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Linear discriminant analysis (LDA) is one of the important techniques for dimensionality reduction, machine

learning, and pattern recognition. However, in many applications, applying the classical LDA often faces the

following problems: (1) sensitivity to outliers, (2) absence of local geometric information, and (3) small sample

size or matrix singularity that can result in weak robustness and efficiency. Although several researchers

have attempted to address one or more of the problems, little work has been done to address all of them

together to produce a more effective and efficient LDA algorithm. This article proposes 3E-LDA, an enhanced

LDA algorithm, that deals with all three problems as an attempt to further improve LDA. It proposes to

learn a weighted median rather than the mean of the samples to deal with (1), to embed both between-

class and within-class local geometric information to deal with (2), and to calculate the projection vectors in

the null space of the matrix to deal with (3). Experiments on six benchmark datasets show that these three

enhancements enable 3E-LDA to markedly outperform state-of-the-art LDA baselines in both accuracy and

efficiency.
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1 INTRODUCTION

High-dimensional data are abundant in real-world applications [14, 21, 24, 25], which cause the

curse-of-dimensionality problem. Efficiently reducing the dimensionality of such data is beneficial

to subsequent machine learning, pattern recognition, and visualization tasks.

Dimensionality reduction aims to map a high-dimensional dataset to a lower-dimensional space

without losing the discriminant information. Numerous dimensionality reduction techniques were

proposed in the past few decades. Depending on whether the class labels of the samples are used

or not, dimensionality reduction techniques can be categorized into three categories: unsuper-

vised [29, 30], semi-supervised [2], and supervised techniques [1, 7, 15]. Among existing super-

vised techniques, linear discriminant analysis (LDA) [1] is one of the most popular ones, which has

been extensively used in applications, e.g., face/image recognition [4, 10], feature extraction [6, 35],

handprint/text classification, and data stream processing [19, 24]. However, for many real-world

applications, applying the classical LDA often encounters the following challenges: (1) sensitivity

to outliers, (2) absence of local geometric information, and (3) small sample size (SSS) of the data [8,

9, 27] or singularity of the within-class scatter matrix. Since L2-norm is adopted, LDA is sensitive

to outliers [33, 36] as L2-norm amplifies the effect of outliers [33, 36]. Since LDA focuses on main-

taining the global geometric information, it tends to ignore the local geometric information of the

learning samples causing accuracy degradation for many multi-modal and complex datasets [25,

31, 32]. The SSS problem can lead to over-fitting or singularity of the within-class scatter matrix,

which may cause LDA to work poorly.

To address the above three challenges, many improvements or extensions have been developed,

e.g., PLDA [23], NLDA [11], 2D-LDA [13], MM-LDA [20], 2DLDA [18], SULDA [34], LDA-L1 [37],

DLPP-L1 [38], RILDA [14], and LocLDA [22]. However, these algorithms still have two main limi-

tations. First, each of them focuses on only one or two but not all three challenges above. Second,

they concentrate on only preserving either the between-class or within-class local geometric infor-

mation from samples, but not both. In order to address these limitations, we propose an enhanced

LDA algorithm, called 3E-LDA, that deals with all three challenges at the same time. The main

contributions of this article are:

—Unlike expensive iterative optimization used in [14, 33, 36, 38], 3E-LDA learns the class

weighted median rather than the mean of the samples to efficiently and effectively deal

with outliers.

—By retaining the global geometric information of LDA and at the same time fully embedding

both the between-class and within-class local geometric information of the samples in the

algorithm, 3E-LDA produces markedly better accuracy than existing baselines.

—Inspired by the null space learning method in [4], an improved algorithm, called h-SSS, is

proposed to deal with the SSS or singularity problem effectively and efficiently.

Extensive experiments have been carried out on six popular benchmark datasets to evaluate

3E-LDA. Results show that 3E-LDA markedly outperforms state-of-the-art baselines in terms of

both accuracy and efficiency.

The rest of the article is organized as follows: Section 2 discusses the preliminaries and the

related work. Section 3 presents the proposed 3E-LDA and details its new techniques. Experimental

results are given in Section 4. Section 5 concludes the article.

2 PRELIMINARY AND RELATED WORK

For easy understanding and discussion later, this section first introduces the classical LDA [1] and

its related concepts, and then surveys the related work.
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2.1 LDA

LDA is a classical and representative subspace discriminant algorithm that has been widely used

in many applications. Given a dataset X = [x1,x2, . . . ,xn] ∈ Rm×n of C classes (or labels), LDA

defines a within-class scatter matrix Sw and a between-class scatter matrix Sb . The space transfor-

mation vector q for dimensionality reduction can be obtained by solving the following objective

function:

arg max
q

J (q) =
qT Sbq

qT Swq
(1)

where Sb and Sw are defined as follows.

Sb =

C∑
i=1

ni

(
μi − μ

) (
μi − μ

)T
, (2)

Sw =

C∑
i=1

ni∑
j=1

(
x i

j − μi
) (

x i
j − μi

)T
, (3)

where ni denotes the total number of samples belonging to the i-th class. x i
j is the j-th sam-

ple of the i-th class. μi = 1
ni

∑ni

j=1 x
i
j is regarded as the centroid of all the samples of i-th class,

while μ = 1
C

∑C
i=1 μ

i is the mean of the dataset. Maximizing J (q) by substituting Sb and Sw us-

ing Equations (2) and (3) is equivalent to simultaneously solving the following two objective

functions.

arg max
q

(
qT Sbq

)
= arg max

q

C∑
i=1

ni
���qT
(
μi − μ

)���
2

2
, (4)

arg min
q

(
qT Swq

)
= arg min

q

C∑
i=1

ni∑
j=1

���qT
(
x i

j − μi
)���

2

2
, (5)

where ‖·‖2 denotes the L2-norm. If Sw is an non-singular matrix, solving Equation (1) can be

reduced to solving the following eigenvalue decomposition problem,

S−1
w SbQ = QA, (6)

where A is the eigenvalue matrix of S−1
w Sb , and Q is the object transformation matrix, which

consists of eigenvectors of S−1
w Sb (i.e., q1,q2, . . . ,qd ) corresponding to the top-d (d < m) largest

nonzero eigenvalues.

Existing research in [11, 19, 22, 33, 36] has shown that the classical LDA suffers from the fol-

lowing weaknesses in some real-world applications.

Sensitivity to outliers: Since the effect of outliers is amplified by L2-norm, LDA is sensitive

to outliers.

Overlook of local geometric information: LDA concentrates on preserving the global geo-

metric information and ignores the embedding of both the within-class and between-class

local geometric information of the samples, which cause accuracy degradation for many

multi-modal and complex datasets.

SSS: When the dimensionality m is much larger than the number of samples n, it can result

in singularity of the within-class scatter matrix Sw or data over-fitting, which may lead

to failure for LDA.
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(a) Overlap oeterogeneous samples. (b) Geometry distortion oomogeneous samples.

Fig. 1. Neglecting the between-class or within-class local geometric information can result in overlap of

samples or geometry distortion, which may lead to poor LDA effectiveness.

2.2 Related Work

To overcome the above limitations of LDA, various improvements have been developed in the

literature.

Algorithms such as LDA-L1 [34], ILDA-L1 [6], RILDA [14], RLDA [36], and GLLDA-L1 [36] are

for alleviating the effect of outliers and improving the algorithms’ robustness based on L1-norm

or L2,1-norm. However, these improved LDA algorithms based on L1-norm or L2,1-norm need

extensive iterative computation to search for the optimal solution.

The need for maintaining the local geometric information has been highlighted in [3, 17, 33]. Ig-

noring the between-class and/or within-class local geometric information of samples can result in

loss of accuracy [5, 33, 36], which is illustrated in Figure 1. That is, failing to embed the between-

class geometric information may cause two heterogeneous samples, belonging to classes 1 and

2, respectively, to be very close to each other or even overlap (Figure 1(a)). Missing embedding

of the within-class local geometric information may lead to geometry distortion of samples [10]

(Figure 1(b)). Although Figure 1(b) seems to be fine in training, it can lead to overfitting so that the

LDA result may fail to generalize [10]. WLDA [3] and 2DLDA [18] redefine the between-class scat-

ter matrix by embedding the between-class local geometric information using a weight function

over the between-class distances and adopting a two-dimensional (2D) vector rather than a one-

dimensional (1D) vector of the classical LDA to cover the local geometric information. They both

try to alleviate the influence caused by unbalanced distances between classes. However, such meth-

ods only work well for Gaussian distribution or linear manifold scenarios. To preserve and capture

the within-class local geometric information, representative systems like LPP [12], LocLDA [22],

EFDC [10], and CGLDA [32] construct a nearest neighbor graph. Although these algorithms have

improved the discriminant accuracy of LDA to some extent, they only retain the within-class lo-

cal geometric information and ignore the between-class local geometric information, which may

cause some samples of different classes to overlap as shown in Figure 1(a).

It has been proven that the most expressive vectors derived in the null space of the within-

class scatter matrix using principal component analysis (PCA) is equal to the optimal discriminant

vectors derived in the original space using LDA [4]. Based on this, a new LDA-based technique was

presented to tackle the SSS problem in LDA. A framework called 2D Fisher Discriminant Analysis,
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namely, 2D-FDA [13], was also proposed to deal with the SSS problem in 1D-LDA. An approach

(SULDA) for sparse uncorrelated LDA with matrix singularity was proposed in [34].

As mentioned earlier, all these existing extensions to LDA focus on addressing only one or two

but not all the three limitations [7, 12, 16, 22, 26, 33]. Motivated by an analysis of all three limi-

tations of the classical LDA from a high-level view, GLLDA-L1 [36] was proposed recently, which

tries to reformulate the within-class scatter matrix to incorporate the local geometric information

and to find the optimal projection by maximizing the ratio of L1-norm-based between-class and

within-class dispersion. Although GLLDA-L1 made some improvement in accuracy, there is still

room for major improvement as we will see in the experiment section. GLLDA-L1’s optimal iter-

ative computation is also very inefficient. Our approach is about three orders of magnitude faster.

GLLDA-L1 also does not preserve the between-class geometric information of samples.

3 3E-LDA: THREE ENHANCEMENTS TO LDA

We now present 3E-LDA and detail the proposed novel techniques for dealing with all three limi-

tations of LDA (listed at the end of Section 2.1). Specifically, we first describe a weighted median

model which is more effective and efficient at dealing with outliers. We then redesign the scatter

matrices so that they can embed both the between-class and within-class local geometric informa-

tion to make LDA more accurate. After that, inspired by the null space of the within-class scatter

matrix learning approach, we propose h-SSS, a more effective model for dealing with SSS. All the

methods are seamlessly integrated to produce a more effective and efficient dimensionality reduc-

tion algorithm, 3E-LDA.

3.1 Weighted Median Model for Dealing with Outliers

Since the effect of outliers is amplified by L2-norm in LDA (see Equations (4) and (5)), a series of

methods [6, 16, 26, 33, 36, 37] have been proposed to alleviate the effect based on L1-norm or L2,1-

norm. However, these methods need to undertake costly computation in iterative optimization.

To effectively overcome the shortcomings of these approaches, we present a simple and efficient

strategy.

It is known that the key reason that outliers lead to poor performance of LDA lies in the fact

that outliers greatly affect the mean for the within-class samples. In this regard, we propose to

replace the mean μi with the weighted median μ̃i of the within-class samples to suppress outliers.

That is, given the sample set of the i-th class X i = [x i
1,x

i
2, . . . ,x

i
ni

] ∈ Rm×ni , the weight vector of

the j-th sample is defined as:

w i
j = 1./[abs (x i

j − μi
m ) + β], (7)

where abs (·) takes the absolute value along each dimension for the given vector and β is a com-

pensation factor vector with very small values, being homogeneous with vectorx i
j , in casex i

j − μi
m

is a zero vector. μi
m is the median of all samples of the i-th class, which can be calculated with the

following two steps: first, each dimension of all these samples is sorted separately, and then the

median of each dimension is taken to form μi
m . The operator 1./· denotes taking the inverse of

each of the elements of the vector [(x i
j − μi

m ) + β]. Then,

μ̃i =

(∑ni

j=1
w i

j � x i
j

)
./
(∑ni

j=1
w i

j

)
, (8)

where � denotes the element-wise product of two vectors.

From Equations (7) and (8), we see that the weight vectorw i
j of a sample x i

j is inversely propor-

tional to its distance from the median μi
m . Since an outlier is generally far from the median, it has

much smaller weights, and thus has little contribution to the weighted median μ̃i . Thus, outliers

are efficiently and effectively suppressed.
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Fig. 2. Class mean sample on occluded ORL face data. The first six columns are training samples in different

classes, including three occluded samples representing the outliers in each class (first three columns). The

seventh and eighth columns are the class mean sample without/with outliers respectively. The ninth column

is the weighted class mean sample. The last column is the weighted class median sample.

An illustration conducted on ORL dataset to demonstrate the advantage of weighted median

class mean is shown in Figure 2, in which the samples in the first three columns are occluded

by the insertion of small noise blocks as an attempt to simulate as the outliers in training data.

Instead, we keep in the next three columns the normal samples while replacing in the seventh

and eighth columns the mean of the previous columns, respectively, without and with the noise

blocks. It is evident that the eighth column which represents the role is blurred by outliers and

it is difficult to identify which class the sample belongs to. That is why the conventional LDA is

sensitive to outliers. The ninth column shows the weighted mean of the previous columns with the

noise blocks and the last column represents the role played by μ̃i in Equation (8) of the previous

columns with the noise blocks. It is evident that the image shown by the weighted mean and

weighted median appears as more distinct and less affected by the presence of outliers. But, our

weighted median can almost eliminate the influence of the presence of outliers due to introducing

the idea of median.

3.2 Embedding Local Geometric Information

As we know, the between-class and within-class scatter matrices Sb and Sw in the classical LDA

only focus on preserving the global geometric information and ignore both the between-class

and within-class local geometric information, which can lead to signification degradation in the

ACM Transactions on Knowledge Discovery from Data, Vol. 15, No. 4, Article 57. Publication date: March 2021.
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discriminant analysis result. Recent improvements and extensions to LDA [11, 17, 22, 31, 32, 36,

38] are concerned with either the within-class or the between-class local geometric information.

Therefore, these improved/extended LDA algorithms only alleviate the problem to a certain ex-

tent, but fail to solve the problem completely. To overcome this limitation, we propose a novel

framework for the scatter matrices. In this new model, we replace the original scatter matrices Sb

and Sw with S ib and S iw , which embed both the between-class and within-class local geometric

information. The details of our methods are given next.

3.2.1 Embedding Local Geometric Information by Redesigning Sw . The objective function Equa-

tion (5) of LDA makes the samples from the same class as close as possible to reduce the data space

and obtains a compact within-class representation. However, this is prone to map some samples,

which are not very close to each other, to a subspace in which they are very close to each other.

Then the variations of the values of the samples from the same class are ignored in the reduced

space, i.e., the intrinsic local geometric information of the samples from the same class is seri-

ously distorted [10], which can be seen in Figure 1(b). However, if we maximize the variations

among nearby points from the same class, the intrinsic geometry will be well preserved in the reduced

space [28].

Motivated by the above observation and inspired by the Neighborhood Preserving Embedding

learning method in [11], we redesign Sw so that it can effectively preserve the within-class local

geometric information. Specifically, for each sample x i
j , we first represent it approximately and

linearly by its K nearest neighbors (KNN), and then on this basis, we derive the new formula Sw

as follows.

Given two samples x i
j and x i

k
of class i , if x i

k
is one of its KNN of x i

j , the weight value w jk is

assigned to x i
k

. Thus, x i
j can be presented with its KNN x i

k
as follows:

x̂ i
j =

K∑
k=1

w jkx
i
k
, (9)

whereW j = (w j1, . . .w jk )T is the weight vector of x i
j , and it satisfies

K∑
k=1

W T
j Ik = 1, (10)

where Ik is the matrix with all element values of 1.

Hence, approximate and linear representation x̂ i
j of x i

j by its KNN can be achieved by solving

the following equation:

min

ni∑
j=1

������
x i

j −
K∑

k=1

w jkx
i
k

������

2

2

s .t .
K∑

k=1

w jk = 1

= min

ni∑
j=1

������

K∑
k=1

w jkx
i
j −

K∑
k=1

w jkx
i
k

������

2

2

= min

ni∑
j=1

������

K∑
k=1

w jk (x i
j − x i

k
)
������

2

2

= min

ni∑
j=1

W T
j (x i

j − x i
k

) (x i
j − x i

k
)TW j

(11)
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Given Z j = (x i
j − x i

k
) (x i

j − x i
k

)T , Equation (11) can be solved using the Lagrange Multiplier

Method. Firstly, Equation (11) can be rewritten as the following objective function.

L(W j ) =
ni∑
j=1

W T
j Z jW j + λ(W T

j Ik − 1), (12)

where (W T
j Ik − 1) is the equality constraint of Equation (11), and λ = [λ1, λ2, . . . , λj ] is referred

to as Lagrange Multiplier.

Then we take the derivative of W j and set it to 0. We can achieve the weight vector W j as

Equation (13):

W j =
Z−1

j Ik

IT
k
Z−1

j Ik

. (13)

Thus, we can redesign a within-class scatter matrix S iw shown in Equation (14) to fully embed

the within-class local geometric information.

S iw =

C∑
i=1

ni∑
j=1

(
x̂ i

j − μ̃i
) (

x̂ i
j − μ̃i

)T
. (14)

From Equation (14), it can be clearly seen that the computation of S iw is a nested-loop of the

product of vector (x̂ i
j − μ̃i ) and its transpose (x̂ i

j − μ̃i )T . When the sample size ni or the number

of classes C is large, the computation of S iw is very time-consuming. To speed up, we introduce

an acceleration method via matrix operations, which is illustrated in detail in lines 12–28 of Algo-

rithm 2. This proposed matrix-based acceleration method for S iw can significantly speed up the

calculation, which is verified by our extensive experiments shown in Tables 2 and 3.

3.2.2 Embedding Between-Class Geometric Information by Redesigning Sb . Classical LDA maxi-

mizes between-class scatter matrix without considering the between-class geometric information.

Based on Equation (2) and Figure 1(a), we can see that a large (μi − μ) means that class i plays a

leading role in the between-class scatter matrix Sb . Consequently, classes with similar distances

will overlap.

In order to suppress or eliminate this problem, we propose to redesign Sb as well by fully em-

bedding the above geometric information. That is, we propose a new between-class scatter matrix

S ib to replace the original one Sb . To obtain an effective S ib , we first rewrite Equation (2),

Sb =

C∑
i=1

ni

(
μi − μ

) (
μi − μ

)T

=

C∑
i=1

n
(ni

n
μi (μi )T − ni

n
μiμT − ni

n
μ(μi )T +

ni

n
μμT
)

=
1

2

C∑
i=1

n
(
2
ni

n
μi (μi )T − 2μμT

)

=
1

2

C∑
i=1

n ��
�

C∑
j=1

ni

n
μi (μi )T +

C∑
j=1

nj

n
μ j (μ j )T

−ni

n
μi

C∑
j=1

nj

n
(μ j )T −

C∑
j=1

nj

n
μ j ni

n
(μi )T ��

�

(15)
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=

C−1∑
i=1

C∑
j=i+1

ninj

n
(μi − μ j ) (μi − μ j )T ,

where ni and nj denote the total number of samples belonging to the i-th and j-th classes respec-

tively. n is the total number of samples in the dataset. Then we set a penalty term ci j to (μi − μ j ).

ci j = (‖μi − μ j ‖2 + ϵ )−1, (16)

where ϵ is a very small value, in case ‖μi − μ j ‖2 = 0. Notice that ci j is inversely proportional to

‖μi − μ j ‖2, i.e., if class i and class j are closer, the value of ci j is larger; vice versa, otherwise.

We then replace μi with μ̃i (as shown in Equation (8)) and finally obtain our new between-class

scatter matrix S ib in Equation (17).

S ib =

C−1∑
i=1

C∑
j=i+1

ninj

n
ci j (μ̃i − μ̃ j ) (μ̃i − μ̃ j )T . (17)

From Equation (17), we can see that the adverse effect of very close classes tending to overlap

can be effectively suppressed or eliminated by the penalty term ci j . In short, S ib has the following

important characteristics:

(1) Suppression or elimination of close class samples overlapping, due to the adoption of the

penalty term ci j . This can contribute greatly to discriminate multi-modal and complex

data.

(2) Full embedding of the between-class sample geometric information.

Based on the new S ib and S iw , the object function of LDA in Equation (1) can be rewritten as:

arg max J (q) =
qT S ibq

qT S iwq
. (18)

3.3 Dealing with SSS

It is known that one difficulty in applying LDA is how to deal with the SSS problem [27], which

occurs when the number of samples is smaller than the data dimensionality. When this happens,

the within-class scatter matrix Sw (Equation (1)) becomes singular, which makes the computation

of S−1
w (Equation (6)) complex and difficult.

Lemma 1. Theoretically, if and only if qSwqT = 0, the object function J (q) shown in Equation (1)

can reach its maximum value.

Proof. Since both Sb and Sw are all real symmetric matrixes, qSbq
T ≥ 0 and qSwqT ≥ 0.

Thus, for all q ∈ Rn , J (q) = qT Sbq
/
qT Swq ≥ 0. Therefore, J (q) is maximal when qSbq

T ≥ 0 and

qSwqT = 0. �

However, when qSwqT = 0, which is the SSS problem, how can we solve Equation (1) effec-

tively? Since the popular (but ineffective) method of using PCA as the preprocessing step to deal

with the SSS problem can result in serious loss of discriminant information [8], we take a differ-

ent approach. Inspired by the null space learning method [4], we present an improved null space

learning approach to tackle the SSS problem effectively, called h-SSS. The main idea is as follows:

For the SSS problem, because the rank r of Sw (see Equation (6)) is smaller than the dimension-

ality m of the original data space V , there must exist a subspace V 0 ⊂ V such that V 0 = span{vi |
Swvi = 0, i = 1, . . . ,m − r }. V 0 here is called the null space of Sw .
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ALGORITHM 1: h-SSS

Input: Siw and Sib ;

Output: The optimal discriminant matrix Q ;

1: Perform singular value decomposition of our within-class scatter matrix Siw , which gives the vector

V
′
= [v1, . . . ,vr ,vr+1, . . . ,vm];

2: Get V 1 = [vr+1, . . . ,vm] from V
′
, where V 1 ⊂ V

′
and it is a base vector of V 0 that is the null space of

Siw ;

3: Calculate the optimal discriminant eigenvectors Q corresponding to the set of the largest eigenvalues of

V 1VT
1 Sib (V 1VT

1 )T , where Sib is our between-class scatter matrix;

4: Return result Q .

Lemma 2. LetV 1 = [v1, . . . ,vm−r ], which is a base vector of the null spaceV 0 of Sw . All samples

from the dataset can be transformed fromV to its subspaceV 0 through the transformationV 1VT
1 . Let

transformed samples’ within-class scatter matrix S̃w = V 1VT
1 Sw (V 1VT

1 )T , then S̃w inV 0 is a complete

zero matrix.

Proof. Suppose x i
j is the feature vector extracted from the jth sample of the ith class. And the

database consist ofC classes, where the ith class contains ni samples. Let yi
j be a transformed fea-

ture vector of x i
j through the transformationV 1VT

1 , i.e.,yi
j = V 1VT

1 x
i
j . Then we have ȳi = V 1VT

1 μ
i

and ȳ = V 1VT
1 μ, where μi is the centroid of all samples of i-th class, and μ is the mean of the

dataset. Thus,

S̃w =

C∑
i=1

ni∑
j=1

(yi
j − ȳi ) (yi

j − ȳi )T

=

C∑
i=1

ni∑
j=1

(V 1V
T
1 x

i
j −V 1V

T
1 μ

i ) (V 1V
T
1 x

i
j −V 1V

T
1 μ

i )T

= V 1V
T
1
��
�

C∑
i=1

ni∑
j=1

(x i
j − μi ) (x i

j − μi )T ��
�

(V 1V
T
1 )T

= V 1V
T
1 Sw (V 1V

T
1 )T .

Since V 1 is a base vector of V 0, SwV 1 = 0 based on the above definition of Sw ’s null space, the

transformed samples’ within-class scatter matrix S̃w in V 0 is thus a complete zero matrix. �

Theorem 1. Let V 1 = [v1, . . . ,vm−r ], which is a base vector of the null space V 0 of Sw in the

original dataset space V . If r is smaller than m, the most expressive vector q in V 0 obtained through

the transformation V 1VT
1 will be the most discriminant vector in V .

Proof. Let S̃b = V 1VT
1 Sb (V 1VT

1 )T in V 1. If there is the most expressive projection vector q in

V 0, it must satisfy qT S̃bq > 0. Suppose Sb = S̃b + Ŝb , where Ŝb = V 2VT
2 Sb (V 2VT

2 )T in V 2 (V 2 =

V −V 1). Since Sb , S̃b and Ŝb are all real symmetric matrices, it leads to

qT Sbq = q
T S̃bq + q

T Ŝbq ≥ qT S̃bq > 0⇒ qT Sbq ≥ 0. �

With the above discussions, we can conclude that when the SSS problem occurs, since

V 1VT
1 Sw (V 1VT

1 )T is minimized based on Lemma 2, the optimal discriminant eigenvectorsQ corre-

spond to the set of the largest eigenvalues ofV 1VT
1 Sb (V 1VT

1 )T in the subspaceV 0 (Theorem 1). On

this basis and without losing information, we propose the h-SSS approach shown in Algorithm 1

to deal with the SSS/matrix singularity problem. The algorithm is self-explanatory.
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Fig. 3. The framework of 3E-LDA.

Therefore, up to this point, the complete object function of 3E-LDA can be rewritten as Equa-

tion (19) from Equation (18).

arg max J (q) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

qT S ibq
/
qT S iwq , r ==m

qTV 1VT
1 S ib (V 1VT

1 )Tq, r < m

, (19)

where r is the rank of within-class scatter matrix S iw , andm is the dimensionality of samples.

3.4 Complete Algorithm of 3E-LDA

Based on all of the above proposed strategies, we present the proposed 3E-LDA algorithm, whose

framework and pseudo code are shown in Figure 3 and Algorithm 2, respectively.

From the above framework and pseudo code, 3E-LDA has the following features:

(1) Simple, non-parametric, and efficient. 3E-LDA has no parameters or additional expensive

iterative optimization, which gives its efficiency.

(2) A complete solution that tackles all three challenges of the classical LDA.

3.5 Time Complexity of 3E-LDA

Given a datasetX = [x1,x2, . . . ,xn] ∈ Rm×n ofC classes (or labels), the time complexity of 3E-LDA

is as follows. Firstly, we needO (nm) to calculate the weighted median μ̃i according to Equation (8).

Secondly, to get the new within-class scatter matrix S iw , we need to calculate the weight matrixW
and within-class scatter matrix S iw , whose time complexities areO (n2m) andO (nm), respectively.

Then, we need O ( n (n−1)
2 m) to get between-class scatter matrix S ib according to Equation (17).

Finally, O (m3) time is needed to achieve the optimal eigenvector q of Equation (19).

The total time complexity of 3E-LDA is O (nm) +O (n2m) +O (nm) +O ( n (n−1)
2 m) +O (m3) =

O (n2m +m3), where n and m refer to the cardinality and dimensionality of data samples, respec-

tively.

4 EMPIRICAL EVALUATION

This section empirically evaluates the proposed 3E-LDA system and compare it with baselines,

including the classical LDA [1] and the latest state-of-the-art systems SULDA [34], RILDA [14],

GLLDA-L1 [33], and RLDA [36]. The algorithms are tested on six benchmark datasets with different

numbers of dimensions, sample sizes, and classes (described in Section 4.1). All algorithms are
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ALGORITHM 2: 3E-LDA

Input: dataset X = [x1,x2, . . . ,xn]

Output: The optimal discriminant matrix Q
1: for i = 1→ C do

2: μ̃i ← zeros (m, 1) //zeros() is a function to define a zero column vector

3: wi
sum ← zeros (m, 1)

4: μi
m ←median(xi ) //The median of the i-th class training samples

5: for j = 1→ ni do

6: wi
j
← 1./[abs (x i

j
− μi

m ) + β] // Calculate the weight vector of the j-th sample

7: μ̃i ← μ̃i + (wi
j
� x i

j
)

8: wi
sum ← wi

sum +w
i
j

9: end for

10: μ̃i ← μ̃i ./wi
sum

11: end for

12: Siw ← zeros (m,m)
13: X iw ← [] //Define the null matrix X iw

14: w ← constructWeiдhtMatrix (X ) // Calculate the weight matrix of X
15: while i < C and j < ni do

16: x̂ i
j ← zeros (m, 1)

17: for k = 1→ K do

18: x̂ i
j ← x̂ i

j +w jkx
i
k

19: end for

20: X iw ← [X iw ||(x̂ i
j − μ̃i )]// [A| |B] means splice B into the next line of A

21: if j < ni then

22: j ← j + 1

23: else

24: i ← i + 1

25: j ← 1

26: end if

27: end while

28: Siw = X iwXT
iw

29: Sib ← zeros (m,m) //Define Sib

30: for i = 1→ C − 1 do

31: for j = i + 1→ C do

32: ci j ← (‖μi − μ j ‖2 + ϵ )−1

33: Sib ← Sib +
ni nj

n ci j (μ̃i − μ̃ j ) (μ̃i − μ̃ j )T

34: end for

35: end for

36: r ← Rank (Siw )
37: if r < m then

38: Q ←h-SSS(Siw , Sib ) // Call h − SSS when r < m
39: else

40: Q ← eiд((Siw )−1Sib ) // Matrix decomposition of (Siw )−1Sib

41: end if

implemented in Matlab R2017b on a computer with Intel Core i5-7500 3.4 GHz CPU and Windows

10 operating system.1 All the code and data are available at https://github.com/doveyyb/3E-LDA_

code_datasets.

1Our implementations achieve comparable results as the original papers on the same datasets.
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Table 1. The Experimental Datasets

Dataset Dimensionality (m) Size (n) #Classes (C)

Isolet1 617 1,560 26

COIL-50 1,024 3,600 50

ORL 1,024 400 40

Yale B 1,024 2,414 38

UMIST 644 564 20

Penbased 16 10,992 10

4.1 Datasets Description and Parameter Settings

In what follows, we first describe each dataset and then discuss the parameter settings.

Isolet2 contains 150 subjects who spoke the name of each letter of the alphabet twice. Every 30

speakers are grouped into 1 dataset. This gives five datasets referred to as Isolet1–Isolet5. Since

these datasets are similar in nature, we use only Isolet1 in our experiments.

COIL-503 consists of 3,600 images of 50 classes.

ORL4 contains 40 distinct subjects with their frontal images under different illuminations per

individual subject. There are 10 different images for each subject. For some subjects, the images

were taken at different times, varying in lighting, facial expressions (open/closed eyes, smiling/not

smiling), and facial details (glasses/no glasses).

Yale B5 contains 38 human subjects and around 64 near frontal images under different illumi-

nations per subject.

UMIST6 consists of 564 images of 20 people (or classes). Each covers a range of poses from

profile to frontal views.

Penbased7 consists of 10,992 handwritten pictures of 10 numbers (or classes).

Statistics of the datasets are summarized in Table 1. We can see that both ORL and UMIST have

the SSS problem.

To construct our within-class scatter matrix S iw effectively, we set the number of neighbors

K as the final dimension d when d < ni . Otherwise, we set K as (ni − 1). To deal with the SSS

problem, LDA, RILDA, and RLDA use PCA as a preprocessing step to reduce training samples’ di-

mensionality such that the final dimension d < n −C (C is the number of classes). That is, the

final dimension should be small enough to overcome the SSS problem. In our experiments,

the final dimension d is set toC − 1 in all algorithms. AsC − 1 � n −C , this setting fully satisfies

the requirements to address SSS in LDA, RILDA, and RLDA. Moreover, following the baseline pa-

pers, 1-Nearest-Neighbor algorithm is used as the classifier to evaluate the discriminant accuracy

in all our experiments.

Evaluation Metrics: We evaluate all the algorithms in both effectiveness and efficiency. For

effectiveness, we use accuracy, which is computed as the number of correctly classified samples

ncorr ect divided by the number of all test samples ntest : ncorr ect/ntest . For efficiency, we use the

running time in seconds.

2http://archive.ics.uci.edu/ml/datasets/ISOLET.
3http://www.cs.columbia.edu/CAVE/software/softlib/coil-100.php.
4http://www.uk.research.att.com/facedatabase.html.
5http://vision.ucsd.edu/∼leekc/ExtYaleDatabase/ExtYaleB.html.
6https://www.dssz.com/user/download.php?id=2371729&type=1.
7http://archive.ics.uci.edu/ml/datasets/Pen-Based+Recognition+of+Handwritten+Digits.
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4.2 Experiments with Different Training Samples

We conduct experiments with our algorithm and the baselines on the six datasets. First, we ran-

domly select 20%, 30%, 40%, 50%, 60%, and 70% of all samples respectively from each dataset for

training and the rest for testing. Like the baseline methods, we also randomly injected some noises

to 5% to 10% random dimensions (by perturbing their values) in one-half of the training samples.

All experiments are repeated ten times and the average results are reported in Tables 2 and 3,

which show the experiment results in different rate of samples as training. From the results in the

table, we can make the following observations.

First, regardless of the test datasets or the training sample sizes, our algorithm 3E-LDA exhibits

excellent performance. It consistently and markedly outperforms the baselines in terms of accu-

racy. 3E-LDA always achieves the best accuracy in every dataset. Even for the very low training

data size of 30%, 3E-LDA can still achieve high accuracies outperforming baselines by as much

as 13% and 30% on the datasets Isolet1 and COIL-50, respectively, which fully indicates that our

proposed 3E-LDA method solves the SSS problem well compared to the classic algorithm LDA and

other baselines. In addition, comparing the effectiveness of all algorithms, we can see that 3E-LDA

performs much better than SULDA and LDA, which are sensitive to outliers. It is also better than

RILDA, RLDA, and GLLDA-L1, which deal with outliers.

We can also notice another interesting phenomenon from the two tables—with fewer training

samples employed, the margin of improvement of 3E-LDA increases. This advantage of 3E-LDA is

attributed to the following. As discussed in Sections 2 and 3, comparing with LDA, which focuses

on the global geometric information, our 3E-LDA focuses on both the within-class and between-

class local geometric information of the samples. Due to this, after embedding, the local geometric

distributions within/between classes are preserved as much as possible even if there are very few

training samples. In comparison, LDA does not consider the local geometric correlations between

samples but only the global geometric information, which needs a large number of samples to

compute accurately. Thus, LDA performs poorly when there are not enough training samples.

Second, except for LDA and SULDA, L1-norm or L2,1-norm in other baselines requires very

costly computation for iterative optimization. Unlike them, our weighted median is much more

efficient (at least an order of magnitude faster on the first three datasets).

Remark. In the empirical study, we directly run the original implementation of LDA (LDA-

Ori for short) provided by [1] without any change, and all the reported efficiency numbers reflect

the performance of LDA-Ori. However, recall that in Section 3.2.1, we proposed an acceleration

method to compute Sw via matrix operations in 3E-LDA. With the help of this acceleration mech-

anism, 3E-LDA is empirically faster than LDA-Ori, although LDA exhibits a lower complexity. If

we modify the original implementation of LDA using our acceleration mechanism, it runs slightly

faster than 3E-LDA (by 10 milliseconds on average for each group of tests in Tables 2 and 3), which

is consistent with the theoretical insights.

4.3 Experiments on the Face Datasets with Outliers

This subsection further evaluates the abilities of all algorithms on suppressing outliers and the dis-

criminating analysis with between-class and within-class embedding local geometric information

using three high-dimensional face datasets. In this set of experiments, for each dataset, we first

randomly select 50% of all samples for training and the rest of the samples for testing. Then, we

randomly add more (to about 20% of the dimensions of a sample) and more concentrated noise,

which is a small black and white block with size range from 3 × 3 to 5 × 5 to create outliers. Like

the baselines, each sample with noises is regarded as an outlier. In the experiments, we randomly
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Table 2. Accuracy and Efficiency on the Six Datasets

with Different Percentages of Training Samples

20% 30% 40%

Accuracy Time(s) Accuracy Time(s) Accuracy Time(s)

Dataset: Isolet1

LDA 0.560 0.095 0.757 0.268 0.822 0.933

SULDA 0.600 0.110 0.768 0.150 0.831 0.286

RILDA 0.720 1.560 0.812 2.244 0.846 8.393

GLLDA-L1 0.730 220.000 0.816 649.000 0.843 887.000

RLDA 0.750 1.870 0.827 3.540 0.860 5.584

3E-LDA 0.820 0.090 0.869 0.220 0.908 0.353

Dataset: COIL-50

LDA 0.580 2.300 0.680 3.848 0.829 5.480

SULDA 0.594 0.450 0.691 0.954 0.849 1.516

RILDA 0.710 20.300 0.773 30.410 0.864 32.541

GLLDA-L1 0.790 550.000 0.863 894.000 0.892 1320.000

RLDA 0.740 20.200 0.792 33.626 0.871 29.694

3E-LDA 0.860 0.780 0.919 1.490 0.964 1.876

Dataset: Yale B

LDA 0.730 0.670 0.821 1.006 0.843 2.770

SULDA 0.775 0.147 0.847 0.269 0.859 0.811

RILDA 0.785 8.240 0.856 13.233 0.889 35.215

GLLDA-L1 0.760 560.675 0.828 943.000 0.854 1457.000

RLDA 0.790 5.320 0.844 7.528 0.887 21.860

3E-LDA 0.820 0.455 0.878 0.755 0.907 1.025

Dataset: ORL

LDA 0.680 0.015 0.839 0.053 0.908 0.080

SULDA 0.720 0.017 0.854 0.022 0.898 0.027

RILDA 0.770 5.120 0.865 7.528 0.921 21.860

GLLDA-L1 0.785 770.335 0.858 1123.000 0.908 1142.000

RLDA 0.790 0.039 0.869 0.089 0.921 0.099

3E-LDA 0.830 0.013 0.885 0.025 0.942 0.033

Dataset: UMIST

LDA 0.780 0.030 0.850 0.067 0.905 0.071

SULDA 0.785 0.009 0.872 0.021 0.909 0.035

RILDA 0.804 0.080 0.898 0.187 0.927 0.279

GLLDA-L1 0.815 55.450 0.902 103.874 0.921 124.940

RLDA 0.818 0.060 0.909 0.142 0.927 0.325

3E-LDA 0.865 0.007 0.921 0.018 0.939 0.039

Dataset: Penbased

LDA 0.760 0.130 0.885 0.270 0.901 0.453

SULDA 0.738 0.169 0.878 0.233 0.886 0.443

RILDA 0.844 0.480 0.913 0.683 0.924 1.303

GLLDA-L1 0.855 25.130 0.911 53.134 0.921 64.940

RLDA 0.848 0.360 0.915 0.477 0.923 1.382

3E-LDA 0.895 0.107 0.929 0.218 0.939 0.482
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Table 3. Accuracy and Efficiency on the Six Datasets

with Different Percentages of Training Samples

50% 60% 70%

Accuracy Time(s) Accuracy Time(s) Accuracy Time(s)

Dataset: Isolet1

LDA 0.858 1.021 0.897 1.103 0.917 1.241

SULDA 0.859 0.293 0.899 0.295 0.921 0.314

RILDA 0.919 8.299 0.926 7.481 0.932 7.278

GLLDA-L1 0.892 1109.000 0.924 1790.000 0.933 2687.000

RLDA 0.913 5.735 0.935 7.196 0.940 8.726

3E-LDA 0.934 0.432 0.942 0.476 0.959 0.565

Dataset: COIL-50

LDA 0.896 6.870 0.906 7.764 0.923 8.738

SULDA 0.905 1.300 0.914 1.626 0.925 1.791

RILDA 0.922 40.044 0.926 46.758 0.935 54.471

GLLDA-L1 0.913 2576.000 0.930 3790.000 0.958 3909.000

RLDA 0.934 45.900 0.946 91.915 0.937 115.564

3E-LDA 0.979 2.128 0.987 2.425 0.992 2.827

Dataset: Yale B

LDA 0.860 4.889 0.914 5.685 0.928 6.279

SULDA 0.886 1.377 0.929 1.565 0.936 2.459

RILDA 0.904 40.511 0.933 43.335 0.939 45.417

GLLDA-L1 0.890 2124.000 0.935 3043.000 0.945 4785.000

RLDA 0.921 28.304 0.933 32.518 0.936 36.842

3E-LDA 0.938 1.656 0.949 1.946 0.956 2.034

Dataset: ORL

LDA 0.935 0.121 0.948 0.134 0.942 0.143

SULDA 0.925 0.026 0.949 0.041 0.942 0.046

RILDA 0.945 28.304 0.961 32.518 0.962 36.842

GLLDA-L1 0.937 1283.000 0.954 1333.000 0.963 1433.000

RLDA 0.945 0.190 0.961 0.283 0.963 0.308

3E-LDA 0.965 0.065 0.975 0.084 0.978 0.104

Dataset: UMIST

LDA 0.939 0.091 0.950 0.131 0.952 0.172

SULDA 0.935 0.055 0.957 0.077 0.969 0.126

RILDA 0.952 0.933 0.971 1.830 0.970 4.352

GLLDA-L1 0.955 248.968 0.966 288.316 0.968 431.160

RLDA 0.948 0.512 0.969 0.748 0.972 2.523

3E-LDA 0.967 0.059 0.981 0.080 0.982 0.091

Dataset: Penbased

LDA 0.905 0.830 0.907 1.042 0.916 2.451

SULDA 0.909 0.826 0.917 1.036 0.921 3.043

RILDA 0.934 4.327 0.935 6.458 0.938 10.496

GLLDA-L1 0.935 89.360 0.938 103.134 0.941 124.000

RLDA 0.930 4.559 0.932 7.741 0.940 12.392

3E-LDA 0.947 0.822 0.956 1.068 0.965 2.048
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Fig. 4. With and without outlier data from ORL, Yale B and UMIST datasets. (The even rows are outliers.)

(a) SULDA (b) RILDA

(c) RLDA (d) GLLDA-L1 (e) 3E-LDA

Fig. 5. Scatter plots of three classes of dataset Yale B projected onto a 2D subspace generated by SULDA,

RILDA, RLDA, GLLDA-L1, and 3E-LDA.
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(a) Dataset: Yale B 20% (b) Dataset: Yale B 40%

(c) Dataset: ORL 20% (d) Dataset: ORL 40%

(e) Dataset: UMIST 20% () Dataset: UMIST 40%

Fig. 6. Performances of all algorithms on the three face datasets with 20% and 40% training samples, con-

taining noise blocks.

select 20% and 40% of the training samples to inject noise blocks respectively. Some face samples

with and without noises from ORL and UMIST datasets, are illustrated in Figure 4.

We first randomly select three classes of samples from Yale B dataset with outliers, and project

algorithms’ results into 2D subspace generated by SULDA, RILDA, RLDA, GLLDA-L1, and 3E-LDA.

The visualization results of this experiment are shown in Figure 5. Due to our proposed S ib and S iw

matrices, it can be clearly seen that our 3E-LDA can preserve the within-class and between-class

geometry information better than the baseline algorithms.

Then, we randomly selected 20% and 40% of the training samples to add noises as outliers,

respectively, and vary the number of noise blocks injected to each training sample from 1 to 8. The

experiment results are shown in Figure 6, which shows that our algorithm 3E-LDA can achieve

the best results comparing with the baseline algorithms, in both the 20% and 40% training sample
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scenarios. In all the experiments, as the number of noises increases, the accuracy of the baseline

algorithms tend to decrease rapidly.

In summary, all the experimental results show that our proposed method, which learns weighted

medians of the samples for dealing with outliers, fully embeds between-class and within-class

local geometric information with S ib and S iw matrices, and harnesses the SSS problem are highly

effective and efficient.

5 CONCLUSIONS

In this work, we first discussed three key weaknesses of the classical LDA and existing improve-

ments/extensions that aimed at overcoming these weaknesses. They showed that little work has

been done to deal with all three weaknesses at the same time. We then proposed our solution

3E-LDA, which addresses all three limitations at the same time with three novel strategies. Ex-

tensive experiments on six benchmark datasets showed that due to these improvements, 3E-LDA

markedly outperformed the latest strong baselines in terms of both accuracy and efficiency.
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