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Abstract—Image and video processing applications involve video processing applications is crucial for obtaining low cost
large multidimensional signals which have to be stored in mem- splutions for the memory allocation task.

ory modules. In application-specific architectures for real-time The computation of the scalars covered by the array ref-

multidimensional signal processing, a significant cost in terms of Je - Ly
chip area and power consumption is due to these background erence Aj][i + N + 1], defined within the second loop

memory units. The multidimensional signals are usually modeled nest in the illustrative Silage [10] example of Fig. 1(a),

in behavioral descriptions with array variables. In the algorithmic  requires as operands signals covered by the array references
specifications of our target applications, many of the array A[j][i + N](j < ¢) and A[j][i + N](j > 4), residing in the
references cover large amounts of scalars. Therefore, the efficient regions indicated in Fig. 1(b).

handling of array references in the specifications for image . .
and video processing is crucial for obtaining low cost memory It must be noticed that only a small part of the signals

allocation solutions. produced in the first loop nest are still necessary. These are the
This paper addresses a central problem which arises when signalsA[j][N] (0 < j < N—1, j even) belonging both to the

handling the array variables in behavioral specifications: the array referenced[j][i + 1] from the first loop nest and to the

computation of the number of scalars covered by an array operandA[j][i+N] (j > i) from the second loop nest. The rest

reference. This problem is closely related to the computation of - . . )
dependences in data-flow analysis. The novel algorithms proposedOf the signalsA produced in the first loop neshdependent of

in this paper are embedded in the ATOMIUM environment—a  their internal order of computatignare no longer necessary.
memory management system for multidimensional signal process- The storage allocated for them can be freed before starting the

ing. execution of the second loop nest.
Index Terms—Data dependence, data-flow analysis, digital sig- ThiS example shows that data- and control-flows should
nal processing (DSP), linearly bounded lattice, polytope. influence the memory allocation solutions when the specifi-

cations are nonprocedural. Moreover, the amount of storage
locations which is necessary in order to produce the signals in
a certain loop nest, or which can be freed after the execution
N application-specific architectures for real-time multidiof the loop nest, depends on the number of scalars covered by
mensional signal processing, memory modules are respeie array references involved in the computation.
sible for a significant cost in terms of chip and/or board Approaching memory estimation/allocation issues from be-
area and of power consumption. This is due to the largRvioral specifications containing indexed variables has re-
multidimensional signals involved by most of the image angkntly gained attention in the digital signal processing (DSP)
video processing applications. The behavioral specificatiog§mmunity. The PHIDEO system [12] employs a hierarchical
of these applications model the signals by array variablegream model in order to handle multidimensional signals with
with many references of the indexed variables covering largemplex affine indexes. However, the nested loops have only
amounts of scalars. The efficient handling of array referencegnstant boundaries.
in procedural or nonprocedural specifications for image and|n the MeSA system [19], the array variables are clustered in
memory modules, a strategy which leads to better allocation
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# define N - - -

(1) (j: 0..N-1) :
(i: 0..N-1)
A[jl[i+1]

(i: 0..N-1)
(j: 0..N-1..2)

"2 A[§110] ;

2N ¢ ) ° <] . <]

A[FI1[i+N+1l] =
(2) if (j < i) -> A[j]l[i+4N]
|| -ALF]1[i4N]
fi ;

(@) (b)

Fig. 1. lllustrative Silage code.

the entire array signals, a very expensive solution especially- x > b}, where A € R™*™ andb € ®™. If P is
for image processing applications. a bounded set, the® is called apolytope If x € Z",

In more recent research, data dependence information ptleen P is called anintegral polyhedron/polytope. The set
vided by the Omega test [18] has also been applied {y € R |y = Ax, x € Z"} is called thelattice generated
memory size estimation [25]. The approach is well suited féy the columns of matrixA.

specifications where the loops have constant boundaries. FdEach array referencel[z; (iy, -+, in)] - - [m(i1, -+, in)]
other applications, approximations of the loop boundaries By an m-dimensional signal4, in the scope of a nest of
their extreme values are employed. This can lead to expensi@eps having the iteratorg,---,i,, is characterized by an

results in terms of storage requirements, as justified by titerator spaceand anindex spaceThe iterator space signifies
example from Section II. the set of all iterator vectors = (i1,---,%,) € Z™ in the
In [24], a polyhedral model for indexed signals is used t8cope of the array reference. The index space is the set of all
modify the loop hierarchy and the sequence of execution iHex vectorsx = (zy,---,z,) € R™ of the array reference.
the source code in order to optimize the storage requirementslf the loop boundaries are affine mappings with integer
In this approach, a crude but fast approximation is made fepefficients of the surrounding loop iterators, the increment
the size of array signals. steps of the loogsare + 1, and the conditions in the scope
This paper addresses the problem of computing the numigéthe array referenc_e are relational_and/or logical _operations
of scalars covered by array references with affine indexdtween affine mappings of the loop iteratbtisen the iterator
affine-type conditions, and in the scope of nested loops havifgace can be represented by one or sever(a;l EI)SJXOIN integral
as boundaries affine functions of loop iterators. This researdigrator) polytopesA -i > b, where A ¢ Z=*7<*" and
has been carried out in theontextof memory management ® € Z*"F¢. The first2n linear inequalities are derived from
for multidimensional signal processing systems which is nfte l0op boundaries, and the lashequalities are derived from
the topic of this work. Our memory estimation and allocatiothe control-flow conditioné.The size of the iterator space is
strategy has been presented [1], [2], and, therefore, itis beycf?\%Fdj{l € Z i | A i _Z b}. _
the scope of this paper. If, in addition, the indexes of an array reference are affine
Section 11 will present more formally the central problenf?@PPings with integer coefficients of the loop iterators, the
tackled in this work. Afterwards, the organization of the papdfde€x Space consists of one or sevelfiakearly bounded
will be de_scrlbed. In the sequel, _matrlce_s a_nd ve_ctors ar®1pis condition can be relaxed, as shown further.
denoted with bold characters, matrices being in capitals.

3The polyhedral representation of the iterator space is still valid if the
array reference scope also contains data-dependent (but iterator independent)

Il. THE PROBLEM OF COMPUTING THE NUMBER OF conditions.
SCALARS ADDRESSED BY AN ARRAY REFERENCE 4This representation of the polytop® - i > b is usually not minimal (see
Section I1I-B).

Definitions: A polyhedronis a set of pointsP C R*

= - ] ) - 5As the definition domain of the mappings is &t but a polytope, which
satisfying a finite set of linear inequalitie® = {x € R" |

is boundedby hyperplanes characterized liyear equations.
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lattices (LBL) [23], the image of a vectorial affine function 72 points rather than 192 and to the fact that the affine mapping

over the iterator polytopes f(i,7) =i+ 7 is not injective [e.g., signali[12] is addressed
by several pairs of iterator@, 5): (8, 4), (9, 3), (10, 2)].
{x=T-i+u|A-i>bh,icZ"} (1) Concluding, for the general affine case, the approximation

mentioned above may be very crude, being improper to use for
memory estimation/allocation as it can lead to an exaggerated
meer of storage locations. Section IV will present correct
and efficient practical solutions to the problem of index space

wherex € Z™ is the index (coordinate) vector of the-
dimensional signal. The affine function is characterized
T € Z™*" andu € Z™. The size of the index space

of an array reference is, therefor€ard{x € Z™ | x = size determination. . . :
T-i+u, A-i> b, i € Z"}. The number of scalars addressed It must be emphasized that enumerative techniques can
7 — 7 *

by the array reference is obviously the size of its index Spa@é\_/vays be applied to compute the number of scalars in an

Example: The index space of the operantij][0] in loop array reference. These approaches are obviously simple and

nest (1) from the Silage code in Fig. 1(a) is represented byextremely eff|C|ent'fo.r array refergnces with “§mall” |t¢rat.or
spaces. However, in image and video processing applications,

1 0 1 0 most of the array references are characterized by huge iterator
{Lﬂ = {0} U+ [0} ‘ {_1} 7] > {—N n 1} } spaces. An enumerative technique, although very simple, will
be too computationally expensive to use in such applications

In general, the index space may be a set of linearly bo nd%sge Table 1).
9 ' Index space may be . N y bou t must be mentioned also that loops having increment steps
lattices, e.g., a conditional instructidgh (¢ # j) determines

o different from one
two LBL’s for the array references within the scope of theI

condition with one corresponding to> j + 1 and another (t: m.M . Step): - A[f(D)] ---
corresponding ta < j — 1. As the iterator space of an array o o i )
reference can be decomposed into a set of disjoint polytopéd! be easily “normalized” with the affine transformation
and the index space into disjoint linearly bounded lattices [3],= ¢ - Step + m, thus, being equivalent to

it is assumed in the sequel, without any loss of generality, that y M—-m y

each iterator space is represented by a single polytope, and <'L : { Step J) woe AL -

correspondingly, each index space is represented by a single _ _ )

linearly bounded lattice. or instance, the nest of loop in the example above is equiv-
Several memory-related research works (e.g., estimating #gnt to

amount of necessary storage [25] or tackling the problem of(,L» $8.15):  (j:0.8) - AR%i+2%j—8] .-

multiport memory allocation subject to bandwidth constraints
[12]) assume that all loops in the specifications have constdins assumed along this paper that all loops have been “normal-
boundaries. If this is not the case, approximations by takimzed” in a preprocessing phase. Loop boundaries containing the
the extreme values of the boundaries are considered. floor | | andceiling [ | functions create no special problem,
However, such approximations can significantly increase the routines of our system are designed to take into account
the amount of necessary storage in multidimensional sigmadly the points with integer coordinates.
processing. Employing the terminology introduced above, theSection Il thoroughly presents a practical solution for com-
number of scalars addressed by an array reference is approxiting the size of the iterator space of an array reference with
mated by the size of the hypercube encompassing the iteratfiine indexes, within nested loops having affine boundaries
space of that array reference. This approximation is good oragd affine-type conditions. Afterwards, Section IV will present
if, in addition, the loops in the array scope have unitary steg#o exact numerical solutions for the major problem addressed
if there are no iterator-dependent conditions in the scope, d@ndhis work: the computation of the size of the index space.
if the affine mappingI'i + u in (1) is injective. When doing The first solution is based on an appropriate modification of
the approximation mentioned above, the number of scalargh¢ affine mapping. A second solution to the problem is based
associated to the size of tlieerator spacerather than to the on the effective construction of the index space of an array
size of theindex spaceBut, in many cases, the size of thgeference. Section V deals with two other related problems

index space can be significantly lower. encountered in the ATOMIUM system, a memory management
Example: system for multidimensional signal processing [17]: detection
of the equivalence of array references and data-dependence is-
(1:8.15) (j1d—8.i+8.2) 1or Ali+j] - -. sues between array references. Examples illustrating the novel

techniques, along with comparative implementation results,
As iteratorj takes values between zero and 23, the hypeVF/fi"r?e preie_nted in_Section VI, followed by the conclusions
cube encompassing the iterator space is [8,4.8), 23], and it of this work in Section VII.
contains 192 points. The size of the index space corresponding
to the array referencei[i + j] is, however, 16, therefore, 12

times less than the approximation. The error is due both to theAs shown in Section I, the iterator space of an array

incorrect evaluation of the iterator space size, which contaireference, in the scope of affine-type conditions and nested

I1l. COMPUTING THE SIZE OF THE ITERATOR SPACE
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loops having affine boundaries, consists of a set of integgrtitioning (2) into three sets of inequalities according to
polytopes. whether the coefficients of,, are positive, negative, or zero
The computation of the number of points inside a polytope,
having integer coordinates, has been tackled long ago fo
the three-dimensional (3-D) case [15], when the importanc
of Dedekind sums was revealed in this context. Recently, : : :
Dyer has proven that Dedekind sums can be computed inZn > Dp(Z) z, < Ey(T) 0 < F.(%)
polynomial time, employing an algorithm similar to Euclid’s (3)

[8]. The outcome is that also our problem can be solvéyere Di(z), E; (), Fi,(z) are affine functions ofr =

in polynomial time up to the four-dimensional (4-D) casel®1;""*+@n—1). The given system (2) may be solved by

However, these results appear to be of rather theoretiés§t SOlVing thereducedsystem (with one variable less)

interest. First, Dyer’s algorithm requires a preprocessing step,

a decomposition of a special form of the given polytope. {Di(a_:) < Eiz) i=1---p j=1,---,q )
Although the decomposition can be achieved in polynomial |0 < B(z) k=1,---,r

time, it can affect the practical efficiency of the method.

Secon(_j, it is not clear whether Dyer's ‘f"'go”thm' ba;ed 0a]nnd then finding the values af,, satisfyingmax; D;(Z) <
Dedekind sums, can be extended to higher dimensions. In . _
< min; E;(Z). If p = 0 or ¢ = 0, then the range of,,

:sg;ﬂggh;hgf dle.\skirr]fj 23%20$'i|i3m$ (z;lrlgg:lthm available fOlrs unbounded, and the existence of asatisfying (4) entails

) : . an infinite number of solutions for system (2). In this case,
Recent work in the field of data-flow analysis and code

o . .~ "system (2) does not represent a polytope, as the polyhedron
parallelization also focused on polytope size determlnatlols. not bounded

Tawbi introduced an algorithm of exponential complexity As (4) is also a system of linear inequaliies with one

for counting the number of iterations in nested loops Wlthariable less, the elimination procedure can be applied to

parametrizable bounds. However, the polytopes have restricted : : .
representations in this case [22] Zn—1, and so on until all but a single variable, say, are

Tackling a related problem, Eisenbeis al proposed a gone. The original system (2) is solvable if and only if the

et on . . . . final system obtained by the successive eliminatiom ef 1
fast” but still exponential method for counting the integer,_ . ) .
. : ) : variables has a solution. The method is usually employed to
solutions of linear systems of equations, when variables haye . . . ; . ;
ecide the (in)consistency of a system of linear inequalities.

constant bounds [9]. Er_nploymg rational f_ract|ons of poly The routineCountPolytopePointsA, b) is described below,
nomials, the approach is used to determine the number pof = . : .
..~ genoting the columns of matriA by subscripted vectors:

dependences between array references but only within the o . )
= [a; ay ---]. The main idea of the algorithm [1] is

scope of loops having constant boundaries. Unfortunately, he following. The number of points of integer coordinates

method is not able to handle the case of loop nests with affine. 7 . : .
. . - Inside the givenn-dimensional polytopeAx > b, with the
boundaries, and furthermore, the practical efficiency of ”H?st coordinate fixedz?, is equal to the number of points

approach degrades_quickly with thg number. of variables. inside the polytopeaQa:Q, Y agrs - > b — age? which
As accurate solutions for evaluating the size of array ref%rés one dimension less. The requirea result islobtained by

ences and the number of dependences in complex affine spec- . . ' . .

e : accumulating this number over the entire discrete range of
ifications were both needed in the ATOMIUM system [17], & This range is determined by the Fourier—Motzki thod
L1 g y the Fourier—Motzkin method,

general framework based on the well-known Fourier—Motzki . - .
when z; is the last eliminated variable.

pairwise elimination (e.g., [6]) has been developed. As thls.l_he emptiness of an integral polytope can be checked

latter technique for reducing the number of variables in sa}milarly: Ax > b is not empty if and only if at least one

system of linear inequalities is known to be “quite time D
. . . : o> b — .
consuming” [4] for problems in many variables, Sections A" the polytopesayzy +azzs + -+ 2 b —ayz is not empty
. ) ) 2 . The worst-case time complexity of the algorith@ount-
and I1I-B will mainly deal with practical improvements which . ; .
PolytopePointds clearly exponential. This results both from
enhance the speed of the approach. . . ..
the worst-case increase rate of the number of inequalities
) o ) during the pairwise elimination and from the recursivity of
A. Practical Improvements for Efficient Size the algorithm. For instance, the Fourier—Motzkin procedure
Computation of Integral Polytopes applied to the system (2) could yield in an unfavorable case
The basic idea of the Fourier—Motzkin elimination, brieflfm/2)? inequalities after eliminating the first variable and,
described below for the sake of consistency, represents agentually, could yielei(m/4)?" inequalities after eliminating
tually the direct way of solving by hand systems of lineathe last variable.

inequalities. In order to obtain an acceptable efficiency of the algorithm
A variable, sayz,,, may be eliminated from a given systen(see Section VI), several enhancing techniques presented in
of inequalities the sequel are employed in our current implementation.
. 1) The algorithmCountPolytopePointa\, b) is not applied
Zaiﬂ?i >b, i=1,--,m ) directly on the iterator polytope\ -i > b. It must
J=1 6That is, the existence (or not) of at least one real solution.
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be noticed that linear inequalities are derived fromlimination, it is possible to deteetl the redundant inequal-
the constraints on loop boundaries and control-flowies. However, this latter technique, explained in Section
conditions. In practice (e.g., some loop boundaries ali¢-B, proves to be expensive when it is embedded in the
often constant), the system of inequalities may haveFmurier—Motzkin elimination (see Section VI).

block decomposition of the form

B. Minimizing the Representation of Polytopes

A, 0 0 by The procedure employed in the ATOMIUM system [17]
for minimizing systems of linear inequalities stems from
o : . oolix|: the polyhedral library developed at IRISA, France [26]. The
' ' approach is based on tl®uble description of polyhedra
. . b A vertexof a setS is a point inS which cannot be expressed
0 : 0 @ A ° as a convex combination of any other distinct pointsSinA

vectorr is aray of S, if x € & implies thatx 4+ ar € S,
after an eventual reordering of the iterators. Thereforéy > 0. When the same property holds for al| thenr is
the routineCountPolytopePointss usually applied on a line or bidirectional ray. A ray is extremeif it cannot be
reducedconstraint matriced\; -i > by, £k =1,---,s, expressed as a positive combination of any other two distinct
the results being multiplied at the end. In particularays.
the computation of the iterator space size for an arrayIn 1896, Minkowski showed that any polyhedron defined
reference inside a nest of loops with constant boundarieg ? = {x | Ax = b, Cx > d} has an equivalent dual
is reduced to a simple multiplication of the iteratoparametric representation [21, sec. 8.9]
ranges.
2) If the iterator space representation also contains equali-p — {x |x=Vv+LA+Ry, p,v >0, Z v = 1}
ties, then the dimensions of the initial systémi > b is
reduced (similar to [18] and [9]). An equality is solved

for one variable which is substituted afterwards in th%haracterlzed by ‘a convex combination of vertices (the

other relations. The process is continued till the totz‘:?l()lumnS of mat_nxV), a Ilnear_ _comb|nat_|on_of lines (the
columns of matrixL.), and a positive combination of extreme

Zgr:rlggggg gg;gg;ﬂgﬁ:g@?’ The number of Varlablersays (the cp_lumns of matriR). In 1936, Motzk_in proved Fhe
. . ) Decomposition Theorem for Polyhedraccording to which
_ The following techniques aim to decrease the number gf, 5|y hedron can beniquelydecomposed into a polytope
inequalities during the Fourier—Motzkin elimination. represented parametrically by a convex combination of
3) As shown above, the elimination of the variablg verticesV = {x = Vv, v >0, > 1 = 1}, and apolyhedral
from system (2) generates a new system (4p@H cone i.e., a polyhedron having only a single verfexn
r inequalities, wherep,q, and r are the numbers of jts turn, the cone can be partitioned intolieality space
positive, negative, and zero coefficients of in the £ — fx — L.\ )\ € R}, the largest linear space contained in
initial system (2), respectively. The order of variablgne cone, and aointed coneR = {x = Ry, u > 0},
elimination is important for keeping the number ofepresented parametrically by a positive combination of
inequalities as low as possible. As a consequencee@reme rays [21, ch. 8].
reasonably good heuristic is to select the next variable on algorithm to compute the dual representations of a
to be eliminated among those for which the expressigjplyhedronP has been proposed in [16]. Givex, b, C, and
pg + 7 is minimum. The only difference in the routinesq, it determines the matrice¥, L, and R and reciprocally,
presented above is that the Fourier—Motzkin eliminatiofgs been proposed in [16]. A similar algorithm has been also
will yield the range of some elemeny, of x (rather than jmplemented in the polyhedral library of IRISA [26].
the range ofry, the first element), and the modifications The elimination of redundant inequalities in (2) or in any of
are straightforward. the reduced systems can be achieved by computing the double
4) By numbering distinctly the initial inequalities and thepresentation of the respective inequality set.
newly generated ones during the pairwise elimination 1y py selecting a basis of the lineality space, the redundant
process, the set _Of mmal inequalities from Wh'c_h a equalities can be detected and eliminated as the system
certain inequality is derived can be easily determined. may contain also equalities embedded, and these are
If after the elimination oft variables, an inequality is generating the lineality space.

derived fromz + 2 initial inequalities or more, then the 2) The irredundant inequalities must be saturated at

inequality is redundant as proven in [7]. It has to be " o541, extreme vertices/rays, where is the space
emphasized that the condition above is only sufficient, dimension

and, therefore, not all the redundant inequalities are
detected and eliminated with this simple technique.
A polyhedral cone, having the vertex at the origin, has the implicit
) As a_ copsequence Of_the Farkas .Le_m_ma (e.g., [14])_’ B&kcription of the form{x | Ax = 0, Cx > 0} and a parametrical
inequality is redundant if and only if it is a nonnegativeepresentatiofx | x = LA + Ry, pu > 0}.
combination of the other inequalities. After each variable 8A ray r saturates the inequality’ x > 0 whena”'r = 0.
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3 space are equal in size, as anydimensional point in the
iterator space is mapped todsstinct m-dimensional point in
the index space. Therefore, wheis injective, our problem is
reduced to the iterator space size determination (Section III).

Computing the size of linearly bounded lattices is at least
as complex as computing the size of integer polytopes. As
mentioned in the introduction of Section Ill, the complexity
of the latter problem is, to the best of our knowledge, still
unknown whenn > 4 [8].

There are two difficulties, related in this context: first,
concerning the decision of whether a vectorial affine func-
tion is injective or not, and second, concerning the proper
computation of the index space size when the mapping is not
Fig. 2. Elimination of redundant inequalities. injective.

Two numerical solutions for the index space problem are
Example: Disregarding the step of th¢ loop, the iterator propqsed n th? sequel. The basic |_dea of th_e first solution

are o (Section IV-A) is to transform the affine mapping embedded
space of the array referencd[j][¢ + V] in line (2) from . . . ;
. - ) in the array reference and to obtain an equivalent linearly

the Silage code in Fig. 1(a) is represented by the system,of . o .
. I . : L bounded lattice whose size is easier to compute. The sec-
inequalitesN —1>¢>0, N—-1>4>0, ¢ > j+1, where o . S
the parameteiV > 2. The qoal is to eliminate the redundan{)nd solution is based on the analytic determination of the

b > = 9 Index space, followed by the direct computation of its size

inequalities (if any) from this two-dimensional (2-D) iterator, . i A i
polytope of the formA -i > b. (Section 1V-B). Both the proposed solutions have a worst

: £x ... case exponential complexity. However, their global behavior
T_he trgnsformatlorx - (f )’ §20 change_s the initial within the ATOMIUM system [17] proves the effectiveness of
n-dimensional polytope represented as an inhomogeneqQus . . .
. I ) . € techniques presented in the paper (see Section VI).
system of inequalities into atn + 1)-dimensional polyhe-

dral cone (see the previous footnot€A - i — &b > 0,

which is a homogeneous system. By means of the abofkeTransformation of the Affine Mapping

preprocessing step, both the vertices and the rays of the initial emma: Let U € Z"*" be a unimodular matrix [21]. Then

inhomogeneous polyhedron have a unified representationy@s linearly bounded lattice$x € Z™ | x = T - i+ u,

rays [¢i &5 €]T in the 3-D polyhedral cone (2-D verticesp . j > b,icZ'}and{y € Z" |y =T -j+u, A’-j > b,

when¢ > 0, and 2-D rays whe@ = 0). . j € Z"} are equal, wher&d” T . Uanda’ €A .U
Applying the double description algorithm [16] to the ho~ — proq¢ ¢ o pelongs to the first lattice, there is an

mogeneous set of constraints, it results that the lineality Spagg,nsional vectot such thatk — Ti+uandAi > b. Since
is the null space, and the ray space is generated by the VeCiRrix U is unimodular,U~! exists and has inteaer elements,

0<= i <= N-1

0<= j <= N-1

R={ri=[N-1 0 1]%, =01 0 1]* and consequentlyy & Ui e Z~. It follows immediately
rs=[N-1 N-2 17} thatx = T'j + u and A’j = Ai > b. The inverse inclusion
is proven similarly. |

As the resulting three rays have the general form By post-multiplying matrixT with a sequence of unimodu-
[ve Eu, €T with € > 0, they all represent vertices of|ar matricesS = U, - Us - - -, a reduced Hermite normal form
coordinates(v, vy) in the initial polytope (see Fig. 2). As[21], asin Fig. 3, is obtained where all nonzero elements are on
none of these vertices saturates the constraints 0 and or below the main diagondIThe goal of this transformation is
N —1 > j (denotedl;, I>), while the other three inequalitiesto obtain an equivalent lattice whose size is easier to compute.
are saturated by exactly two vertices each, it follows that | et j and j” be two distinct points in the transformed
I, and I, are redundant. The minimal representation of theerator polytopeA’-j > b (whereA’ = A - S), and suppose
given iterator space is, therefol¥,— 1 >4, 7 >0,71> 57+1 that 7, = j7, -+, jh_, = ji_,, andji, # ji.

(denoted I3, Iy, and I3). As mentioned in Section IlI-A, def

o H ! /2!
the two redundant inequalitied;, and I,) are nonnegative a) Ifuk < " rank T, then the points’ = T’j’ +u and
combinations of the other three ones x" = T'j +u in the index space differ from each other

at least at sométh coordinate, where th&h row of T'

(L) = Nl 2(.73) + x_ ;(14) + %(15) has thekth element nonzero and the last- k£ elements
and - - - equal to zero [see Fig. 3(d)]. As # z/, the images of
N-1 1 N—1 j’ andj” are distinct.
(I) = N 2(.73) + N 2(.74) + N—_2(Is). b) If r < k < n, thenx’ = x” as all their coordinates
result to be equal, and, therefojé,andj” are mapped
IV. COMPUTING THE SIZE OF THE INDEX SPACE to the same point in the index space.

When the vectorial affine mapping: Z™ — Z™, defined
by f(i) = Ti+ u is injective, the index space and the iterator °Broken lines in the figure.
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m %
r<m

(@)

n n space is 40, and the mapping is injective relative to the iterator
spacé! {[i 417 |9 >4>0,3> j> 0}, the size of which

0 0 is also 40.
n
0

m In the “normalized” example from Section II, the unimod-
ular transformatior§ = [} 1] brings matrixT = [2 2] to
a form as in Fig. 3(b). The iterator polytope corresponding to
rm the new mapping i = {[ji jol” | jo +15 > j1 > jo + 8,
(b) 8 > j» > 0}, and its projection igr P’ = {41 |23 > j1 > 8}.
All the 16 points inpr; P’ are projections of at least one point
in P’. It is sufficient to replace the 16 values ofn P’ and
verify that, each time, the resulting (integer) polytopejirs
not empty. Consequently, the size of the index space is 16.
The mappingf is not injective as, for instance, there are two

n
% o
m m points [(9, 0) and (9, 1)] inP’ having the same projection
(9) in pr P
%‘ i- The algorithm described above is implemented in a routine
—
k

SizelndexSpace (Lbl)The method will be illustrated more
thoroughly in Section VI.

r<n

© (@ B. Index Space Determination for Array References

Fig. 3. Unimodular transformatio’ = T - S of the affine mapping in an The t_)aSiC idea of the previous approach i_S to.find an
array reference. appropriate transformation of the affine mapping, in order
to compute the size of the index space by investigating the
transformed iterator space. A more direct way of tackling the
ber . . .
problem is to model the index space by means of a coordinate
transformation fromi to x and afterwards, to carry out the
size computation inside the index space. But the index space
modeling is not easy to accomplish.

Let{x =T-i+u| A-i> b} be the linearly bounded
lattice of a given array reference. If matri¥ is square
and nonsingular, the index space is included intoiraage
polytope which can be easily determined noticing that the
iterator vectori = T~ - (x —u) must represent a point inside
the iterator polytopeA -i > b. Therefore, the resulting image
Holytope is:A - T7!.(x—u)>b.

. . . /e S Even in this case when matrik is invertible, not all the
integer coordinates ipr,.(A’j > b) represent projections of -~ . ) .

S . ) i points in the image polytope belong to the index space. For
points inA’j > b. For instance, the polytopg +4 > 8j> > o ] .

. : S ; instance, ifz: 0..9)::  --- A[5%4]---, the image polytope
—71 + 4, 3 > j; has the projectior8 > j; > 0, but none .

: . S : . .of the array reference i$z € Z | 0 < z < 45}. But the
of the points (0, 1, 2, 3) is the projection of a lattice point in
o . ; . . dexes ofA take only ten from these 46 values.
the polytope'® These invalid projections are detected easily. jpaex . . )
. 7 . S . This section will show how to model the index space of an
is sufficient to replace the coordinates of the projection point

in the polytopeA’j > b and to check whether the resultingarray reference, even when matiis singular or nonsquate

(n — r)-dimensional integer polytope is empty or not. (s_ee Fig. 4). Afterwardg, the size of the index space will be
Examples: directly derived from this model. _
' For any matrixT € Z"*" having rank T = r and
(i:0.9:= (:0.3)x - AO*454+3%7] ---. assuming the first rows of T are linearly independent,
there exists a unimodular matrg e Z™**" such thatT' - S =
The unimodular matriX$ = [_; 5] transforms the mapping [f{** ], whereH,; € Z"*" is a lower triangular matrix with
T = [10 3] to TV = [1 0], having a form as in Fig. 3(b). positive diagonal elements, afd,; € Z("~")%" [14]. The
The iterator polytope corresponding to the new mapping fifock matrix is called the reduced Hermite form of matiix
Pr={l 42" |92 j1—3j2 20,0235 — 1052 > =3},
and its projection polytope igri " = {41 |99 > j1 > 0}.
Only 40 points inpr; P’ are projections of points id’. For lllThe mapping may not be injective if the iterator space is modified: e.g.,
instance,j; = 1 is not a valid projection. Replacing this valug®: 0~ 9 (1 0. 10):

in P'. there is no integer solution fQE The size of the index 12That is, the dimension of the index space differs from the dimension of
' ' the iterator space.

Consequently, the size of the index space (i.e., the num
of distinctx) is at most the size of the-dimensional polytope
pr-(A’j > b), the projection ofA’j > b on Z" along with
the firstr coordinatespr,.(A’j > b) can be easily computed,
by eliminating the last. — » variables inA’j > b with the
Fourier—Motzkin technique (see Section IlI-A).

The affine mapping is injective (independent of the iterator
space) whem = n, becausg’ # j” impliesx’ # x”, as shown
at case a). In additiof,may be injective relative to the iterator
space when every point ipr.(A’j > b) is the projection of
at most a single point itA’j > b, which prevents case b).

It must be noticed that not necessarily all the points

10Aithough thereal polytope is not empty [it contains, e.g., the point (2, 13This assumption does not decrease the generality. It is done only to
0.5)], theintegerpolytope is empty. simplify the formulas, affected otherwise by a permutation matrix.
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5 z Fig. 1(b), wheredet H;; = 2 for both operandsi[j][: + N]
- {1} u after “normalizing” the; loop.

Indeed, taking into account that the elementsjpfmust
(I be integers, it follows by multiplying and dividing the right
° e member of (6) withdet H;; that the point inside the index
space must supplementarily satisfy the divisibility constraints
Iterator space Index space

x

i Y

detHyp | hf(x; —w) Vi=1,---,r 9)

Fig. 4. Affine transformation of a polytope from the iterator space to theshereh?” are the rows of the matrix with integer coefficients
index space. detH;; - H{!, anda | b means & dividesb.” According to
(9), whenr = n, the pointsx are uniformly spaced along
def j= [.il]' wherej;, j» are r-, respectively, th_e T Iin_ear inde_zpendent coordinat_es, the size of gaps in these
2 dimensions being equal to the diagonal eleménté H;;.
This latter result was known to be valid for matricBssquare
H and nonsingular [11].
x:Ti—i—u:TSj—l—u:[Hll}jl—i—u. (5) Example: (i: 0..9):: ---A[b *4d] ---. ASr=m=n=
2L 1, H;; = T = [5], andS = [1], the inequalities (7) yield the
image polytoped < z < 45. As r = m, there is no equality
(8). In addition, the points: of the index space are subject
to the divisibility constraint (9)5 | z. The gap between these
points is equal toh;; = 5.
The system of inequality (7), (8), and the divisibility con-
ditions (9) (not necessary ¥, is unimodular) characterize

Let S71i
(n — r)-, dimensional vectors. Then

Denotingx = [!], andu = [('] (wherex;, u; arer-
dimensional vectors), it follows that; = Hiiji + ui. As
H,; is nonsingular, being lower triangular of ramk j; can
be obtained explicitly

b= Hl_ll (Xl - “1)- (6)  the index space of the given array reference.
In conclusion, the size of the index space is equal to the
The iterator vectoi results with a simple substitution size of the projection pontop@r,,([AslHl_ll AS,], b+
AS;H['u;) less the points which do not represent valid
- S[jl} s, SQ]|:H1_11(X1 —ul)} projections of the polytope (7) and taking, in addition, the
J2 J2 divisibility constraints (9) into account. The computation can
_ SlHl_ll(Xl —uy) + Sajo be easily performed by the routif@ountPolytopePointsde-

scribed in Section IlI-A, slightly modified to accumulate only
the points which are valid projections of (7) and, supple-

where S; and S, are the submatrices d8 containing the . . ) ]
first » and the lastn — r, columns of S, respectively. As mentarily, satisfy the constraints (9) when matk, is not
’ ’ t%rPimodular.

the iterator vector must represent a point inside the itera . . . . .
polytope A i > b, it follows that meTtvr\]/gdbenchmark tests in Section VI will exemplify this

AS H'x; +AS2jo > b +AS; H ' uy. @)
V. OTHER APPLICATIONS OF THECOUNTING ALGORITHMS
As the rows of matrixHy; arer linearly independent- )
dimensional vectors, each row B, is a linear combination A- The Equivalence of Array References
of the rows ofHy;. Then from (5), it results that there exists Two array references of an indexed signal are equivalent if
a matrix C € R(m=")x" such that* they have the same index spaces. The equivalence test reduces
to the equality verification of two linearly bounded lattices [3]
XQ—IIQIC-Xl—ul. (8)
( ) {x:Tlil—i-ulEZm |A1i1 > by, 13 EZ"I}
If » < n, the image polytopeof the index space can be L {x=Tiz+uz € Z™ | Asiz > by, iy € Z™}.
obtained eliminating with the Fourier—Motzkin technique the . . .
n — r variables ofj,. Usually, this image polytope contains Example: (i: 0. N):: .- = Ali] + A[N —1]. The two
“holes,”® as not all its points represent valid projections cirray references are equivalent, as they cover the same set of
the n-dimensional polytope (7) as explained in Section IvV-AScalarsA[0], - - -, A[N]. Their corresponding LBL’s modeling
Even if 7 = n (therefore, no projection is needed), the imag#e set of indexesz = ¢ | N > ¢ > 0, ¢ € Z} and
polytope is not dense whetet Hy; # 1, as it can be seen in{z = =i+ N | N > i >0, ¢ € Z} are equal.
14The coefficients of matrixC are determined by backward substitutions 18|f p;, are the diagonal elements of matrH,;, it can be verified
from the equationsHaz.row(s) = 3" ¢;j - Hip.xow(j) for anys =  that the divisibility constraints (9) are not affected when is subject to

1,--,m—r. translations of vectors; = [0 -- - hy /;--0]1'. Vi = 1,---,r. Indeed,
15That is, points in the image polytope but not in the index space. hf (x14+v;,—uy) = h{ (x1 —uw)+ hf v = h{ (x1 —uy) +detHyy.
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bool EquivalenceTestlpl;, Lbls) {//Lbly < Ll
if ((ny = SizelndexSpadd.bl;)) ! = SizelndexSpacd.bls)) return NO;
else return (n; == SizelndexSpadd.bl; N Lbls));

}

Testing the equivalence of array references is necessarg LBL intersection, e.g., solved as in [1], and index space
in the context of processing behavioral specifications fgize computation (Section V).
checking the correctness of code transformations [20]. It is
also employed in the context of memory estimation/allocatid®. Counting the Dependences Between Array References

for multidimensional signal processing [1], [3], to _construct .The number of dependences between array references has
correct (1p70thedraI) dependence graphs for behavioral spggla, hreviously employed in data locality exploitation [9] but
f|cat|or}s. ) ) i only when the surrounding loops have constant boundaries.
Testing the equality of linearly bounded lattices cann@y,re vecently, the number of dependences between (parts of)
be done comparing their iterator polytopasi; > by and arrays has been employed to compute tight upper bounds for

Aszlz 2 by, These can hav_e different si_zes or even belong emory size in nonprocedural algorithmic specifications [3,
spaces of different dimensions, and still they can be mappag 4]

to the same image. For instance, the array references Let Afw1 (i1, in)] -+ [ (i1s - -+in)] @nd Afyr (1, - -,
Js)] - [um(d1,- -+, 7s)] be two array references of am-
(i:0.2)= (G:0.2)x - Afi+74] - dimensional signal, in the scope of two nested loops having
(i: 0. 4)z - Aff] --- the iterators(iy,---,4,) and (ji,---,js), respectively. The _
number of dependences between the two array references is
the number of vectorgiy, -+ ,%n,71, ., 4s) for which the
have the same index spa¢e € Z | 0 < = < 4}, although indexes are respectively equal = 41, -, Zn = ym. The
the iterator space dimensions are different (two and ongumber of dependence relations is the number of distinct index
respectively), and the iterator polytopes have different SiZeéctors(azl,---,a:m) for which there is at least a dependence.
(nine and five, respectively). Example:

The index spaces of the two array references are also(i. 0.2): (k:0.9):
difficult to compare because of the “holes” (see Section IV-B). ‘" .~ 0 '2') o Afitg] e 1;1'[2 *']'ﬂ]
If the index spaces have the same dimension and the image (G:0..2) Py )
polytopes are dense, then an equivalence test is possible. It i§here are five dependences between the two array references
sufficient to compute the vertices of the two image polytop@s there are five vecto(s, j, k)—{(0,0,0), (2,0,1), (1,1, 1),
employing Chernikova’s algorithm [5], [13] and to check thé0,2,1), (2,2,2)}—leading to the equality of the indexes.
equality of the two sets of vertices. As the image polytopddiere are only three dependence relations, as a dependence
can contain “holes,” the equality of the image polytopes is n6&n happen only for the indexes 0, 2, and 4.
a proof that the corresponding array references are equivalent.et {x = Tii; +w; | Aji; > by}, {x = Toiz + uy |
For instance Asiy; > bo} be the two linearly bounded lattices modeling
the index space of the two given array references. The scalars
) ) common to both index spaces belong to the intersection of
(€: 0.15) 5 - Al2xd] - the two LBL’s, which is also a linearly bounded lattice
(¢: 0..10) =z -+ A[3x4] --- Ll ={x=T-i+u| A-i > b} computed, e.g., as in
[1].

The number of dependences is provided by the routine

have the same image polytope: € Z | 0 < z < 30}, but the . . ) s
two array references have obviously different index spaces.CoumPOMOpePO'n(SA’ b), described in Section lll. The

A simple and univers&t equivalence test is shown at thémm_bers_Of Ide(jpengdenc;;elz;uon_s c?\r/\ :e computed with the
top of the page. A necessary and sufficient equality conditiSRUtine SizelndexSpacebl) (Section IV-A).
is the following. The two LBL’s must have the same size,
and at the same time, their intersection must also have the V|- |LLUSTRATIVE EXAMPLES AND RESULTS
same size as two equal LBL’s are obviously equal also The presented technigues have been implemented in C++
to their intersection. The problem of “holes” is, thereforeand tested on an HP 9000/735 workstation. They are embedded
circumvented, and furthermore, the only necessary operatiogn®xTOMIUM, a memory management system for multidimen-
sional signal processing [17]. They are actually used by the
17If the equivalence of arrays (or parts of arrays having the index spaggemory estimation [1] and allocation tools [2]. They are also
modeled as LBL’s) is not detected, false nodes and dependences can apgegifyl in the LOVER verification environment for validating
in the dependence graphs, affecting the necessary storage requirement of the . | ithmi e .
given specification. 0oop transformatlt_)ns on algorithmic spe_C|f|cat|ons_ [20].
18Disregarding the enumerative techniques, which are too computationaIIyTWO_examples !Ilus?rate the computatlpn of the index space
expensive whenever dealing with large iterator spaces. size with the routineSizelndexSpacgSection 1V-A).
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Example 1: TABLE |
THE COMPUTATION OF THE INDEX SPACE SIZE FOR AN ARRAY
(i . ()'_511) - (J . ()'_511) S .M[Q x4+ 3%+ 1] REFERENCE EXPERIMENTAL RESULTS FOREXAMPLE 2
[5 x4+ J + 2] [4 *1 4+ 6 * J + 3] - Loop | Size polytope | Size LBL | LBL/Polytope Ccru
bound | (iterator sp.) | (index sp.) ratio [%)] Enum. | SizelndezSpace
3 64 37 57 0.0004s 0.0005s
[ 2 37.. 1 7 512 169 33 0.012s 0.015s
- . o ok 1 15 4096 721 17 0.087s 0.050s
{x=Titu|Ai>b} =< |y =5 1 L + |2 31 32768 2077 9.0 1.05s 0.18s
z 4 6 3 63 262144 12097 4.6 17.485 0.70s
- 127 2,097,152 48769 2.3 5m23s 2.73s
1 0 0 255 16,777,216 185841 11 1h55m36s 10.86s
-1 0 7 > —511 511 | 134,217,728 784897 0.5 ? 43.25s
0 1)|5]=] o '
L 0 -1 —-511
TABLE 1
. . . _1 3
As there is a unimodular matri® = [7; ;] such that THE COMPUTATION OF THE INDEX SPACE SiZE WHEN ALL THE
REDUNDANT INEQUALITIES ARE DETECTED DURING THE
1 0 FOURIER-MOTZKIN ELIMINATION. EXPERIMENTAL RESULTS FOREXAMPLE 2
T.S = -4 13 Loop bound 3 7 15 31 | 63 | 127 | 2556 | 511
oot CPU [sec] 0.013 1 0.028 | 0.076 | 0.24 | 0.85 | 3.00 | 11.27 | 44.10
2 0

as in Fig. 3(d), it results thatank T = 2 = n. Hence, the

mapping is injective. Therefore, the index and iterator spaces TABLE 1l

are equal in size. The size of the iterator polytope is computed DE:ERE%&?ILJOKTIESPSRFIJEE;ElhESSIiELTzYFIONRDIIEE:A?/IZAL(;EZ

with the routineCountPolytopePoinf\, b) which takes into

account that both iterators have constant bounds[see Sectid@obound | 3 7 | 15 | 81 ] 63 | 127 ] 255 ] SlI
lll-A, item 1)] with range 512 each. The size of the index-LY_secl [ 0:0005]0.020 | 0-060 | 0-20 [ 0.78 | 2.88 | 11.02 | 43.40
space is, thereforey12 x 512 = 262 144.

Example 2:
not injective. Therefore, the approximation of the index space
(6: 0.511)x (j: 0---511) (k: 0..511)x size by the iterator space size must be avoided!
MR+ The CPU times obtained employing an enumerative tech-
] ] ) nigue are displayed in column 5. They may be lower than those
With the unimodular matrix corresponding to the routirizelndexSpader small iterator
1 0 =1 spaces, but they grow dramatically with the LBL size as the
S=10 1 -1|, TS= { } enumerative technique has to keep track of the index values.
0 0 1 010 Although the run times for our routine are also increasing

significantly (linear with the index space size), the method is

As r = m < n, as in Fig. 3(b),(2 < 3), the transformed still effective even for huge sizes of the iterator space.
iterator polytope is{j € Z* | A’-j > b} = { 511 > The computation time is usually affected by the size of the
Ji—Js 20, 511 > jo —j3 > 0, 511 > j3 > O0}. Its jterator spacé? as shown in Section IV-A. For the current
projection ispry(A’-j > b) = {(j1,J2) € Z* | 511 > example, the CPU time increases approximately quadratically
Ji—J2 2 =511, 1022 > j; > 0, 1022 > j» > O}. with the upper bound of the loops, while the iterator space

There are 784897 point§, j») in pra(A’-j > b), and sjze increases cubically. However, the global behavior of the
all of them prove to be valid projections. For instance, (1 Rigorithm is usually better, as the results in Table V will show.
is the projection of two points, (1 1 0) and (1 1 1), satisfying Table Il displays the run times for the routirgizelndex-
the system of inequalitie\’ - j > b. It follows that the Spacewhen the double description of polyhedra (see Section
size of the index space a¥/[i + k][j + k] is 784897. As |||-B) is employed to detect all the redundant inequalities
this value is inferior to the size of the iterator space, whicfuring the Fourier—Motzkin elimination. It can be seen from
is 512° = 134217728, it follows that the affine mapping this example that the detection of all redundant inequalities can
t(i,5,k) = T - [i j k|* is not injective. Indeed, this can becreate more overhead than speed benefit. The simple technique
easily seen noticing that the tripleté, j, k) equal to (0, 1, described in Section Ill-A which eliminates only part of the
1) and (1, 2, 0) are mapped to the same point (1, 2) in thedundant inequalities yields in general better CPU times.
index space. The same examples will illustrate also the computation of

Table | shows the central processing unit (CPU) timege index space size by the effective construction of the index

(column 6) for the computation of the index space sizgpace of an array reference (Section IV-B).
when the upper boundaries of the three loops (column 1) are

increased gradually. It can be noticed that the ratio (column 4)
between th_e LBL Slze. (Commn 3) and_ the |terf':1tor spacg S'_Zagumess the case when the mapping is injective, and the iterator space is
(column 2) is decreasing dramatically if the affine mapping kshypercube.
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TABLE IV
COMPARISON BETWEEN THE TwO METHODS FORCOMPUTING THE SIZE OF AN INDEX SPACE. EXPERIMENTAL RESULTS FOR EXAMPLE 1
Loop | Size image | Size LBL | Ratio [%] LBL/ CPU [sec]
bound polytope | (index sp.) | ImagePolytope | SizeInderSpace | Index sp. determ.

255 845,836 65,536 7.74 0.0080 0.13
511 | 3,395,596 262,144 7.72 0.0157 0.57
767 | 7,649,292 589,824 7.71 0.0235 1.32

1023 | 13,606,924 | 1,048,576 7.70 0.0312 2.44

(i: ~-M+1..M):: /* The parameters M,N,m,n are defined */

(j: -N+1..N)::
(k: -m+1..m-1)::
(l1: -n+l1..n-1)::
Delta[2*M+i] [2*N+3j] [k+m] [1+n+1] = Delta[2*M+i] [2*N+j] [k+m] [1+n]
+ A[2*M+i] [2*N+3] - AQ[2*M+i] [2*N+j] [2*M+i+k] [2*N+j+1] ;

Fig. 5. Excerpt from the motion detection algorithm.

Example 1 (Revisited)As m = 3 andr = n = 2, we have The number of pointx = [z y]? in the image polytope is
x;1 = [z y]* andx, = [z]. Taking also into account the results784 897, the number of valid projections {fx,y) € Z? |

already obtained above 511 > o —y > =511, 1022 > = > 0, 1022 > y > 0}.
The experimental run times, displayed in Table Il for the
_e_ |1 3 _1 10 same upper bounds of loops as in Table |, are similar (only
S1=8= , Hpp= i ! . AN
1 -2 -4 13 slightly higher due to the matrix multiplications).

When matrixH;; is not unimodular, the CPU times can
be significantly higher than those yielded by the routine

1113 o Ho =2 0 SizelndexSpacé he reason is that the method of index space
7314 1) n = ) determination operates on timaagepolytope (which contains
“holes”), while SizelndexSpaceperates on théerator poly-
Condition (7) yields tope, which can be significantly “smaller” whdd;, is not
unimodular. As shown in Table IV, the “holes” represent more
6648 > —x +3y > 5 than 92% of the image polytope. Exploiting the fact that, in
6644 > 5x — 2y > 1. Example 1, gaps in the index space have uniform sizes (of

hi1 = 1 along z, and hoe = 13 along ), as explained in
As the only row inHy; is two times the first row iffI,;, the Section IV-B, the routine based on index space determination

image polytope is completed with the equality (8)- 3 = is still practical, although not as efficient &zelndexSpace
2z — 1). In order to demonstrate that the algorithm having a worst-

As det Hi; = 13, the image polytope is not dense. Concase exponential complexity is, however, globally effective,
dition (9) yields13 | 4(x — 1) + (y — 2), as13 | 13(x — 1) the CPU time contribution of the procedug#zelndexSpace
is always satisfied. has been monitored, while dealing with two signal processing

The number of points in the image polytope, also satisfyirpplications.
the divisibility condition above, equals 262 144, the size of the The first benchmark test is an algorithm for updating the

index space which is also here the size of the iterator spacgingular value decomposition of matrices—algebraic kernel
Example 2 (Revisited)As m = r = 2 andn = 3, we used, e.g., in beamforming and Kalman filtering. The code

denote the(n — r)-dimensional vectof, = [\]. As H;; = given in [3, pp. 182-184] contains nested loops up to three
[t {] (thus unimodular) and,; does not exist (as» =), levels deep, the upper bounds depending\or-the order of
with matrices. The iterator space of most of the array references
is growing proportionally taV2. The total CPU time, while
1 0 -1 processing all the array references in the code, as well as the
Si=|0 1|, Sz=|-1 average CPU time per array reference, is increasing roughly
0 0 1 linearly with N (see Table V).
The second benchmark test is a motion detection algorithm
only condition (7), yields used for compressing moving images. The full code is given
in [3, pp. 185-187], and an excerpt from it is shown in Fig. 5.
°oll = = -A 20 The code contains nested loops up to four levels deep. Most
5 2 y—A 20 of the signal indexes are complex. The CPU times in Table V
511 2 A 20 show a slightly less than linear increase with each of the four
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TABLE V [10] P. N. Hilfinger, J. Rabaey, D. Genin, C. Scheers, and H. De Man, “DSP
EXPERIMENTAL RESULTS FOR THEPRACTICAL COMPUTATIONAL specification using the Silage language,”Rroc. Int. Conf. Acoustics,
COMPLEXITY OF THE PROCEDURESizelndexSpace Speech Signal Processingpr. 1990, pp. 1057-1060.

— [11] W. Li and K. Pingali, “A singular loop transformation framework
Application Parameters CPU [sec] | Average CPU [sec] based on nonsingular matrices,”Rmnoc. 5th Annu. Workshop Languages
Updating SVD | N=128 0.70 0.0084 Compilers Parallelism Aug. 1992.

N=256 1.11 0.0133 [12] P. Lippens, J. van Meerbergen, W. Verhaegh, and A. van der Werf,
N=512 217 0.0261 “Allocation of multiport memories for hierarchical data streams,” in
N=1024 4.56 0.0549 Proc. Int. Conf Computer-Aided DesigNov. 1993, pp. 728-735.
N=2048 9.93 0.1112 [13] T. H. Matheiss and D. S. Rubin, “A survey and comparison of methods
Motion detection | M=N=8 m=n=2 0.36 0.0053 f0f| ﬁgd"‘g ?'é;’elfggesMOf ComeX polyhedral setdffath. Oper. Res.
—n— s vol. 5, pp. —-185, Ma .
G=H=512 M=N=16 m*n:4 045 0.0066 [14] M. Min%%x, Mathematicyal Programming—Theory and Algorithms
=N=16 m=n=2 1.12 0.0164 N
New York: Wiley, 1986.
m=n=4 1.28 0.0188 [15] L. J. Mordell, “Lattice points in a tetrahedron and generalized Dedekind
m=n=8 1.57 0.0230 sums,”J. Indian Math, vol. 15, pp. 41-46, 1951.
M=N=32 m=n=2 3.81 0.0560 [16] T. S. Motzkin, H. Raiffa, G. L. Thompson, and R. M. Thrall,
m=n=4 4.20 0.0617 “The double description method,” i€ontributions to the Theory of
m=n=8 4.83 0.0710 Games—Annals of Mathematics Studies, 28, H. W. Kuhn and A. W.
- m=n=16 5.72 0.0841 Tucker, Eds. Princeton, NJ: Princeton Univ. Press, 1953, pp. 51-73.
M=N=64 m=n=2 14.47 0.2127 [17] L. Nachtergaele, F. Catthoor, F. Balasa, F. Franssen, E. De Greef, H.
m=n=4 15.22 0.2238 Samsom, and H. De Man, “Optimization of memory organization and
m=n=38 16.17 0.2378 partitioning for decreased size and power in video and image processing
m=n=16 18.61 0.9736 systems,” inProc. Int. Workshop Memory Technology, Design, Testing
m=n=32| 2085 0.3066 Aug. 1995, pp. 82-87.

[18] W. Pugh, “A practical algorithm for exact array dependence analysis,”
Commun. ACMvol. 35, pp. 102-114, Aug. 1992.

[19] L. Ramachandran, D. D. Gajski, and V. Chaiyakul, “An algorithm for

parameters\f, N, m, andn, with each iterator range being array variable clustering,” ifProc. European Design Test Confeb.

. 1994, pp. 262-266.
proportional to one of the parameters. [20] H. Samsom, F. Franssen, F. Catthoor, and H. De Man, “Verification

of loop transformations for real time signal processing applications,”
in VLSI Signal Processing V/IU. Rabaey, P. Chau, and J. Eldon, Eds.
New York: IEEE Press, 1994, pp. 208-217.
VIl. CONCLUSION [21] A. Schrijver, Theory of Linear and Integer ProgrammingNew York:
. . Wiley, 1986.
In the context of memory management for multidimensiongdz) N, Tawbi, “Parallelization automatique: estimation des &dsr
signal processing systems, we have addressed a central prob-d’execution et allocation statique de processeurs,” Ph.D. dissertation,

; ; ; ; Inst. Blaise Pascal, UniversitParis, France, Sept. 1991.
lem encountered when handling array variables in behaon\é] L. Thiele, “Compiler techniques for massive parallel architectures,” in

specifications: counting the scalars covered by array refer-" state-of-the-Art in Computer Sciende. Dewilde, Ed. Norwell, MA:
ences. The importance of the problem results from the fact Kluwer, 1992.

. . . 4] M. van Swaaij, F. Franssen, F. Catthoor, and H. De Man, “High-level
that in memory allocation tools the size of array referencé?s modeling of data and control flow for signal processing systems,” in

influence the storage requirements. The novel algorithms de- Design Methodologies for VLSI DSP Architectures and Applicatibhs
scribed in this paper can solve also a related problem of Bayoumi, Ed. Norwell, MA: Kluwer, 1993.

data-fl Vsis: ti the d d bet ;25)]/ I. Verbauwhede, C. Scheers, and J. M. Rabaey, “Memory estimation
ata-flow analysis: counting the dependences DEtWeen array ¢, high level synthesis,” irProc. 31st Design Automation Conlune

references. These algorithms are embedded in ATOMIUM, 1994, pp. 143-148.

; i i D. Wilde, “A library for doing polyhedral operations,” M.Sc. thesis,
a memory managemgnt ;ystem targeting mainly image akél Oregon Univ., Etgene, Dec. 1093,
video processing applications.
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