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Abstract

Several assignment problems encountered in high-level syn-
thesis, e.g., assigning operations from a signal flow graph to
data-path units, can be modeled as binary quadratic opti-
mization problems. However, these formal approaches are
usually avoided, as the size of the resulting problems for
real-life applications is discouragingly high relative to the
capabilities of the existing optimization methods.

In this paper, an approximate binary quadratic technique
will be presented. This technique has been successfully ap-
plied for solving assignment problems during data-path al-
location and background memory allocation. The approach
has several appealing characteristics: it can handle large ex-
amples with a better accuracy than heuristic techniques, it
does not require any constraint concerning the convexity of
the cost function, and it requires a low implementation effort
as it can employ any available LP solver.

1 Introduction

Models based on integer linear programming (ILP) formula-
tions have been used in high-level synthesis to solve schedul-
ing problems, or simultaneous scheduling and hardware al-
location, signal-to-register binding [6]. However, assignment
problems encountered in distributed data processing or high-
level synthesis can be better expressed as binary gquadratic
programming (QP) problems, as the quadratic objective
functions allow a more refined modeling:

%xTCx + cTx

Ax <b , z; € {0,1} Vj

where C is a symmetric nxn matrix, A is a m Xn matrix,

QP : minimize

subject to

and c and b are n— and m— vectors, respectively. The
T

notation x~ means transposition of a column vector x .
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However, these formal models are usually avoided in high-
level synthesis because of the size of the resulting problems
for real-life applications. The optimization methods existent
in the literature (see Section 2 for a brief overview) only pro-
vide results for small examples (up to a few tens unknowns
and a few tens constraints), relative to the actual high-level
synthesis requirements. According to our own experience,
while testing some of the existing techniques, the time com-
putation grows very quickly with the size of the problem.
The outcome is that quadratic models are usually consid-
ered impractical for high-level synthesis assignment prob-
lems, and are therefore disregarded. Furthermore, heuristic
sequential approaches — in which one object is selected ac-
cording to some rule, and afterwards assigned according to a
positioning rule — are usually preferred to the (more costly)
global approaches — yielding an assignment solution for all
the objects simultaneously.

There are two main reasons leading to failure when mod-
eling the assignment as a binary quadratic programming
problem. First, the models employed are usually flattened,
attempting to assign individual objects, like binary opera-
tors or scalar signals. Second, ezact optimization techniques
are employed for solving the practical problems of QP-type,
which is usually too time-consuming or even impossible. As
models are, naturally, approximations of real phenomena,
an approzimate solution of the practical QP problems should
provide reasonably good assignment solutions.

In this paper, an approximate binary quadratic optimiza-
tion technique is described. The method has been applied
to assign clusters of operations from a signal flow graph to
custom data paths, and to carry out the signal-to-memory
assignment for multi-dimensional (array) signals.

Section 2 presents an overview of the major 0-1 quadratic
optimization techniques. Section 3 describes our approx-
imate approach based on alternate continuous relaxations
and partial assignments. Section 4 introduces the quadratic
models for two high-level synthesis problems: the assign-

ment of operation clusters to execution units, and the as-



signment of multi-dimensional signals to background mem-
ories. A result overview is presented in Section 5, followed
by conclusions of this work.

2 Overview of binary quadratic programming techniques

The quadratic zero-one programming gained attention in the
domain of operations research because it has several impor-
tant applications as distributed computer network schedul-
ing and graph partitioning [3] . From the complexity point
of view, the problem is NP-hard since it is related to the
minimum cut and maximum clique problems [7].

A category of existing techniques is based on implicit
enumeration. This class of approaches was initiated by Balas,
who applied a branch-and-bound strategy — achieving in fact
an investigation for all solution configurations [1]. The back-
track idea for an exhaustive search of the solution space has
been further refined by Geoffrion, who proved its applicabil-
ity for handling nonlinear objective functions [8]. Taha has
proposed a Balasian-based algorithm for solving the zero-one
programs with polynomial objective functions [13]. The ba-
sic idea is that a polynomial problem can be converted into
an equivalent binary linear system with nonlinear secondary
constraints — representing the polynomial terms. The solu-
tion space of the subsequent problem is investigated fur-
ther with a similar implicit enumeration technique. Our
experience while testing Geoffrion’s and Taha’s algorithms
has shown that enumerative approaches are unlikely to solve
problems with more than 30 - 40 variables, as the computa-
tion time is really blowing up.

Another category of existing techniques is based on the
transformation of the problem QP into a 0-1 linear problem
by introducing additional variables. This strategy is moti-
vated by the fact that linear methods are easier to program
and refine, and a more extensive theory does exist for the lin-
ear case. Furthermore, based on the fact that z* can be re-
placed by z in the objective function and constraints (where
z is an arbitrary variable of the problem, and k € N), these
methods can be easily adapted to solve the binary polyno-
mial programming problems. These approaches differ from
each other by the transformation rules, the goal being to
achieve more economical representations of the polynomial
programs. For instance, Glover and Woolsey proposed to
replace the polynomial cross-product terms by continuous
variables rather than integer variables [10], since the dif-
ficulty of (mixed-) integer programming problems depends
more strongly on the number of integer variables rather than
on the number of continuous ones. According to Glover’s
rules, the problem QP is transformed as follows:

(1) replace each z? in the objective function by z; ;

2) replace each cross-product x;x; by a new nonnega-
j

tive continuous variable z;; satisfying the new constraints:

T + 3 —w; <1, w2 myy , T 2 @

The conversion methods have recently gained more at-
tention for practical reasons, as more and more efficient
mixed ILP packages are becoming available. For instance,
Glover’s transformations and the mixed ILP solver LAMPS
[14] have been employed by Geurts in order to assign oper-
ations from a signal flow graph to functional units [9].

The conversion methods depend on the sparsity of ma-
trix C : the number of cross-products drastically affects the
number of variables and the number of constraints of the
resulting equivalent linear problem. We have experimented
on examples resulting in mixed ILP problems with over 1000
variables and 1000 constraints, solved by LAMPS [14] in
CPU times of tens of seconds. However, assignment prob-
lems from realistic examples can yield much larger problems.

Other approaches require as a prerequisite the convexity*
of the objective function [11].

The major drawback of these eract optimization tech-
niques is the incapability to handle large binary quadratic
programming problems. Therefore, an approzimate but ef-
fective approach — able to deal with much larger problem
sizes — is presented in the sequel. Moreover, unlike many of
the existing methods, our novel technique does not require
any constraint concerning the convexity of the cost function.

3 Approximate binary quadratic optimization

After modeling the given assignment problem as a binary
quadratic optimization, a size evaluation of the equivalent
ILP is carried out. The small/medium size problems are
handled directly, employing the linearization technique of
Glover and Wolsey [10] . When the problem is large (in
terms of variables, cross-products, and constraints), a greedy
process — based on continuous relaxations — is initiated. The
general scheme of the proposed approach is the following:

derive an equivalent objective function (if necessary)

in order to ensure that matrix C is positive definite ;
while (problem QP is too large) {

solve relaxed QP : minimize $x"Cx + ¢'x
subjectto Ax <b , 0 < x <1
pt

assign to all components of x°?! satisfying z{** < e

or z® > 1—e the values 0 and 1, respectively ;
derive a new QP with reduced dimensions, eliminating

from the old problem the variables with assigned values;

transform QP into a mixed ILP, employing Glover’s rules
solve the resulting 0-1 mixed ILP ;

The main aspects of this scheme will be discussed below.

1That is, matrix C must be positive semidefinite: xTCx > 0
for all vectors x€ R™ . If xTCx < 0 for all vectors x€ R™ , then
C is negative semidefinite, and the cost function is concave.



3.1 The positive definite transformation

When modeling an assignment problem as a binary QP, it is
difficult to directly ensure the convexity of the cost function
— an important property exploited by many optimization
techniques, and in particular, by the continuous relaxation
presented in subsection 3.2 . Therefore, the initial cost func-
tion of the binary QP must be transformed (if necessary)
into an equivalent one, which is strictly convex (matrix C is
positive definite, that is, x” Cx > 0 for all nonzero x € ®").

It must be observed that z? = =z; at every zero-
one solution of QP. Therefore, each term in the objective
function of the form 1/2 c;z? can be replaced by the
linear term 1/2 c;x; . This simple property can be used to
ensure that the new matrix C™®" is positive definite: it is
sufficient to increase the diagonal coefficients of C with some
values Ac;; selected large enough to ensure the diagonal
dominance of the new matrix C :

cﬁew = ¢i; + 2Aci; and C?ew = ¢ — Acy

As pointed out by Carter [4], as the values Ac; are
increased, the solution to the relaxed problem gets closer to
the point (%,...,3) , which is an undesirable effect. Conse-
quently, the values Ac;; must not be too large or too small.
The transformation scheme proposed by Carter is employed
in our algorithm. According to this scheme, the Ac;; are
chosen such that the spread between the largest and small-
est eigenvalues is minimized. This has positive implications
on both stability and on the performance of the program-
ming algorithm since the resulting function contours tend
to be circular in shape (the nearest integer to a continu-
ous minimum is more likely to be optimal). For the sake
of consistency, Carter’s transformation based on a modified
Choleski factorization C = LLT [4] is reproduced below:
for j=1 ton {

j—1
r:ll

compute p; = c¢;j — jrlir i =J+1,...,n

e . .
let I;; = (E?:j+1p12) il =pi/ljj,l=]+1,...,n
the increase of the diag. coefficient Ac;; = Zle l;‘-’i —¢jj

Y =cj — Acjj[2

new __ . . . ne
update cj/" =cj; +Acji, Cf

At this stage, C™®" is positive semidefinite with at least
one zero eigenvalue. Finally, each diagonal element of C™*¥
is further increased with a positive constant «. In order to
ensure a well conditioned problem, the recommended value
of a (which will be the minimum eigenvalue of matrix C™**)
is (according to [4]): a = /3", % /(k—1), with k = 500.

3.2 The solution of the relaxed quadratic program

The continuous relaxed QP is solved with a cutting plane
approach. Let x be the solution of the unconstrained opti-
mization: minimize éxTCx + ¢Tx . Then ¥ = —C~ !¢,

Figure 1: Geometrical interpretation for solving relaxed QP

and the corresponding value of the objective function is
§=—1e"C 'c (C is positive definite, thus nonsingular).
If Ax < b and 0 < x < 1 ,than % is also the
solution of the continuous relaxed quadratic programming
problem. Otherwise, let xo = (z2,...,22) be an arbitrary
point in [0,1]™ . As the tangent hyperplane in (x¢, f(x0))
,ZTn) , where f: R — R

is continuously differentiable, has the equation

at the hypersurface y = f(z1,. ..

0
v~ fo0) = 3 ) (i - 29)
i
the tangent hyperplane at y = f(x et %xTCx +cTx+ 4

in (xo0, f(x0)) is
1
Yy — ingxo — cho -9 = (X(?C + CT) (x — x0)
The hypersurface y = f(x) = x"Cx + c“x + § is

=3
contained (see Fig. 1) in the half-space (H)

y > ngxo + cTxo + 7+ (xOTC + cT) (x—x0) (1)

This inequality is equivalent to xT Cx —2x” Cxo+xg Cxo >
0. According to the Choleski factorization C = LL7,
where L is a lower-triangular matrix, it results that (x”L —
x3 L) (xTL —x3L)T > 0. This result was expected because
of the convexity of f(x) . In conclusion, introducing the new
constraint equivalent to the equation of the half-space (1)

1
(%6C + c)x = (y — 9) < 5% Cx0 (2

should not affect the solution of the programming problem:
y—§ where y —§ = 1x"Cx + ¢"x
Ax <b 0<x<K1

The goal of the new constraint (2) is to reduce the search

minimize
subject to ,
space, as shown in the sequel. Notice that the constraint
y — ¢ > 0 does not affect the programming problem above,
as ¢ is the value of the objective function corresponding to
an unconstrained minimization.

The general scheme for solving the relaxed QP , assuming
X is not a feasible solution, is the following:



A b
let A0=|:I:|,a0= ,b0=|:1:|,
0
let xo be an arbitrary point in [0,1]*; let m=0;
_ . _ Amfl
do {m = m+1 ; Am_[x,Tn_10+cT]’

A
e Rl sy
solve the LP problem: minimize y — § subject to
[Am am] [yf@] <bn;
let (Xm,Ym) be the optimal solution of the LP problem;
} while (%X,Tanm + T > Ym — G + e) ;
The algorithm stops when y,, is close enough from f(x).

Each new iteration introduces a new constraint, restraining
the search space (see Fig. 1). Indeed, the new constraint
appended at iteration (m + 1)

(AC + ) x = (y = §) < ¥hCxn ()
is not fulfilled by the solution (X,ym) obtained at the
previous iteration, as it contradicts the looping condition.

The iterative process can be proven to be convergent.
The practical convergence speed is controlled by the param-
eter € . A small value of ¢ entails a slow convergence rate,
while a too high value can lead to a poor approximate solu-
tion. When modeling a new assignment problem, a prelimi-
nary tuning process is necessary — a drawback acceptable in
most practical cases though.

4 High-level synthesis applications

This section describes briefly the quadratic models for two
assignment problems encountered in the synthesis of real-
time signal processing applications, addressed in the design
environment CATHEDRAL [5]. The first refers to the as-
signment of operation clusters to application specific units
(ASU’s) [9]. The second refers to the assignment of groups
of signals to background memories [2]. These applications
have provided the benchmark tests for our quadratic opti-
mization approach (see Section 5).

4.1 The ASU assignment model

In the CATHEDRAL design system, the atomic operations
of the signal flow graph are grouped into clusters. The goal
of the assignment problem is to assign each of the N, clus-
ters to exactly one of the Nasy application specific units [9].
The objective function to be minimized represents a mea-
sure of the total overhead area involved by the assignment of
clusters to ASU’s. This function is constructed based on the
pairwise compatibility of clusters, i.e., the area overhead en-
countered when two clusters are assigned to the same ASU.
The overhead is zero if the two clusters are identical, and it

becomes larger when the clusters are more dissimilar.

A natural formal model of this assignment problem is a
QP having the objective function Z:’:“‘f” Z” Cum(%,7)-
Zis-Tjs , where Cp(4, j) represents the compatibility mea-
sure of two clusters ¢, j [9], and i is a boolean variable
equal to 1 iff cluster 7 is assigned to ASU s. This function
is an upper-bound for the area overhead involved in multi-
plexing N,; clusters on Nasy application specific units [9].

Two types of constraints are needed. First, each cluster

Nasu
s=1

should be uniquely assigned to a single ASU: " Tis =
1, ¢=1,...,Ny. Second, the number of clusters that are
assigned to the same ASU should not exceed a given cycle
budget Neye: Yn'@is < Neye , s=1,...,Nasv.

The assignment of operation clusters to ASU’s has thus
been modeled as a QP-type problem. The matrix in the
objective function is not necessarily positive definite. In [9],
the assignment of clusters to ASU’s has been solved employ-
ing the Glover’s linearization approach [10] — that converts
a quadratic problem to an integer linear program (see Sec-
tion 2). With this approach, it is possible to optimally solve
small and medium size problems. For large size problems,
an approximate approach — as the one presented in Section 3
— is definitely needed.

4.2 The signal-to-memory assignment model

In previous binary assignment formulations (see [6]), each
boolean variable x;; characterized the assignment of a
scalar signal to a memory. In [2], a memory allocation ap-
proach — based on partitioning the multi-dimensional sig-
nals in real-time signal processing applications — has been
described. In our model, the binary variable xz;; defines
the assignment of a group of signals 7 (resulting after par-
titioning) to a memory j . The outcome of the preceding
background memory allocation step is a set of m memories,
with a determined port structure and size [2].

The assignment cost — which must be minimized — is
evaluated as an area overhead due to three factors:

1) The assignment of a group of signals i of by bits to a
As the
area per bit of memory j is A; / b;N; (where N;, A; are

memory j having a superior word-length b; > by .

the number of locations and area of memory j ), assigning n;
signals of b bits to memory j results in a loss of n;(b; — by)
bit locations. The total area overhead is estimated to be:

m k—1

k=2 i€COL; j=1

where COLy, is the collection of groups of signals of by bits.
2) The assignment of groups of signals belonging to the same
operand in the behavioral specification to different memo-
ries. Intuitively, minimizing this term tends to reduce the
address logic for each memory as it is more likely that these
signals can then share the same address equations and thus



address logic. This cost term is proportional to:

m k
Co= > ) (@)’
k=1 (i1,i2)€opd) j=1
where opd;, are operand domains of signals of b bits in
the behavioral description.
3) The memory allocation technique described in [2] pro-
vide the optimal values of the memory sizes Nj relative to
an area model for on-chip memories. The third cost term,
C3, penalizes the assignment solutions resulting in mem-
ory dimensions different from the “optimal” ones, implying
therefore an area overhead. This term is also quadratic, as
both positive and negative differences has to bq penalized:
m > A2
Cs; = Z Z nixik — N | - N—’;
k=1 \i€mazCOLi— k
where maxCOLan is the maximal collection of groups
of signals between b and b, Dbits (thus able to share

memory k) for which the life-times are overlapping.

A first set of constraints states that each group of signals
is to be assigned to one memory having at least the necessary
word-length. A second set of linear constraints ensures that
the assignment solution does not result in more simultaneous
read and write accesses than what is compatible with the
memory port structure yielded by the allocation step [2].

This assignment problem was tackled in [2] employing a
two-phase heuristic approach. First, the groups of signals
were sequentially selected and assigned to the memories,
aiming to decrease the cost function as much as possible. Af-
terwards, the initial assignment was iteratively improved by
means of a branch-and-bound technique, which proved to be

computationally expensive even for medium-size problems.
5 Overview of the experimental results

The implementation of the presented approach was done
in C++, employing the mixed ILP package LAMPS [14].
The assignment experiments have been carried out on an
HP 9000/735 workstation. The results presented below cor-
respond to practical QP problems derived from the quadratic
models described in Section 4.

The names of the high-level synthesis applications are
given in the first column of the tables. The parameters rep-
resent the number of groups of objects (operation clusters or
groups of signals) to be assigned, and the number of parti-
tions (ASU’s or memories). Columns 2, 3, and 4 display the
dimensions of the QP problems: the number of variables, the
number of cross-products — in order to indicate the sparsity
of the matrix, and the number of constraints — the number
of rows of matrix A . Column 5 displays the dimensions
(variables, constraints) of the equivalent ILP problem, in

Figure 2: Clustered flow graph of the 8-tap FIR example

case the Glover - Woolsey transformation rules [10] would
be applied. The proper experimental results are presented
in the next two columns: the cost values of the assignment
solution yielded by our approximate approach, along with
the corresponding CPU times expressed in seconds.

5.1 Experimental results for the ASU assignment model

The 8-tap FIR filter (Figure 2) is a well known high level
synthesis benchmark [12]. 'We shall target an implementa-
tion where the constant multiplications have been expanded
into additions and shift operations. We will assume that
the signal flow graph has been partitioned into eight clusters
(cl1,...,cI8), corresponding to the eight sections of the FIR.
In order to illustrate our assignment method, we will fur-
thermore assume that there are only two different constant
values, leading to two types of clusters. We target an imple-
mentation with two ASU’s (Nasy = 2) and with a through-
put of one evaluation every four clock cycles (N¢ye = 4). The
compatibility between the two cluster types is 0.125 mm?.
In the optimal solution, all clusters of type 1 are assigned to
one ASU and all clusters of type 2 to the other ASU.

A number of experiments were carried out on larger ex-
amples. All these examples are FIR structures of various
size. The results are summarized in Table 1. The examples
labeled “rfir” and “sfir” have different multiplication coeffi-
cients. The first number in the example name is the number
of clusters (i.e. the number of objects to be assigned), the
second number is the desired number of partitions.

The binary QP problems were also solved using the ex-
act linearization approach [10]. The optimal values (Opt*)
of the quadratic cost functions are listed in column 8, along
with the run times (CPU*) corresponding to Glover’s method
in column 9. Our approximate optimization yielded good re-
sults (the errors are inferior to 20%), and the computational
effort was significantly lower.

5.2 Experimental results for signal-to-memory assignment

The real-time signal processing applications from which the
tested QP problems have been derived are the following: (1)



[ Example || Nuar | Nprod | Neonstr | Equiv. ILP size | Cost | CPU(s) [ Opt™ | CPU"(s) |
rfir 16_2 40 240 18 280 x 538 || 11.69 0.1 | 10.72 42
sfir_16_2 40 240 18 280 x 538 0 0.9 0 9.4
sfir_16_3 52 360 19 412 x 791 3.0 1.2 0 16
sfir 24_3 80 828 27 908 x 1763 4.33 1.6 0 83
sfir_32_2 74 992 34 1066 x 2092 15.9 5.0 0 1852
sfir 32_3 104 1488 35 1592 x 3115 0 2.9 0 406

Table 1: Experimental results for the ASU assignment model on 16-, 24-, and 32- tap filters

[ Example | Nvar | Nproa | Neonstr | Equiv. ILP size | Cost | CPU(s) | Cost™ | CPU™(s) |
SVD_ 902 180 780 540 960 x 2280 1292 15 2696 92
SVD_90.3 270 1170 720 1440 x 3330 3318 34 3806 137
SVD_ 904 360 1560 900 1920 x 4380 1552 76 1952 183
SVD_180.3 540 4125 1440 4665 x 10230 2643 110 3517 272
SVD_180_4 720 5500 1800 6220 x 13520 4201 251 4542 363
SVD_180.5 900 6875 2160 7775 x 16810 6886 386 7287 455
MOT_296_3 888 | 11313 2368 | 12201 x 25882 || 209963 246 | 215776 448
MOT_296_4 || 1184 | 15084 2960 16268 x 34312 || 320561 394 | 324108 596
MOT_428_2 856 | 16250 2568 17106 x 35924 9803 239 10415 432
MOT_428_3 1284 | 24375 3424 | 25659 x 53458 || 124479 552 | 125956 647

Table 2: Experimental results for the signal-to-memory assignment model

a singular value decomposition (SVD) updating algorithm
— algebraic approach used, for instance, in image coding,
system identification, recursive least squares estimation, and
beamforming; (2) the kernel of a motion detection (MOT)
algorithm from video coding applications.

It can be noticed that the resulting QP problems are
much larger than in the previous subsection. An exact opti-
mal solution could be obtained only for the first example in
Table 2, by converting the problem into a mixed ILP. The
optimal result was 932, but the running time to obtain it
was about 50 minutes CPU, in contrast to 15 seconds for
our approximate method. The other assignment problems
could not be solved by Glover’s linearization technique [10]
because of the resulting huge size of the mixed ILP’s.

In order to carry out a thorough assessment of the ap-
proximate approach, the assignment problems were also solved
applying the heuristic technique mentioned in subsection 4.2:
the values of the objective function (Cost™) and the cor-
responding run times (CPU**) are displayed in columns 8
and 9. Although the heuristic approach could find an ini-
tial assignment solution for each problem in a few seconds,
the iterative improvement proved to be computationally ex-
pensive. The approximate optimization yielded lower cost
solutions and required less CPU time.

6 Conclusions

Several assignment problems in high-level synthesis can be
modeled as binary quadratic programming problems. These
formal models are usually considered as presenting only a
theoretical interest since the exact techniques existent in the
literature are extremely time-expensive or even untractable
when dealing with realistic problems. In this paper an ap-

proximate binary quadratic optimization technique has been
presented. This method — based on alternate continuous re-
laxations and partial assignments — has been used to solve
practical assignment problems in high-level synthesis.
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