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 Long history starting from as early as 1812
1812 : shape of South Essex district (Massachusetts) resembling 

a salamander created to favor selected candidates

 Extensive legal history too!

1986: US Supreme Court : gerrymandering is justiciable 
2006: US Supreme Court : some measure of partisan symmetry 

may be used to remedy gerrymandering
Which measure? Court did not say. Depends case by case.

2019: US Supreme Court : best settled at the legislative and political
level (ALAS!)

Major impediment to removing gerrymandering
How to formulate an effective and precise measure for partisan bias 
that will be acceptable in courts ?

“Gerry” and “salamander”
1812, State Senate Elections, 

Massachusetts
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Packing concentrate voters of 
opposition party in a single district

Cracking spread voters of 
opposition party across many 
districts

Other methods include 
• Hijacking
• Kidnapping etc.
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 Introduced by Stephanopoulos and McGhee in 2014 for a 2-party system (such as USA)

 Minimizes absolute difference of total “wasted votes” between the parties

 Very promising in several aspects, e.g.,

 provides a “mathematically precise” measure of gerrymandering with desirable 
properties

 was found legally convincing in a US appeals court case
 ALAS, Supreme Court overturned the ruling in 2019
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“Wasted votes” for a district

Total votes 100 (need 51 to win)
Party A vote      59
Party B vote      41

Wasted votes for Party A      59-51=8

Wasted votes for Party B                41

district
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“Efficiency gap” measure for the whole map 

a district

4 districts

Efficiency gap 
=

| sum of Party A wasted votes over all districts  sum of Party B wasted votes over all districts |
Total votes over all districts

-

41

59
Party A 

vote count

Party B 
vote count
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Formalization of the efficiency gap calculation problem
Basic assumption: only two parties: Party A and Party B

(3rd party votes are negligible, like in USA)
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Formalization of the efficiency gap calculation problem
only two parties: Party A and Party B
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Formalization of the efficiency gap calculation problem
only two parties: Party A and Party B

“Wasted votes” for a district
 Total votes 100 (Party A needs 50 to win)

 Party A vote      59
 Party B vote      41

 Wasted votes for Party A    59 – 50 = 9

 Wasted votes for Party B                   41

 Efficiency gap for               9 – 41 = - 32

district

from the point of view of Party A (the victim party of gerrymandering)
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Formalization of the efficiency gap calculation problem
only two parties: Party A and Party B

“Wasted votes” for a district
 Total votes 100 (Party A needs 50 to win)

 Party A vote      41
 Party B vote      59

 Wasted votes for Party A                   41

 Wasted votes for Party B  59 - 50 =    9

 Efficiency gap for               41 - 9 = - 32

district

from the point of view of Party A (the victim party of gerrymandering)
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Formalization of the efficiency gap calculation problem
only two parties: Party A and Party B

from the point of view of Party A (the victim party of gerrymandering)
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Formalization of the efficiency gap calculation problem
only two parties: Party A and Party B
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A numerical example to illustrate efficiency gap calculation problem
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First a “somewhat” bad news
(worst-case computational complexity meets gerrymandering)

Theorem (informal description)

Not only calculation of efficiency gap is NP-complete, but 

assuming P ≠ NP, no non-trivial approximation is possible in polynomial time

But, have no fear ! 
We have only shown hardness 

in theoretical worst-case
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Worst-case computational complexity meets gerrymandering

Reduction: from PARTITION problem
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Worst-case computational complexity meets gerrymandering

Reduction: from maximum independent set for planar cubic graphs

Proof does not provide 
any non-trivial 

inapproximability ratio



However, even in theory, we can efficiently compute efficiency gap 
under “reasonable” assumptions 

e.g., with these assumptions:

 Input map: a rectilinear polygon P 
(without holes)

 Every district must have a “nice” shape 
(y-convex shape)

 κ (number of districts) is constant

 Total population Pop(P) is polynomial in 
number of cells  | P |
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We developed and implemented a simple heuristic algorithm 
based on “local search” method 

• Start with some existing or random valid solution

• Search for nearby valid solutions by randomly “swapping” 
local regions among various districts

o Pitfall: can get stuck with far-away local optima
but, does not seem to often occur for real maps

 Next few slides: results for real maps
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i-th 
iteration
i<100?

Select n random counties from 
the original dataset. 

n ϵ (1,K) with 
K< tot_counties

T

Return solution with min EG.
If EG>7%, 

re-execute the algorithm

F

START

Calculate new districts and 
compute new EG

j-th 
county

j<n?

T

F

j-th county 
on district 
boundary?

FTCounty 
already 

analyzed?

Fk-th 
neighb

k<tot_n?

F: go to (A)

Shift jth county to 
kth district. 

Disconnected 
map?

T

T

F

Pop dev < 10 % 
AND new EG < 

old EG?

STOP

Next input: new EG 
and new map 

T

(B)

F: Go to (B)

Go to (B)

(A)

T: go to (A)



New EG: 3.8%
Dem #seats: 3
Rep #seats: 5

Total votes: 2,841,407
Dem votes: 1,441,804 ~ 51%
Rep votes: 1,399,603 ~ 49%

Current EG: 14.8%
Dem #seats: 3
Rep #seats: 5
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New EG: 3.6%
Dem #seats: 5
Rep #seats: 6

Total votes: 3,569,498
Dem votes: 1,736,164 ~ 49%
Rep votes: 1,833,334 ~ 51%

Current EG: 22%
Dem #seats: 3
Rep #seats: 8
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New EG: 3.3%
Dem #seats: 12
Rep #seats: 24

Total votes: 7,379,170
Dem votes: 2,949,900 ~ 40%
Rep votes: 4,429,270 ~ 60%

Current EG: 4.01%
Dem #seats: 12
Rep #seats: 24
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New EG: 8.64%
Dem #seats: 6
Rep #seats: 12

Total votes: 5,374,461
Dem votes: 2,722,560 ~ 51%
Rep votes: 2,651,901 ~ 49%

Current EG: 23.8%
Dem #seats: 5
Rep #seats: 13

2012 House Elections
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Total votes: 5,896,628
Dem votes: 2,925,776 ~ 50%
Rep votes: 2,970,852 ~ 50%

New EG: 8.05%
Dem #seats: 7
Rep #seats: 11

Current EG: 14.34%
Dem #seats: 6
Rep #seats: 12

2016 Presidential Elections

New EG: 3%
Dem #seats: 8
Rep #seats: 10

Created on Feb. 2018 (by a local court in 
PA) and based on symmetry between seat 
share and vote share.
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Seat gain vs. efficiency gap
 lower efficiency gap does not necessarily lead to seat gains for the loosing party

Compactness vs. efficiency gap
 Our new district map have fewer districts that are oddly shaped compared to the 

current gerrymandered maps

How natural are current gerrymandered districts? 
 It seems that original gerrymandered districts are far from being a product of 

arbitrarily random decisions
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Science of gerrymandering is a huge garden with so many unknown fruits 
for hungry theoretical computer scientists !

So many questions, so few answers

 Define and analyze new quantitative measures of gerrymandering
 What about 3 or more party systems ?

 Analyze computational complexities of existing measures of gerrymandering 

 Join court cases as an expert witness and convince judges that computational complexity matters
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Journal paper: https://link.springer.com/article/10.1007/s10878-020-00589-x

Data files: https://www.cs.uic.edu/~dasgupta/gerrymander/
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