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Abstract– This paper presents an improved topological algo-
rithm for device-level analog placement with symmetry con-
straints. Based on the exploration of symmetric-feasible
sequence-pairs [1], the technique employs an efficient model
of priority queue [3]. The use of this data structure entails a
complexity of O(G·n log log n) for each code evaluation, where
n and G are the numbers of devices and symmetry groups,
which is better than the complexity of other existent topolog-
ical placement algorithms supporting symmetry constraints.
The computation times exhibited by this approach are signifi-
cantly better than those of the algorithms using an exploration
strategy based on the absolute representation, as well as those
of other previous topological algorithms.

1. INTRODUCTION

In high-performance analog circuits it is often required that groups
of devices are placed symmetrically with respect to one or sev-
eral axes. Differential circuit techniques are used extensively to
improve the accuracy, power supply rejection ratio, and dynamic
range of many analog circuits. The full performance potential of
many of these circuits cannot be achieved unless special care is
taken to match the layout parasitics in the two halves of the differ-
ential signal path. Failure to match these parasitics in, for instance,
differential analog circuits can lead to higher offset voltages and
degraded power-supply rejection ratio [2]. The main reason of
symmetric placement (and routing, as well) is to match the layout-
induced parasitics in the two halves of a group of devices.

Placement symmetry can also be used to reduce the circuit
sensitivity to thermal gradients. Some VLSI devices (the bipo-
lar devices, in particular) exhibit a strong sensitivity to ambi-
ent temperature. If two such devices are placed randomly rela-
tive to the iso-thermal lines, a temperature-difference mismatch
may result. Failure to adequately balance thermal couplings in a
differential circuit can even introduce unwanted oscillations. In
order to combat potentially-induced mismatches, the thermally-
sensitive device couples should be placed symmetrically relative
to the thermally-radiating devices.

A subset of cells is called a symmetry group if all the cells in the
group are exhibiting a form of symmetry and, in addition, they all
share a common symmetry axis. Note that all along this paper, the
symmetry axes will be considered vertical since this is the typical
way most layouts are designed. The symmetry constraints for a
pair of rectangular devices (Bi, Bj) in the k-th symmetry group
have the form: (xi + wi) + xj = 2 · xaxisk

and yi = yj ,

where (xi, yi) are the left-bottom coordinates of the device Bi,
wi denotes its width, and xaxisk

is the abscissa of the symmetry
axis of the k-th group. Self-symmetric devices are cells having
internal symmetry, their individual axes coinciding with the axis
of the whole group. A self-symmetric device Bi must satisfy the
constraint: xi + wi/2 = xaxisk

.
This paper presents an enhanced algorithm for solving ana-

log placement problems exploring within a simulated anneal-
ing framework [2] a subset of sequence-pairs called symmetric-
feasible [1], where the typical presence of symmetry groups of
devices is directly taken into account during the exploration. The
technique employs an efficient model of priority queue introduced
by Johnson [3], achieving a complexity of O(G · n log log n) per
code evaluation, where n is the number of devices and G is the
number of symmetry groups. The model of priority queue used
in this paper was brought to the attention of the CAD commu-
nity by Tang and Wong who used it for the computation of the
longest common subsequence in a pair of weighted sequences in
the evaluation of sequence-pairs [11]. Their technique influenced
our algorithm; however, there are essential differences due to the
presence of symmetry groups in the design.

The contributions of this paper are the following:
(1) the present evaluation algorithm exhibits a better complexity

of the code evaluation than other existent topological algorithm
supporting symmetry constraints: for instance, in [1, 10, 6] the
evaluation complexity is quadratic and in [8] it is O(n log n) for
each symmetry group;

(2) different from the evaluation algorithm in [1] which some-
times could produce non-optimal placements in terms of area, the
current algorithm was improved with a mechanism which keeps
tightly the symmetry groups about their axes, without affecting
the global complexity either.

The paper is organized as follows. Section 2 reviews the con-
cept of symmetric-feasible (S-F) sequence-pair [1] and describes a
fast evaluation algorithm in the presence of symmetry constraints.
Finally, Section 3 presents an overview of the experimental results
and Section 4 summarizes the conclusions of this research.

2. PLACEMENT WITH SYMMETRY CONSTRAINTS

2.1 Symmetric-feasible sequence-pairs

Dealing efficiently with symmetry constraints in the framework of
topological representations implies addressing two problems: (a)
how to recognize encodings complying with the given symmetry
constraints, without building the corresponding layout, and (b)
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how to restrict the exploration of the solution space of the repre-
sentation only to such “symmetric-feasible” (S-F) codes.

Let (α, β) be the sequence-pair of a placement configuration
containing a number of symmetry groups (each group composed
of pairs of symmetric devices and self-symmetric devices relative
to a common vertical axis). Denoting α−1

A the position of a cell A
in the sequence α (as α can be viewed as a one-to-one mapping,
α−1 is well-defined) and defining similarly β−1

A , and also denot-
ing sym(x) the symmetric cell of x, the sequence-pair (α, β) is
called symmetric-feasible (S-F) [1] if for any distinct cells x, y in
any of the symmetry groups

α−1
x < α−1

y ⇐⇒ β−1
sym(y) < β−1

sym(x) (1)

The property (1) is a sufficiency1 condition: it ensures the build-
ing of a valid placement in symmetry point of view, as it will be
shown in Section 2.2. Intuitively, the property (1) prohibits the
situation when two cells from distinct symmetric pairs are in an
“above-below” topological relation, while their pairs are in the re-
verse relation, the two pairs preventing each other to align hori-
zontally. It also prohibits the situation when two symmetric pairs
are intertwined, rather than embedded, preventing each other to
align vertically about the same symmetry axis.

The exploration of the solution space of placement problems
with symmetry constraints can be reduced to the exploration of
those sequence-pairs which are symmetric-feasible, i.e., satisfy
property (1), relative to every symmetry group of cells. The bene-
fit is a significant reduction in size of the search space – initially,
(n!)2. The magnitude of this reduction is given by the following

Lemma The number of symmetric-feasible sequence-pairs cor-
responding to a placement configuration with n cells and G sym-
metry groups, each group k containing pk pairs of symmetric cells
and sk self-symmetric cells (k = 1, . . . , G) , is upper-bounded by

(n!)2

(2p1+s1)!· ··· ·(2pG+sG)! (no proof is given due to lack of space).

2.2 Evaluation algorithm for S-F sequence-pairs

This section will present an algorithm using the longest common
subsequence (LCS) approach [11] building a placement subject to
symmetry constraints from a given symmetric-feasible sequence-
pair in each inner-loop iteration of the simulated annealing opti-
mization. The analog devices to be placed on the chip area are
represented by n rectangular blocks B1, . . . , Bn, each block Bi

having the width wi and the height hi, and having (xi, yi) as co-
ordinates of its left-bottom corner. The algorithm presented in this
section assumes for the time being that all the devices subject to
symmetry constraints belong to a single symmetry group. The ex-
tension to multiple symmetry groups is addressed in Section 2.3 .

1Kouda et al. stated in [4] that in [1] it was claimed that condition (1) is “nec-
essary and sufficient.” Their statement is untrue: since the sequence-pair typi-
cally presents redundancies, one can find sequence-pairs whose evaluation yield a
valid placement in symmetry point of view, but still do not satisfy the property (1).
We called the sequence-pairs having property (1) symmetric-feasible since they
can certainly generate symmetrically-valid placements. But it must not be con-
strued that a sequence-pair not satisfying property (1) is automatically symmetric-
unfeasible.

(a) The computation of the device ordinates.
Step 1y: Given a sequence-pair (α, β), the maximal (i.e., which

cannot be enlarged) subsequences common to αR (sequence α re-
versed) and β represent paths [11] in the vertical constraint graph
of (α, β) [9]. If the cells are weighted with their heights, the
longest common subsequence (LCS) represents the height of the
whole placement. Based on these concepts, the device ordinates
are computed using a priority queue model introduced by Johnson
[3]. This data structure is implemented as a partially complete bi-
nary tree whose leaves correspond to a doubly linked list of queue
elements called buckets [3]. Similarly to [11], each bucket in the
priority queue has associated two keys (index, length), where the
index key is the cell position in sequence β and length is the length
of the LCS till that cell in the sequence-pair. Since the number of
buckets is at most n + 1, the insertion and deletion operations
take O(log log n) time [3]. Hence, the complexity of Step 1y is
O(n log log n).

The basic difference from [11] is that the equality of symmetric
devices’ ordinates must be enforced, so the ordinates of symmetric
cells are simultaneously updated. If a y-coordinate that was pre-
viously computed must be subsequently increased due to symme-
try, then Step 1y must be repeated since, otherwise, some vertical
topological constraints may be violated. Step 1y may need to be
executed as many as Θ(p) times, where p is the number of sym-
metric pairs in the group. The computation of the y-coordinates
may hence take O(p · n log log n) time. However, in most of the
practical cases, no more than two iterations are necessary to fix the
vertical symmetry and topological constraints.

(b) The computation of the device abscissae.
Step 1x: The first step, called initialization, computes the

block abscissae leaving aside for the time being the symmetry con-
straints. Given a sequence-pair (α, β), the maximal subsequences
common to α and β represent paths in the horizontal constraint
graph of (α, β). If the cells are weighted with their widths, the
LCS represents the width of the block placement [11].
Example: Consider the S-F sequence-pair (F1E1BA1A2XE2Y
D1ZC1C2D2F2, F1Y D1ZC1C2D2E1A1A2BXE2F2) relative
to a symmetry group {(A1, A2), B, (C1, C2), (D1, D2), (E1, E2),
(F1, F2)} consisting of five pairs of symmetric devices and one
self-symmetric cell. The placement after the computation of the
y-coordinates and the execution of Step 1x is shown in Fig. 1(a).�

Step 2x: Next, the position of the symmetry axis is chosen.
Different from [1], we employ a scheme for selecting the symme-
try axis and initializing the abscissae of the devices in the symme-
try group such that the x-span of the group is kept minimal (rel-
ative to the topological constraints) by the end of the evaluation
algorithm. This axis selection scheme is described below.

The general idea of this step is to align the individual axes of
the innermost symmetric pairs and to position the other pairs to
leave enough space (but not more than necessary) to satisfy the
other horizontal topological constraints. First, a directed acyclic
graph (DAG) is built from the S-F sequence-pair, showing the em-
bedding relation between pairs along the Ox axis: each symmetric
pair or self-symmetric device is a node in this DAG, the node of an
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Figure 1: (a) Intermediate placement for the S-F sequence-pair in
the illustrative Example at the end of Step 1x. (b) Construction of
the DAG showing the embedding relations in the symmetry group.
(c) Update of the device abscissae in the symmetry group at the
end of Step 2x. (The possible overlaps will eventually be fixed.)

inner pair being the successor of an outer one. The DAG obtained
for this Example is shown in Fig. 1(b).

Afterwards, the position of the symmetry axis is selected such
that xaxis = max {xj+(xk+wk)

2 }, for all nodes without successors
(Bj ,Bk) in the DAG. In our Example, xaxis=14, corresponding
to the pair (C1,C2). Then, each node without successors (Bj ,Bk)

will receive a value d = xaxis− xj+(xk+wk)
2 ≥ 0 and the abscissae

of Bj and Bk computed at Step 1x will be updated: xj = xj + d,
xk = xk + d, thus shifted to the right. Proceeding bottom-up in
the embedding DAG, each node will receive a d value equal to the
minimum one among node’s children (Fig. 1(b)); the abscissae of
the node’s cell(s) are similarly updated (Fig. 1(c)). The complexity
of this step is dominated by the construction of the embedding
DAG, which takes O((p + s) log log H) since it is done with a
priority queue (p is the number of symmetric pairs, s is the number
of self-symmetric cells, and H is the height of the placement).

Step 3x: This step is similar to the initialization step, but before
inserting the bucket (l, xj + wj) into the queue, if (Bk,Bj) is a
symmetric pair and d = 2xaxis − xj − (xk + wk) > 0, then
xj is increased with d. For the pair (D1,D2), for instance, d =
2×14−16−(7+3) = 2, therefore D2’s abscissa will be increased
with 2 becoming 18 (see Fig. 2(a)), such that (D1,D2) satisfy the
symmetry constraint.

Step 4x: Some horizontal symmetry constraints may still be
unsatisfied since some rightmost cells in the pairs may have been
pushed further to the right: see the pair (E1,E2) in Fig. 2(a). Then,
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Figure 2: Placements (a) after Step 3x and (b) after Step 4x (final).

an additional traversal of the sequence α in reverse order will fix
all the symmetry constraints: if (Bj ,Bk) is a symmetric pair and
d = −2xaxis +xj +(xk +wk) > 0, then xj is decreased with d.
Both Step 3x and Step 4x take O(n log log n) time. In the absence
of symmetry constraints, the evaluation algorithm reduces to Step
1y and Step 1x, being identical to [11]. It can be proven that the
evaluation algorithm yields a correct placement in both topological
and symmetry point of view, and having also a minimum area.

2.3 Handling multiple symmetry groups

When dealing with an arbitrary number of symmetry groups, the
technique is similar to the single-group case, but more traversals
of the (S-F) sequence-pair are necessary. The symmetry groups
are processed one by one, after each iteration the symmetry con-
straints relative to one symmetry group being fixed, and the rela-
tive positions of the devices in that group being “frozen.” If G is
the number of symmetry groups, the complexity of the evaluation
algorithm is basically O(G · n log log n). In the case of embed-
ded symmetry groups, the inner groups must be processed before
the outer ones, therefore the order of the group processing does
matter. (An embedding DAG of the symmetry groups is used to
order the group processing.) But if the cells of the groups do not
intermingle in the sequence-pair, then the processing order of the
groups is irrelevant.

3. EXPERIMENTAL RESULTS

A placement tool for analog layout using selectable exploration al-
gorithms has been implemented in C++ on a SUN Blade 100 work-
station. This prototype tool can operate both with different topo-
logical representations (sequence-pairs, O-trees [10], and binary
trees [8]) and different code evaluation algorithms. In addition,
a complementary placement algorithm based on the traditional
absolute representation has been embedded in the tool as well.
Besides symmetry constraints, the tool handles systematically-
induced device mismatches, alignment constraints, and also per-
forms shape optimizations.
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Design Nr. Symmetry Absolute O-trees [10] Bin. Trees [8] S-F Seq.-Pairs
cells groups Area Time Area Time Area Time Area Time

[1] JPQ [1] JPQ

dcservo cmfb 66 5+4 67.7 31.0 60.5 14.8 60.4 3.6 61.2 54.0 16.9 3.1
modbias 2p4g 87 16+12+6+6+6 65.9 45.0 59.5 32.7 55.1 8.0 56.9 50.0 28.8 7.1
lnamixbias 2p4g 110 8+6+8+6+8+4 62.2 69.3 54.1 55.1 50.3 8.7 51.0 44.5 47.1 8.0
div by 2or4 116 6+4+8+12+15 59.6 61.7 52.8 47.0 49.7 9.4 51.4 45.6 41.2 8.6

Table 1: Placement of analog blocks with symmetry constraints (Time [min] , Area [103 × µm2]). Column 3 shows the number of cells
(self-symmetric or in symmetric pairs) in each group. E.g., the first design has two symmetry groups with 5 and, respectively, 4 devices.

Figure 3: Placement with 6 symmetry groups of lnamixbias 2p4g.

Table 1 displays the results of our experiments. The per-
formance of the algorithm described in this paper (the columns
marked with JPQ – from Johnson’s priority queue – in the header)
has been evaluated in comparison to three other topological al-
gorithms able to handle symmetry constraints: one using O-trees
[10] having a quadratic complexity per code evaluation, a second
one exploring symmetric-feasible (S-F) binary trees and using an
evaluation technique based on red-black interval trees [8] (of com-
plexity O(n log n) per symmetry group), and the initial algorithm
using S-F sequence-pairs [1] (of quadratic complexity). Tests with
a traditional algorithm based on the absolute representation, sim-
ilar to [2, 5, 7], have been performed as well. The benchmarks
are analog blocks, components of a spread spectrum transceiver.
Figure 3 displays the placement solution of one of these blocks.

The running times obtained with this enhanced evaluation tech-
niques based on the highly efficient priority queue [3] are regularly
better than the times obtained when using previous algorithms. For
instance, the older algorithm [1] – whose evaluation complexity is
quadratic – is several times slower. The experiments show that
the exploration of the solution space of the placement problems is
clearly more efficient when using topological representations, in
contrast to the traditional absolute representation. Also the tun-
ing of the simulated annealing optimizer was easier when using
topological representations.

4. CONCLUSIONS

This paper has presented an improved analog placement technique
operating on a subset of nonslicing topological representations of
the layout, where symmetry constraints – typical in analog place-
ment – are directly taken into account during the exploration of
the solution space.
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