B;—pRy—pX+pB +pL
(ﬂ__)(RH+X RH+2ru) 1+RH—2ru__RH+ (2I’U)+ L
EﬁBl_pﬁBl+x—Bl—pRH—pX+pBl+RpL y ,
> ARy +BX—BRu +2Bru— pﬁn o PBX | PBR pﬁru

n n

P p P
—2ru-— HRH + E(Zru)+ = L

= BB+ X—-B1 —-X-28ru+2ru > E(nﬁBﬁnRH +nX-nBy—-nL-BX-2rfu—Ry +2ru+L
= (1-p)X-(1-p)B1+2ru(1-p)
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> E(rﬁBl+RH(n—l)+nX—nBl—L(n—l)—,b’X+2ru(1—,B)+X—X+ B;— Bl+ﬁBl—ﬁBl)
= (1-B)n2ru+X-By)
> p(ﬁBl(n—1)+ Rq(n—1)+X(n-1)-Bi(n—-1)-L(n—-1)+ X(1-B)+2ru(1-B) - Bl(l—,B))

= (1—ﬂ)n%l(2Ru+X— B;) > p(,BBl+RH +X-B1—-L+ %(X+Zru— Bl))

n ) 2ru+X-B;
n-1

=p<@-p) 3
Ry +X—L—Bl+ﬂBl+ m(X+2ru—Bl)

2ru+X-B;

This impliespsat= (1- ﬁ)( 1) 1-5 '
n-— RH+X—L_Bl+ﬁBl+m(x+2ru_Bl)

Corollary 3. If the number of neighbors Bthen r=1 and thus

2u+X-B;

saut (1 ﬁ) —
(” 1) Ruy+X—L—-By+8Bi+ %ﬁ(xwu—sl)

Lemma 5. In equilibrium banks hedge all of its counter-party risks. ibanks en-
dogenously enter into OTC contracts.

Proof. The banks hedge all of its counter-party risks if and only if
paydt from hedging in contagious equilibriums paydf from not hedging

=p(1-pB:

2rll Bi+2ru  Bi+(2r-2u Bi+(2r-4)u B+ (2r—2r)u
) + + tot

1-p)==
> B( P2 [orer—oy " 1er-1) " 2ier—2)! 2, 2r
12r== 1|1
2 2
:B>2r! B, +2ru +Bl+(2r—2)u+Bl+(2r—4)u+ +Bl+(2r—2r)u
Tt orr-0) T 1@ -1 | 21@2r-2)! 2 (o 20,
2 2
2u ZK'(Zr—K)I
EB]_>

Z K|(2r—K)'

which satisfies inequality (4), and thus banks hedge alkafeunter-party risks.
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li—r] |li-2r|
Let the returns from the successful projectRge + Z & — Z k. Assume
k=|i-1|  k=[li-(r+1)]
that the bank goes bankrupttat 2 if the counter-party realization of its unhedged
risk is —u. This is true if the bank cannot repay its debt at2, i.e.,

RH—U<R:0D* =Ry-U<Ry-Bi+X=u>B;-X

if a bank fails when it losesu on its unhedged counter-party exposure, it will fail
when the loss is greater thatw on its unhedged counter-party exposure. O

Corollary 4. If number of counter-party neighbors2qi.e., r= 1), then

o[ 20 22
“(0!(2—0)! +1!(2—1)!)

By > =B;>2u and u> B; — X.

2! 2!
22_(0!(2—0)! - 1!(2—1)!)

Lemma 6. When the number of neighboring counter-parties is less tfraa bank
chooses to shirk if one or more of its counter-parties defaylleaving the bank
unhedged resulting in its debt not being rolled over att.

Proof. If a bank borrowsD™®{(R, o) att = 0 and if the bank has a low expected
realization ofR_, then the debt financing is not rolled overtat 1. SinceR_ < L,
the creditors will want to terminate the project. The bankgbankrupt if its debt
financing is not rolled over at= 1.

If 2r, the number of counter-party neighbors, is less tiigrthen probability of
failure due to counter-party risk is less thv"{q%a i.e., the probability of counter-party
risk is less thari/2. Since we assume that banks will consider a counter paky ris
probability of at least/2 to insure against counter-party risk, banks do not insure
against counter-party risk using default insurance whea#2. When 2 > /2, the
probability of counter-party risk becomes at lebisaind hence banks will hedge the
counter-party risk. The counter-party insurance lyappens with probabilitﬂ—p

in case of private perspective and with probabiﬁﬁé}f—)p in case of social perspec-
tive. Thus, as Rincreases to— 1, the counter-party insurance pdayprobability in
private perspective becomes the same as that in socialqoéinsn

When 2 > /2, the individual banks will hedge the counter-party risk aiihg
counter-party insurance. When 2 n/2, banks will not hedge the counter-party risk
and hence failure of a counter-party will lead to the viaatof its incentive con-
straint, thus the bank shirks and the project deli®rsLet D1 be the amount of
debt to be rolled over dt= 1. The investors will demand higher interest rRtg in
order to break even. Ld?s be the probability of a bank that do not defad, be
the probability of a bank that defaults, anglbe the number of neighbors of any

2r-n n .
bank that default. Thufs = d and P: = g By the break even condition of
investors, we get

2r r

D:- PR,

PsR1D1+PtR.=D; = R1D;1 = S
S
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The incentive constraint is

B(Ry =R 1D1+X) > 8By
D; - PtR
E,B(RH—l—fL+X > BB,
Ps
= PsRqy — D1+ PtR_+PsX > B, Pg

= PRy — D1+ PtR_+PsX > By Ps
= Ps(Ry+X-B1)+PtR.>D;

If the bank had originally borrowed, the amount it has to roll over at= 1 is
R.0Do = Ry + X — By, but the amount that is actually getting rolled over is only
Ps(Ry + X—B1) + P;RL. o

Corollary 5. If number of counter-party neighbors2g(i.e., 2r = 2) and number of
banks defaulted i& (i.e., ny = 1), then R = Z-M =12, Py = X = 1/, and thus

1 1
Ps(Ry+X-B1)+PtR. >D; = E(RH"'X_Bl)"'ERL >Dq

Appendix 1: Remaining Proofs

(1) Proof of DM = RHI—Q_B;JFX <1

The incentive constraint of a bank survivingtat 1 and holding no risk can be
written as follows:

paydt if bank exerts &ort > paydf if bank does not exertfiort

Ry — By + X Ry — By + X
= BIRy—RoD+X]2pB; = N 1725 p - pmx  HZZIFA g
R.o Ro
sinceRp>1

and, by inequality (3) Ry +X-B; <1

1—
(I) Proof of safe= Tﬁ —ﬁ%)

Assume all counter parties are insured. The insurance aoyripzs to hold a capital
of 2RI. If all the banks insure against the failure of their cowptarties, the insur-
ance fund breaks even if the price per unit of the defaultranstes is determined
by the break even condition. Using the supersecsito denote the insured system,
we get
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(expected amount that remains in the insurance fumea)
= (amount that insurance fund has to set aside-20)

= p(2rl —2prl)=2rl -2nrls = f(1-p)=1-ns = %= l;nﬁ_'g

©

n

(Il1) Proof of DS¥®=(1-B)(Ry—By+X)+EL

Since the investors break even, we hpie B)RsafeDsafeJr %)L = Dsa Combining

n
with the maximum amount that can be borrowed, we get

Ry—-B;1+X
Ro

Dmax —

= RADe=R,-B;+X

which proves our claim.

(IV) Proof of D* = (1-p)(Ry —B1+X)+ pL

If all the banks decide not to buy insurance and hold the miniramount of equity
to roll over debt, the system is contagious. The investolisalviays anticipate the
equilibrium and break even, implying

(1-p)RHD* +pL=D* = D* =(1-p)(Ra - B1+X)+pL
since by(l) R,D* =Ry —B1 +X

(V) Proof of R*, = —— 1
“0 1op(1- )

" * _ _ _ *_RH—B]_-{-X _ x RH—B]_+X
BoD "R B X = Ro= 5 = Ro” R BLr X v L
by (1) since, by(IV), D* = (1— p)(Ry — B+ X) + pL
1
= Ry =
1-p(1- gbx)
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term _ (1 _ p\(_n_ Bo
(VI) Proof of p*™M=(1 ’B)(n_l)(RH+X—L—Bl(1—ﬂBl)+%

If a bank borrows long term, the banker can borrow up to thatgoimake hirfher
indifferent between long-term borrowing and shirking in both qusito collect
By + Bs. In long-term lending, investors cannot liquidate the banéer any circum-
stances. Since shirking in only the second period is clearhoptimal, the banker
shirks in both periods and the expected gaws oft = 0 is By + By, and thus the
paydf in the good state must be at le&@gt+ B;. This implies:

p) termp term p
1--)(R4—-R*™D X)+ =By > B
( n ( H + )+ n 12 Bo+By
Considering the worst case scenario

_E) _ ptermyterm Pp _
(1 2)(Ry - Re™D®™+ X) + D, = By + By

%+&—£&

7
1P (7)
n

= Rtertherm — RH +X—

Since the lenders break even in expectation=af, we have

D= (1- D)Rempem, PR — prem— (1- P)(x+ Ry - Bo-Bu+ DB+ PR

using (7)
p p p p
= D*M=X+Ry-~-X-~Ry-Bg-B;+~-Bi+—R
H n n H 0 1 n 1 n L

Banks will not decide to deviate from contagious equilibriprovided the following
holds:

paydt in contagious systere paydf in long-term borrowing
ﬁ(l_ p)B]_ - (1— D*) Zﬁ(BO + Bl) _ (1_ Dterm)

ﬁBl—pﬁB1—1+RH +X—Bl—pRH—pX+ ij_-i- pL
ZﬁBo+ﬁBl—1+X+RH—EX—HPRH—BO—Bl+ﬁpBl+ERL

BO—BBO > E(r}@Bl-i-an +NX—-nB;—nL-X-Ry +Bl+R|_+L—L+BBl—ﬂBl)
nBy(1-p) = p(BB1(n— 1)+ Ry(n—-1)+ X(n—1)-B;(n—-1)-L(n—-1)+R_+BB; - L)

RL+ﬁBl—L)
n-1

nilso(l—ﬁ)z p(,BBl+RH+X—Bl—L+
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N Bo
= p<(1-p)
(n—l) RH+X_L_51(1—B81)+%E2_L
n Bo
N pterm:(l_ﬁ) —
(n—l) RH+X_L_Bl(1—ﬁBl)+RL#B]l_L

(VIl) Proof of pfaut= (1-B)(Ru+X-B1-Ry)
Ry +X_L_Bl(l_ﬂ)_§(RH—RL)

Since a bank survives &t 2 even if its real project only deliveiR_, we have
paydt in contagious systenx paydf in full autarky
= A(L-P)BL~(1-D*) > (1= P)Ru+X-R)+FEX~(1-R)
=fB1-pPBB1—1+Ry+ X—-B1 - pRy — pX+pBy+pL >
BRu+BX— R~ ARy~ X+ PaR +pPX - (1-R)

=pBB1+Ry+X-B1-BX+BR. —R_-BRy > p(ﬁB]_+RH +X—Bl—L—ﬂ%+'B—|:L)

= Ri(1-8)+ X(1-H) - Ba(1-5) R (1-p) = p(Ru+ X~ L-B:(1-H) - (R4 ~R))
A-PRX=BI-R)  _ au_ (A-BRi+X=B1-R)
Ri+X-L-By(1-p)-ERa-R) Ri+X-L-Bi(1-p)-ERa-R)

Epg

(VII) Proof of I =ru+X-B1>0

The amount of debt reduction needed at timel to stabilize a bank that lost at
leastr counter-parties i$ = ru+ X — By > 0. If less tharr counter-party neighbors
fail, then the fraction of failed counter-parties of the k#less thard/2, hence bank
can survive this loss. If a bank looses at laakeédges at = 1, it can only roll over
its debt if its incentive constraint is not violated. Thisndae insured by injecting
enough equity into the bank to make sure it can pay back itsal&mn if it losesu
att = 2 due to the lost hedge. Thus, we have

Ry—ru—-RTPD™+1>0=RTD™=Ry+X-B = | =ru+X-B;,
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Appendix 2: Glossary of financial terminologies

Risk: Risk is a chance that an investment’s actual return will 33 an ex-
pected.

Asset: An asset is anything that is owned by an individual or busirikat has a
monetary value.

Counter-party Risk:  Risk that one party in an agreement defaults on its obliga-
tion to repay or return securities.

Hedging: A strategy to reduce the risk by making a transaction in ongketdo
protect against the loss in another market.

Over The Counter (OTC): A market that is conducted between dealers by tele-
phone and computer amaton a listed exchange. OTC stocks tend to be of those
companies that do not meet the listing requirements of ahamge, although
some companies that do meet the listing requirements cliogsenain as OTC
stocks. The deals and instruments are generally not st@irddrand there ino
public record of the price associated with any transaction.

Equity:  The amount that shareholders own, in the form of common deped
stock, in a publicly quoted company. Equity is the risk-liegupart of the com-
pany’s capital and contrasts with debt capital which is Ugusecured in some
way and which has priority over shareholders if the compagomes insolvent
and its assets are distributed.

Liquidity: ~ The degree to which an asset or security can be bought orrstie i
market without &ecting the asset’s pricée., the ability to convert an asset to
cash quickly.

Credit Default Swap (CDS): A specific type of counter-party agreement that al-
lows the transfer of third party credit risk from one partythe other. One party
in the swap is a lender and faces a credit risk from a thirdypand the counter-
party in the swap agrees to insure this risk in exchangeefprlar periodicpay-
ments.

Appendix 3: List of notations and variables

n : total number of banks in the network.

t : the time variable. Three time periotts 0, 1,2 are considered (initial, interim
and final time period, respectively).

B : the discount factor (we assume tjgat 1).

R : the borrowing rateR; andR; are the borrowing rates &t 0 and att = 1,
respectively.

¢ . anindependent random variable, realizetl-aR, that takes a value &fu or
—u, each with probability/2.
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SOC
p

pind :

term
p

aut .
P

Dmax

Dsafe

D*

: the return if the investments are liquidated early-atl L(< Ry).
: Non-pledgable payb
: each bank is assumed to havecBunter-party neighbors.

. investors share of investment in the bank at0; 1- D is the bankers share

of investment in the bank &&= 0 (D,1-D > 1).

: the unobservableffort choice made by the ban&€ {0, 1}).
B :

Bankers private benefit at the time period

: the probability of bad state.

:if p< p®° then irrespective of the number of counter-party neigblboere

is no need for any counter-party insurance even from a sperapective.

if p> p" then the banks will not buy any counter-party insurance as th
private benefits of insuring exceed the cost.

- if p< p™Mthen the banks will continue to prefer short-term debt.

if p < p®tthen no bank will have an incentive to hold more equity and bor
row less.p?'tis equal to mir{psa“t, paut pfautl where the superscriptsut,
rautandr.autstand for safe autarky, risky autarky and full autarky, ezspely.

: The maximum amount of borrowing &£ 0 that can be rolled over &t 1.
Ssafe:

The price per unit of default insurance in a stable systerareviall banks
buy counter-party insurance.

: The amount borrowed by the bank for unit investment in thgegat in a

stable system where all banks buy counter-party insurance.

: The amount borrowed by the bank for unit investment in thgqat in a

contagious system where banks decide not to buy insurance.
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