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ABSTRACT OF THE DISSERTATION

Algorithms for Performance Driven Design

of Integrated Circuits
by

John Patrick Lillis
Doctor of Philosophy in Computer Science and Engineering
University of California, San Diego, 1996
Professor Chung-Kuan Cheng, Chair

Recent scaling trends in fabrication of Very Large Scale Integrated (VLSI)
circuits have resulted in interconnect delay being a significant bottleneck in system
performance. This trend has resulted in a need to study new timing optimization
problems in the physical design of VLSI circuits; additionally it has become important
to re-visit many of the classical problems in the field. This thesis presents algorithmic
techniques for three such problems: (1) Optimal wire sizing and buffer insertion for
static routing topologies, (2) Performance driven routing (i.e., topology synthesis)
and (3) Logic replication.

The proposed algorithms have been designed for realistic and practical prob-
lem formulations and delay models. For instance, the proposed techniques adopt a
“minimum cost subject to timing constraints” formulation. While such a formula-
tion is clearly valuable (perhaps imperative) from an engineering point of view, it
has been frequently overlooked in the physical design literature, limiting the practi-
cality of much previous work. Further, the proposed techniques for static topology
optimization and topology synthesis explicitly capture a complete cost/performance
tradeoff and, in fact, compute a suite of solutions which exhibit this tradeoff. One
of the tenets of this thesis is that hte flexibility provided by such an approach is of

significant practical utility.
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Chapter 1

Introduction

1.1 Technology Trends and Background

Recent trends in fabrication technology for Very Large Scale Integrated (VI.SI)
circuits have resulted interconnect delay being a significant bottleneck in system per-
formance. As device geometries enter the deep submicron range (0.5um and below),
transistor switching speeds become proportionally faster, but wire resistance increases
significantly. Consider the technology parameters in Table 3.1 (data taken from [2];
2.0 and 1.2 micron data is from MOSIS and 0.5 micron data is from MCNC) ' Of
particular interest is the so-called resistance ratio; this figure represents the length of
a wire with resistance equal to the output resistance of the driver. As we scale down
into the submicron range, a wire which travels a relatively small distance with respect
to the die size (say, 1em?) to equal the driver resistance. This trend becomes more
dramatic when one considers that more advanced fabrication technology invariably
results in larger feasible die size. Additionally, technologies below 0.25 microns are
due to appear in the near future.

As a result of this trend toward interconnect critical systems, timing opti-

!Note that this data is merely intended to be representative, using “typical” drivers etc.. Com-
pared to some other technology data, the unit capacitance values in the table are somewhat small
with values up to one order of magnitude larger appearing in some, otherwise comparable, technolo-
gies. Nevertheless, the general technological trend still holds.



tech. (CMOS) 2.0um 1.2um 0.5um
driver res. 164.002 212.1Q 270.09
wire res. 0.033Q/pm | 0.073Q/um | 0.122Q/um
wire cap. 0.234fF/pum | 0.083fF/um | 0.039fF/um
sink cap. 5.7fF 7.06f F 1.0fF

res. ratio (cm) 0.5 0.29 0.24

Table 1.1: Representative Technology Parameters

mization is no longer solely in the domain of logic synthesis. On the contrary, physical
layout now must play a central role in designing circuits and systems which deliver
the performance promised by the underlying technology. This change in emphasis
has been well-known since the late 1980’s and a great deal of research has been per-
formed as a result. Many of the traditional phases of physical layout have now become
multi-objective. For example, in the case of circuit placement, in addition to the tra-
ditional objective of wireability optimization, it has become necessary to consider the
performance of the circuit since register to register delays are so strongly affected by
geometric distance — i.e., wiring delay. Accordingly, a number of researchers have
attacked the performance driven placement problem (e.g., [24], [44], [11] and [43]).
A similar situation holds in the case of routing. In the past, minimization of total
routing wire length achieved multiple goals simultaneously; because delay was domi-
nated by gate delay, minimizing the wiring load on a gate correlated very strongly with
maximizing circuit performance. Thus, minimizing total wire length optimized power
consumption, chip area and performance simultaneously. Unfortunately, we can no
longer rely on this strong correlation between total wire length and performance and
thus, various forms of the performance driven routing problem have recently received
attention (e.g., [36], [3], [6] and [20]).

While the advent of deep submicron technology has changed the objectives
of classical problems in physical layout, it has also introduced new physical design

problems. For instance, the technique of buffer insertion is effective in optimizing



both logic delay and wiring delay; its effectiveness in logic optimization is well stud-
ied and many logic synthesis tools perform automatic buffer insertion (typically under
the name fanout optimization — e.g., [46], [42]). However, when interconnect delay is
significant, it makes better engineering sense to approach buffer insertion as a physi-
cal layout problem; additionally, routability concerns favor a post-synthesis approach.
By the same token, deep submicron technology has given rise to previously unstudied
optimization techniques such as wire sizing; since wire resistance has become sig-
nificant, it is now often the case that performance can be improved by selectively

widening segments of a routing topology.

1.2 Contributions

In light of the clear need for timing optimization in physical design, this
thesis focuses on several central problems in this area. Algorithmic techniques for
simultaneous wire sizing and buffer insertion, performance driven routing and the
largely unexplored optimization technique of logic replication are presented.

In all cases practical problem formulations and realistic delay models are

adopted. Some of these decisions are highlighted below.

e Adoption of the intuitively appealing notion of required arrival time. When
optimizing a net, the criticality of a particular sink is determined by its required
arrival time (which in turn is determined by the critical path from that sink to

a primary output).

o Careful attention to cost/performance tradeoffs. It is frequently the case that
the maximum performance solution for a particular optimization technique is
not a good engineering choice — e.g., such a solution may have intolerably over-
head in terms of a cost metric such as power consumption or area. In the cases of
wire sizing and buffer insertion, and performance driven routing, the proposed
techniques also compute a suite of solutions which exhibit this cost /performance

tradeofl.



e Adoption of reasonably accurate delay models. This includes incorporation of a
generalized buffer delay model which takes into account signal transition time.

The Elmore delay model is adopted in performance driven routing.

These decisions contrast with some previous approaches. For instance several pervious
approaches have studied objective functions which are weighted sums of source to sink
delays (where a sink weight is intended to capture the “criticality” of that sink). It
is our contention that such formulations are heuristic and a direct approach based on
required arrival times is preferred. Similarly, several previous works in performance
driven routing have focused either on a linear delay model (where delay is assumed
to be proportional to wire length and does not consider non-linear loading effects) or
have targeted mazimum performance solutions without regard to cost. This thesis
proposes that these are serious practical deficiencies and have avoided such pitfalls
in our work. Consider the delay/routing area tradeoff curve in Figure 1.1. The
figure shows is the tradeoff curve for a 12 pin Multi Chip Module net computed by
the techniques in Chapter 3 for performance driven routing with simultaneous wire
sizing. For simplicity, the timing metric is maximum source to sink delay — i.e.,
all sinks have identical required times. As is typical of performance/cost tradeoffs,
the curve exhibits a severe “flattening” as the maximum performance solution is
approached; thus, since wiring area affects power consumption, routability and chip
area, the logical engineering decision is to select a solution near the “elbow” of the
curve where significant cost savings are achieved versus the minimum delay solution
with a very small (perhaps negligible) reduction in performance — indeed, in this case
a likely practical solution may reduce wiring area by almost half versus the maximum
performance solution.

The remainder of this thesis is organized in four chapters. Chapter 2 presents
algorithms for wire sizing and buffer insertion. These algorithms are devised for static
(i.e., given) topologies. Attention is given to efficient implementation and a gener-
alized buffer delay model is incorporated by the manipulation of piece-wise linear

functions. The algorithms are able to efficiently identify optimal solutions. Chap-
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Figure 1.1: Area vs. Delay curve for a 12 pin MCM net

ter 3 studies a new performance driven routing technique — i.e., how to synthesize
the routing topology itself. This is formulated as a generalization of the classical
Rectilinear Steiner Tree problem. The proposed approach is able to incorporate si-
multaneous wire sizing and has produced state of the art routing solutions. Since the
classical Rectilinear Steiner Tree problem is NP-hard, the approach does not assure
optimality. However, rather than devising ad-hoc heuristics, the algorithm optimally
solves a constrained variant of the problem in which the topology must be induced
by a permutation on the sinks of the net; this allows efficient identification of optimal
solutions in a rich and flexible solution space. The approach has been dubbed the
P-Tree algorithm to reflect this permutation constraint. A novel technique for finding
high quality sink permutations is also presented. Chapter 4 presents theoretical foun-
dations for a complementary optimization technique: logic replication. The problem
is characterized at both the logic level and the layout level and algorithms are pro-
posed for each formulation. At the logic level an optimal solution to the two-way
replication problem by applying a solution to the subset sum problem. At the layout
level, the permutation constraint devised in P-Tree algorithm is adopted. Under this
constraint, an algorithm for optimal multi-way replication is devised. Finally, we

conclude in Chapter 5.



Chapter 2

Optimizing Static Topologies by

Wire Sizing and Buffer Insertion

This chapter presents algorithms for optimal wire sizing and buffer insertion
for a given routing topology. The FElmore delay model is adopted to approximate
wiring delay. Buffer delay is first modeled by a standard RC' model; the techniques are
then generalized to accommodate a more accurate buffer delay model which considers
the effect of signal transition time or slew.

The proposed algorithms have either polynomial or pseudo-polynomial com-

plexity; their efficiency has been validated experimentally.

2.1 Background and Preliminaries

2.1.1 Notational Conventions

Throughout this chapter, the following notational conventions are adopted.



T, A routing tree rooted at node v

[(v), r(v) The left and right children of node v respectively

€y Tree edge (wire) from node v to its parent

[ Length of edge e

Ce Capacitance of edge e

Cy Input capacitance of sink v

Te Resistance of edge e

Cch Input capacitance of buffer b

T, Ty Output resistance of buffer b or gate ¢

dy, d, Intrinsic delay of buffer b or gate ¢

P Polarity; usually referring to a signal, p = 1 meaning inverted
Db Buffer type; p, = 1 indicates b is an inverter; p, = 0 o.w.
Gv Required arrival time of sink node v

w Largest possible wire width (1..W are possible)

B Buffer library

leaves(T") Set of leaves of tree T

2.1.2 Delay Models

For a given routing tree possibly containing buffers, delay along a root-sink
path is made of (1) delay along wires and (2) delay through buffers and the driving
gate. This work adopts the Elmore [13] delay model for wires and considers two buffer
delay models: a common RC model and an augmented model which considers signal
slew.

The capacitance ¢, and resistance r. of wire segment e having width w, are
given as:

c. = al, - w, re = Bl./w,

where a and 3 are characteristic constants of the process technology.! From these
relationships, the tradeoff associated with widening a wire are clear; wider wires can
be faster because of reduced resistance, but present greater load upstream in the
signal path.

To compute the Elmore delay of a wire e, in tree T', we first recursively

'While our algorithms are presented with this model, we note that it is not essential — e.g., such
phenomenon as fringe capacitance can be taken into account.



define ¢(T,), the total lumped capacitance of T, as follows.

Cy if v is a sink node
coT) =13 ¢ else if buffer b placed at v (2.1)
c(Tiwy) + c(Trwy) + Ceyy T e,y Otherwise
Intuitively, ¢(T,) is simply the capacitive load seen at v — i.e., the sum of
the loads of the left and right subtrees, ¢(Tj,)), and ¢(7,(,)), and the capacitance of
the wires to those sub-trees, ¢, and ¢, . Given this notation, the Elmore delay of

wire e,, is defined as

elmore(e,) = Te,,(% + ¢(Ty)).

The Elmore model is a very good choice for optimization procedures. While
it certainly isn’t as accurate as simulation based methods such as Spice, it provides an
excellent balance between ease of computation and accuracy. In fact it has been said
to be the most accurate model which is an algebraic combination of the R’s and C’s
of a circuit model [35]. Further, the model has been shown to have very good fidelity
[2]; while the Elmore delay exhibits significant error versus Spice computed delay,
an optimal solution under the Elmore model is typically very close to an optimal
solution under Spice computed delay. Two other features of the Elmore model make
it an appealing optimization metric. First, it provide an absolute upper bound on
the 50% delay for RC circuits [16] (i.e., although it exhibits error, it is one-sided
error). Second, it has certain “separability” properties (i.e., the delay associated with
a subtree can be computed independently of the rest of the routing tree) which are
useful in the design of dynamic programming algorithms for timing optimization.

For completeness, it should be noted that Rubinstein, Penfield and Horowitz
[37] devised a sink independent upper bound model (RPH) based on Elmore delay.
Letting rg4, be the total path resistance from the driver (including the driver), the
RPH bound is given as

Z ra.(c(Ty,) + ¢, ).

veT
The RPH formula clearly is an upper bound on the Elmore delay to any sink in the

tree, however, it does not differentiate among those sinks.



The delay through a buffer  at node v in a basic model is determined by
the load on the buffer’s output ¢(7),), b’s intrinsic (load independent) delay dp and
oulput resistance ry. The delay through buffer b with load ¢; on its output is

buf_delay(b, ¢;) = dp + 1.

The key to buffer insertion in optimizing delay is the isolation property of
buffers exhibited in Equation 2.1. Namely, the capacitance of a subtree rooted at a
buffer, as seen by ancestors in the tree, is determined entirely by the input capacitance
of that buffer. In other words, the buffer decouples the capacitance of its descendants
from its ancestors.

A common generalization of this basic buffer delay model includes an ad-
ditive term to account for the slew of the signal entering the buffer. One model for
this delay is the product of a buffer dependent constant A\, and the load delay of the
previous stage, Dr,.e, — 1.€. the RC delay of the driving buffer. Thus we denote the

augmented delay equation as
buf_delay oy (b, ¢;) = buf_delay(b, ¢;) + X Drpreo- (2.2)

This and similar models have been proposed in various contexts (e.g., [45],[27]). An
extension of our algorithms to accommodate this delay model is discussed in Section

2.6.

2.1.3 Previous Work in Wire Sizing

Early work in wire sizing includes the work of Cong, Leung, Zhou and Koh
who provided several studies of wire sizing in [6, 7, 8] and demonstrated its potential
in improving delay. The first of these works [6] attacked the problem of minimizing
delay under the Rubinstein, Penfield, Horowitz sink oblivious model discussed in
Section 2.1.2 of this chapter. To address the shortcomings of the RPH model, [7]
later addressed the problem of minimizing the weighted sum of the source-to-sink

Elmore delays for a set of identified critical sinks in a given routing tree; however, the
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weighting coefficients are presumably provided by the user. Under this formulation
they prove several properties which lead to an O(rn”) algorithm for a net with n
segments each having r possible widths. The authors also propose a greedy heuristic
procedure with run time of O(r®r). In [8], Cong et. al. also attacked the problem
of incorporating a cost function such as area or power. Their formulation is, again, a
weighted sum of their stated timing objective function and the cost function.

In [40], Sapatnekar studied the more common metric of mazimum source-
to-sink delay — or, more generally, the task of minimizing cost subject to given timing
constraints (under the Elmore model). He noted that the property of separability
used by Cong and Leung in designing their algorithm did not hold for this case.
In addition, the property of monotonicily utilized in [7] does not apply when the
length of all wire segments is not identical. In the same paper Sapatnekar proposed
a convex programming formulation of the maximum delay, continuous wire-sizing
problem followed by a sensitivity based mapping heuristic to discretize the solution.

Later, in [30], a dynamic programming algorithm which exploited the fact
that the lengths of wire segments are discrete in nature (i.e., that they are integer
multiples of a basic grid length) was given. This led to the observation that, over all
possible width assignments to a subtree, the number of distinct capacitive values at
the root is polynomially bounded. This yielded a polynomial time minimum delay
wire sizing dynamic programming algorithm. However, power considerations were

not explicitly taken into account.

2.1.4 Previous Work in Buffer Insertion

Research on buffer insertion includes the early works of Berman et. al., [1],
Touati [46], van Ginneken [48] and Dhar [10]. Other contributions in this area include
[32], [42], [30], [27], and [47]. Much previous work (e.g., [46], [42], [1]) approach buffer
insertion as a logic synthesis problem; in other words, buffer trees are imposed on
the network prior to physical layout. There are important engineering considerations

associated with such an approach. Perhaps most important among these considera-
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tions are the difficulty of accurately taking into account the resistive and capacitive
effects of interconnect, as observed in [27], and potential routability problems created
by pre-layout buffer trees as mentioned in [1].

As a result of these practical considerations, the work presented here focuses
on a post-layout methodology where topological information is available. Previous
work on post-layout buffer insertion includes [48], in which van Ginneken gave an
elegant polynomial time algorithm for delay-optimal buffer insertion into a given
topology. He extended his algorithm to minimize the number of buffers subject to
given timing constraints. He noted that this extension was not, in general, polynomial,
but that efficient run-time was observed in practice. Implementation details of this
extension were not given. His algorithm did not consider the effect of signal slew
on buffer delay. It should be pointed out that earlier, in his Ph.D. thesis [10], Dhar
presented a very similar approach.

Other post-layout techniques include [27] and [30]. The heuristic method of
[27] is also notable in that it incorporated signal slew into the delay model. In [30], an
algorithm minimizing maximum source to sink delay (or maximizing required arrival
time) for a given routing topology by simultaneous buffer insertion and wire sizing
was given. However, neither power (or area) considerations or signal slew were taken

into account.

2.1.5 Contributions

We present efficient algorithms for wire sizing, buffer insertion and both
techniques simultaneously. This work builds on the work of van Ginneken [48] and
Dhar [10] as well as our preliminary work in this area [30]. Our main contributions

are summarized as follows.

e Polynomial-time algorithms for the optimal “min power subject to timing con-
straints” wire sizing and buffer insertion problems (either separately or simul-

taneously). This includes computation of the entire power versus performance
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curve and an efficient data-structure for efficiently pruning sub-optimal solu-

tions.

e Incorporation of signal slew into the buffer delay model by manipulation of

piece-wise linear functions.

In this work, timing constraints are given explicitly as required arrival times at the
sinks of the net rather than as coefficients of a weighted sum of the sink delays. We
suggest that computation of the entire power-delay trade off curve is of practical
significance as it provides added flexibility to the designer.

The incorporation of signal slew is also significant since its contribution to
total delay can be over 50% (see e.g. [18]) and therefore cannot be neglected in
practice.

The ability to use inverters as buffers rather than resorting to pairs of in-

verters to ensure proper signal polarity is also of practical utility.
The complexity of our algorithms without signal slew taken into account is

summarized in the following table.

Max Req-Time Min Power
wire-sizing O(nmW?) O(nmW?)
buffer-insertion O(n?|BJ?) O(|B|n®c2, 15 log(ncmax))
both n?cmax max(|B|, W) | O(W + |B|)n*c2,x log(ncmax))

In the table, n is the number of sinks in the net, m is the number of basic (unit) grid
segments in the routing tree (derived from the underlying routing grid), and c¢max is
the largest possible capacitive value of any component in the tree. Set B is the given
buffer library and W is the largest multiple of the basic wire width allowed. Where
O(ct ax) is a component of the complexity, we assume the capacitive parameters of
the problem are given as or translated into polynomially-bounded integers. As such,
these algorithms have pseudo-polynomial complexity [14]. However, in these cases,
the bounds are very pessimistic versus observed behavior.

When signal slew is incorporated into the delay model, we are not able

to give polynomial bounds due to degenerate situations. However, in practice we
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observe these algorithms to perform similarly to their simpler counterparts — typically
a constant factor slower.

To the best of our knowledge, this work represents the most efficient algo-
rithms to date for these problems and the first work on buffer insertion to incorporate
signal slew into the delay model while guaranteeing optimality. We also improve on
the results of [30] in terms of run-time when minimizing maximum source to sink
delay (or maximizing required time) independent of cost is the goal.

The proposed algorithms adopt a bottom-up dynamic programming ap-
proach. Rather than computing a single solution for each subtree, we compute a
set of solutions where each member of the set is characterized by both the timing
properties and capacitance of the associated solution. Solution sets are kept small by
employing an observation made by van Ginneken [48] and Dhar [10] which essentially
says that when combining the solution sets of a node’s left and right children to create
a new solution set, the new set need not consider all pairs of left and right solutions;
rather only a linear number of pairs need be considered since one branch will always
dominate. In addition, when minimizing power, we employ a similar observation to
identify inherently sub-optimal solutions and thereby drastically reduce the size of
solution sets. This property is applied efficiently by use of an augmented tree data-
structure. Generalizations of these techniques are developed to handle the case where

slew is taken into account.

2.2 Delay Models and Problem Formulations

2.2.1 Maximum Required Time Formulation

We adopt maximization of required arrival time at the root of the net as
our timing metric. The required arrival time at node v, ¢(7,), is the latest time at
which the input(s) of v must be available for the required arrival times of all sinks in
T, to be met. This measure naturally captures the typical situation of optimizing a

net in a combinational circuit — i.e., the required-times are determined by the rest of
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the circuit. Formally, ¢(7,,) is defined as:
q(T,) = min (¢, — delay(v,u)).
ueleaves(T,)
If the required arrival time, ¢(7') at the root is non-negative, the tree T is said to meet
its timing requirements. A solution which maximizes ¢(7") is a maximum performance
solution; finding such a solution (irrespective of cost) is the topic of Section 2.4.
Note that the required time formulation is a generalization of the maximum delay

formulation — i.e., if ¢, = 0 for each sink v then max delay = —q(T').

2.2.2 Minimizing Power Subject to Timing Requirements

A more practical formulation considers the cost of the solution — i.e., we may
want to minimize cost subject to the given timing constraints. We also study this
formulation when our cost objective is dynamic power dissipation.

The dynamic power dissipation for CMOS technology P; is given in [50] as
Pi=CLViply

where (', is load capacitance and f, is the switching frequency. Thus, with respect to
buffer insertion and wire sizing, total capacitance is the correct measure of dynamic
power dissipation since f, and Vpp are unaflected by these methods.

Letting Ciota) be the total capacitance associated with a buffered and sized

routing tree we have the following problem.

minimize Ciotal

subject to q(T)>0

Alternatively, an attractive approach to the problem is to provide the de-
signer with a power-delay tradeoff curve from which the desired solution may be
chosen.

Implicitly we have assumed that dynamic power dissipation dominates short-
circuit power dissipation. We justify this by the presumption that design techniques

have been employed to eliminate or drastically reduce short-circuit power dissipation.



15

2.3 Algorithmic Framework

We first give the framework for a high level dynamic programming algorithm
into which all subsequent algorithms will fit. The framework covers all variants of
interest. For instance, if we are only interested in wire sizing, we simply run the
algorithm with an empty buffer library B. The specific algorithms will differ in
their implementation of the basic routines called by the general algorithm and the
characteristics of the solution sets they compute.

This General Dynamic Programming algorithm G'DP() is given as pseudo-
code in Figure 2.1. The algorithm computes the solution sets Sy(v) and Si(v). The set

Algorithm GDP(T,B,W)
Foreach node v € T"in topological order from leaves to root
If v is a leaf
Compute S54(v) « Base_Case(v)
Else
Compute Sy(v) « Bottom_Solutions(v, Si(I(v)), St(r(v)))
If v is not the root
Compute 5;(v) < Top_Solutions(v, Sy(v))
Else /* v is the root */
Compute Optimal_Soln(v, Sy(v))

Figure 2.1: General algorithm structure

Sp(v) can be thought of as the set of solutions for subtree T, including the possibility
of inserting a buffer at v. Similarly, the set Si(v) can be thought of as the set of
solutions for T, augmented by the wire from its parent e, and including possible
sizing of e,.

The four procedures Base_Case(), Bottom_Solutions(), Top_Solutions(), Op-
timal_Soln() are routines which inductively compute solution sets from the solution
sets of descendants. For each particular algorithm, these sets are parameterized dif-

ferently. Intuitively, these routines can be thought of as follows.
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Base_Case() Compute the singleton set giving relevant parameters
at sink v
Bottom_Solutions() Given solution sets for left and right children, compute

the solution set at v including the possibility of
inserting a buffer at v

Top_Solutions() Given the solution set at v, construct the solution set for
T, augmented by wire e,

Optimal_Soln() Given the solution set at the root, select the best solution
when combined with the driver

The key to solving a particular problem formulation (e.g. minimizing power
subject to timing constraints), is in the content of the solution sets, their efficient
computation by the above routines and limiting their size as much as possible to
ensure computational efficiency.

In the next section we study the simplest scenario: maximizing the required
arrival time ¢(7') at the root of the tree under the basic RC delay model. Subsequently
we generalize this to the problem of minimizing power dissipation subject to given
timing constraints (again under the basic RC' model). Finally, we further generalize
the algorithm to solve either of the preceding problems with the generalized buffer
delay model taking into account the effect of signal slew. In each of these cases, the

algorithms are sketched based on the framework of this section.

2.4 Maximizing Required Arrival Time

In this case we maximize ¢(7'), the required arrival time at the root of
T, under the basic RC delay model. The solution sets Sy(v) and Si(v) are each

partitioned into two disjoint subsets as

The reason for this partitioning is to deal appropriately with the fact that, since we
may be using inverters as buffers, the signal may be inverted for some portions of the
net. The sets with superscript “+” contain solutions where we assume the incoming

signal is non-inverted and the sets with superscript “-” contain solutions where the
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incoming signal is assumed to be inverted. In other words, the superscript “+7 (“-7)
ensure that each path to a sink passes an even (odd) number of inverters.
The solutions themselves are load, required-time, or (c,q) pairs. Intuitively,

the English meaning of these sets is, for example,

(¢,q) € Sif(v) & “There exists an assignment to T, with
upward load ¢ and required time ¢ at v

when the incoming signal is not inverted.”

An important initial observation made by van Ginneken [48] and Dhar [10]

is the following.
Property 2.4.1 For(c,q),(c,¢') €S, if ¢ > c and ¢' < q then (¢, q) is sub-oplimal.

This is clear since a larger load can only worsen delay of ancestor components. In
other words, we always prefer smaller load and larger required time. Supposing that

these sets are arranged in increasing order of load leads to the following property.

Property 2.4.2 Any load-required_time set S in increasing order of load, may be

replaced by S" C S where S is strictly increasing in required time.

We maintain this sorted order as an invariant so that we may easily exploit this
property.

In the context of our algorithmic framework, we fully specify the algorithm
as follows. Recall that ¢, and ¢, are the input capacitance and required arrival time
of sink v respectively. The routine Base_Case(v) simply sets S (v) « (c,,¢q,) and
S, (v) « @ since no valid solution will have an inverted signal at a sink.

Computation of Bottom_Solutions() is described in pseudo-code in Figure
2.2. The algorithm first computes the optimal (¢, ¢) pairs for unbuffered solutions in
lines 2-13. For each achievable arrival time ¢, we find the smallest load achieving gq.
This is done in a manner similar to the merging of two sorted lists and ensures that
Property 2.4.2 holds. This is a linear time operation and the size of the resulting

set is linear as observed by van Ginneken [48]. Next we find the optimal buffer



Algorithm: Bottom_Solutions(v, Si(I(v)), Si(r(v)))
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14.
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16.
17.
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19.

20.
21.
22.
23.

/* First compute unbuffered solutions */
Sy (v) 0
Let S; = S;({(v))
Let S, = Sf(r(v))
/* Si, S, are indexed and ordered by ¢ */
1e— 17«1
While (: < |5 and 5 < |S,])
Let (Cl,ql) = S][Z]
Let (07’7%’) = Sr[]]
SH(0) — §7(2) U {(er + cr, minar, )}
If (¢ <gq,) /* Left Critical */
7 — 14+ 1
If (¢ <q) /* Right Critical */
Je—y+1
Compute S; (v) analogously
/* Now compute buffered solutions */
Foreach buffer b € B
If bis an inverter
Find (c¢,q) € 5, (v) s.t.
¢ =q —dy — e is maximized
Else
Find (c,q) € S (v) s.t.
¢ = (¢ —dy —rpc) is maximized
Analogously compute ¢,
SH(0)  S7(0) U {(enat Vb € B)
S5 (0) — Sy (o) U{(enar Vb € B)
Prune Sif (v) and S; (v) by Property 2.4.2

Figure 2.2: Bottom_Solutions() routine for max required time

18
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configurations in lines 15-20 by pairing buffers b € B with unbuffered solutions at v.
We then perform merging and additional pruning in lines 21-23. Also note that the
final pruning step is also linear since the sets are in sorted order.

We give the implementation of Top_Solutions() in Figure 2.3. We examine

Algorithm: Top_Solutions(v, Sy(v))

1. Sf(v)« 0

2. Foreach (c,q) € S;f(v),w € {1.W} in increasing
order of ¢ = ¢+ awl.,

3. SH(w) « SF(v)U{(c, g — elmore(e,))}
/* elmore delay evaluated at width w */
4. Compute S; (v) analogously

5. Prune S;f(v) and S; (v) by Property 2.4.2

Figure 2.3: Top_Solutions() routine for max required time

all pairings of widths w for wire e, (having length [.,) with solutions (¢,q) € Si(v)
at v. Since the loads ¢’ are of the form ¢ + wZ where 7 is fixed and w € {1.W}, we
can visit all ¢’s in order without explicitly sorting them. For each such pairing, we
obtain a new required time. In a final sweep we again apply Property 2.4.2 to ensure
that the set is in strictly increasing order of both ¢ and g.

Finally, we must implement Optimal_Soln(v,Sy(v)). This is done simply
by pairing all of the previously computed solutions (¢, q) € S;f(v)) (since the signal
leaving the driver is non-inverted) with the properties (i.e., output resistance) of
the driver and selecting the solution with the largest resulting required arrival time.
Note that if we are not allowed to buffer the driver output, we can simply include
only un-buffered solutions in S; (v).

To construct the solution achieving this timing we recursively re-visit the
tree to determine which choices of buffering and wire sizing led to the optimal solution.
This is accomplished by storing with each (¢, ¢) pair, local information indicating the

choices which led to that solution.
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2.4.1 Comments

For simplicity, we have presented the algorithm in terms of a binary tree,
but note that the algorithm is easily applied to general trees. One straight-forward
method to achieve this is to convert a non-binary tree to an equivalent binary tree
simply by adding zero-length wires. For instance, suppose we have a node v with
fanout 3 to nodes A, B and C'. We replace v with two nodes v" and v” where node
v" will have children A and B, and v” will have children C' and v’ with the wire from
v” to v" having length 0. The algorithm can be modified to prohibit the placement of
buffers at particular nodes — v’ in this case.

Another issue is that, as described, the algorithm assumes exactly one size-
able wire segment between nodes and buffer insertion only at nodes in the tree. How-
ever, the algorithm is easily implemented to accommodate multiple sizeable segments
in a single wire and and buffer insertion within a wire by introduction of intermediate
nodes.

We further note that the algorithm can easily be extended to allow for
optimal sizing of the driving gate. However, it should be realized that such sizing may
have global effects by altering the input capacitance of the driver thereby affecting
the timing requirements and the system as a whole.

These comments apply to all subsequent algorithms in this chapter.

2.4.2 Run Time

We analyze the running time of the basic algorithm in three scenarios:
(1) |B] =0, W > 1 (Wire sizing alone).
(2) |B| > 1, W =1 (Buffer insertion alone).
(3) |B| > 1, W > 1 (Both methods).

In scenario 1 (wire sizing alone), we introduce the notion of “basic segment-

length” to analyze the complexity. This parameter is derived from an underlying
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routing grid.

Property 2.4.3 In scenario 1 the size of each load-required_time set S is bounded by

mW where m is the total number of basic grid lengths in the tree.

This can be seen by considering that the load at node v can be expressed as
¢(T,) = Sink_Load + Interconnect_Load

where Sink_Load is fixed and Interconnect_Load =~ w; where w; € {1.W} is the
width of the ¢th wire and ~ is a constant derived from «, the basic grid length and
the minimum width. Thus, the load is entirely determined by >~ w; which can only
take on integer values in range {m..mW}. This gives an upper-bound of mW on the
size of individual solution sets the algorithm computes since it bounds the number
of distinct load values. Thus, even though there are an exponential number of width
assignments, there are only a polynomial number of distinct resulting loads. The
resulting run-time is O(rRW(mW)) = O(nmW?). In the case where every sizeable
segment is of identical length, we have O(n?*W?) since, effectively, n = m in this case.

Scenario 2 is a generalization of the situation for the algorithm of van Gin-
neken [48]. (It is a generalization only in the sense that it allows multiple buffers in
its library). Since W = 1 in this case, computation of S; sets is trivial. Thus the size
of the Sy sets is the key factor in the run-time. We first state the following properties

alluded to earlier.

Property 2.4.4 For Sy(v), let S; and S, be the Sy solution sets of v’s left and right
children respectively of the same polarity. The following inequality holds: |Sy(v)| <
1St +15: [+ B].

Property 2.4.5 In scenario 2, for all load-required_time sets S, |S| < n +n|B|.

These properties coupled with the fact that the merging operation is linear in |.S;|+ .5,
gives an overall worst-case complexity of O(n|B|(n + n|B|)) = O(r?|B|?).
Scenario 3 is complicated by the fact that the input capacitance of the buffers

may not be simple multiples of the capacitance of a unit-length wire. However, in
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practice it is reasonable to assume that capacitive values can be linearly mapped
onto a polynomially-bounded integer domain with sufficient precision or are given
as such. In such a situation we introduce another value ¢pax, which is the largest
capacitance possible among the individual components of the tree (e.g., it may be
the capacitance of the longest wire at the maximum width). Under this formulation
we upper bound the size of the solution sets by nemax and the overall run-time by

O(n?cmax(max(W,|B]))). In practice, observed run-times are typically much less than

this bound.

2.5 Minimizing Power Subject to Given Timing

Constraints

We now extend the algorithm to minimize dynamic power dissipation subject
to given timing constraints. For clarity, we present this and subsequent algorithms
without regard to signal polarity; application of the ideas of the previous section to
deal with the presence of inverters is straight-forward. We note also that the extension
presented in this section can easily be modified by minimize area subject to timing
constraints.

The first issue is how to parameterize the solution sets. We are not only
concerned with the load and required-time of a sub-solution, but also the power it
consumes. Thus, a sub-solution is now characterized by the parameters p (power), ¢
(capacitance) and ¢ (required-time).

We organize solution sets by first partitioning them into subsets with iden-
tical power values p. In other words, solution sets Sy(v) and Si(v) now contain pairs
(p, S,) where p is power consumption (as a capacitive value), and S, is an ordered
set of load, required time pairs (¢,q) as in the previous algorithm. For example,
(p, S) € Py(v) indicates that for power p and every (¢, q) € S, there exists an assign-
ment for T, consuming power p, presenting load ¢ upward and yielding required time

q at v.
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We organize these sets first by sorting them in increasing order of power.
Each set S, is ordered by load ¢ as in the basic algorithm.

One might think that the sets S, are typically singleton sets, however, this is
not the case. Because many different configurations may consume precisely the same
power (by, for example, assigning an identical set of buffers to different locations),
these sets can be quite dense.

Recalling that total capacitance is the correct measure for dynamic power
dissipation, and thus, ¢, is the “power” associated with sink v, Base_Case(v) simply

sets Sp(v) = {(cv, {(cv,q0)})}-

Pseudo-code for Bottom_Solutions() is given in Figure 2.4. We visit all possi-

Algorithm: Bottom_Solutions(v, Si(I(v)), Si(r(v)))
1. Let B'= BU{¢}
/* ¢ indicates “no buffer”, ¢, =0 */

2. Sp(v) « 0

3. Foreach triple (p;, Sp,) € S:({(v)), (pr, Sp,) € Si(r(v)),b € B’
in increasing order of p = p; + p, + &

4. Combine S,,, S,, as in lines 7-12 of Figure 2.2 to give 5’

5. If (b # ¢)

6. Find (¢, q) € 5" s.t. ¢' = ¢ — buf_delay(b, ¢) is maximized

TS e {(ag)}

8. Else

9. S 8"\ {(e,q) € §"13(c,q') € Spr,p' < p,d <, ¢ > q}

/* where (p', Sp) € Sy(v) */
10. If (p,S,) € Sp(v) (previous triple gave same p)

11. Sp — S, U S’

12. Prune S, by property 2.4.2
13. Else

14. Sp(v) «— Sp(v) U {(p,S")}

Figure 2.4: Bottom_Solutions() routine for low power

ble values of total power consumption at v. These values are from among the buffered
and unbuffered configurations. The notion of a “non-buffer” ¢ is introduced to unify
the notation. In this case, we explicitly sort the values p = p; + p, + py. However,

we observe that the number of such distinct values p is often orders of magnitude less
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than the worst case (quadratic). Because of this observation we utilize a hash table
to make an initial pass over all pairs to extract the distinct values which we then sort.
This avoids an overly expensive sorting operation.

Top_Solutions() is implemented in a similar manner; its pseudo-code appears

in Figure 2.5.

Algorithm: Top_Solutions(v, Sy(v))
L. Si(v) ={(p,0)|p is a possible power}
2. Foreach pair w e 1.W, (ps, 5,,) € 5
in increasing order of p = p, + awl,,
3. Sy — 0
4. Foreach (c,q) € S,
5. Sy — S, U{(c+ awl.,,q —elmore(e,))}
/* elmore delay evaluated at width w */
6. Prune S, by Property 2.4.2
7. Sp = Sy \ (e, q) € 5,|3(¢,¢') € Sy’ < p, ! < ¢, = ¢}
/* where (p', S,) € Si(v) */
8. If (S, # 0)
9. Si(v) < Si(v) U{(p, 5)}

Figure 2.5: Top_Solutions() routine for low power

As described, these algorithms implement two types of pruning. First we
prune solutions (¢, q) € S, for a power p in the same way as before by Property 2.4.2.
However, an additional pruning condition is utilized in Figures 2.4 and 2.5 on lines 9

and 7 respectively. This pruning condition is given by the following property.

Property 2.5.1 Consider solution (c,q) consuming power p. If 3 solution (¢,q’)
consuming power p', where p' < p, ¢ < ¢ and ¢ > q then the solution (c,q) is

sub-optimal.

The efficient application of this property has proven essential in giving rea-
sonable running times in practice. Efficient detection of Property 2.5.1 is addressed
in the next subsection.

We implement Optimal_Soln(v, Sy(v)) simply by selecting the lowest power

un-buffered solution at the root giving required-time ¢(7') > 0 when paired with the
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driver. Alternatively, this set of un-buffered solutions gives the full tradeoff curve

from which a solution may be selected.

2.5.1 Efficient Detection of Property 2.5.1

When constructing a solution set S, consuming power p, we would like to
efficiently determine if Property 2.5.1 holds for each (¢,q) € S,. Since the solution
sets can grow to be of substantial size, a linear scan of all other solutions to detect
this property would likely be a disaster. We now outline a data-structure to efficiently

support this operation.?

Reg-Time

Capacitance

Figure 2.6: Geometric illustration of detection of Property 2.5.1

Recall that we visit all power values in order and therefore, we know that
the entries in the data-structure are for all power values p’ < p. Thus the data
structure need only concern itself with ¢ and ¢ values — i.e., any solution which can
eliminate a solution consuming power p has previously been constructed and stored
in the data-structure; furthermore, all such previously visited solutions satisfy the
p’ < p requirement by default.

We need a data structure which efficiently supports the following operations.

2The help provided by Matthew Clegg in devising this data-structure must be acknowledged.
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e insert(c,q): update the data structure to reflect solution (e, ¢)

e sub_opl(c,q): returns TRUE if 3(¢/, ¢’) previously inserted s.t. ¢ < cand ¢’ > ¢,
FALSE otherwise.

The sub_opt() operation is illustrated in Figure 2.6. The data-structure must store
points in two dimensional space and determine if a candidate point (¢, q) is sub-
optimal — i.e., if the grey region in the figure contains any points. Such a data-
structure solves a special case of the Orthogonal Range Query problem from Compu-
tational Geometry (see e.g., [51]). Our problem is a special case for two reasons: first
we need not retrieve or count all (¢, ¢')’s satisfying the property and second, the sub-
space we are interested in is defined by two inequalities, ¢ < ¢ and ¢’ > ¢, rather than
four; in other words, our subspace is the intersection of the half-planes formed by two
inequalities rather than a rectangle formed by four such inequalities. These special
properties of our problem allow us to support the operations above in O(log m) time
and O(m) space for m entries by use of an augmented binary search tree. In contrast,
the fastest known approaches to the general 2-dimensional orthogonal range query
problem also run in O(log m) time but use O(mlogm) space.

To support the operations we order a binary search tree tree by load values
c. At each node t of the search tree we store the load value ¢ and the largest ¢ value
among the entries in ¢’s left sub-tree or al ¢ itself. We refer to this value as t.q; jqz-
Given this data-structure, insert() is easily implemented recursively and sub_opt()
can be implemented by examining the four following cases with respect to the given
¢,q and t.c and t.q a4z stored at the current node in the tree (boundary conditions

are not given for simplicity):

c<tc,g<t.qimar Explore left subtree
c<t.e,q>t.qmazr Return FALSE
c>t.c,qg <t.q mar Return TRUE

c>t.c,qg>t.q mar Explore right subtree

By following these guidelines recursively down the search tree, we can detect the
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property in time proportional to the depth of the tree.

2.5.2 Run Time

With respect to wire-sizing alone, i.e. |B| = 0, we notice that p = ¢ for
every candidate sub-solution since there is no decoupling by buffers. Thus the basic
algorithm is sufficient to solve the low-power problem: we get power minimization
“for free”.

In the general case of simultaneous wire sizing and buffer insertion (or buffer
insertion alone if W = 1), we have to take into account the quadratic nature of the
merging steps of the algorithm. Since we examine all pairs of power values from the
left and right children the solution sets are no longer assured to be linear in size.
However, when the capacitive values are given as polynomially-bounded integers or
can be mapped to such, once again we can show the run-time of the algorithm to be
polynomial.

As in Section 2.4.2 let emax be the largest possible capacitive value among
the components. Under this scenario, we bound the number of load-required_time
pairs at a node by (ncmax)?. This gives an overall run time bound of O(n(|B| +
W) (nemax)? log(nemax)) = O((|B] + W) (n*c a5 10g(nemax))). The log factor is an
artifact of the sorting performed on the power values.

In practice, we observe much better run times as a result of the additional
pruning described in the previous section (and not included in this analysis since we

cannot prove it improves the worst case performance).

2.6 Accounting for Signal Slew

We now give a further generalization of the algorithm to account for the
effect of signal slew on buffer delay. The key to our approach is the manipulation of

piece-wise linear functions to model the effect of signal slew.
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2.6.1 Overview

By Equation 2.2, buffer delay is augmented by the term A\, Dy, (recall
that Ay is a characteristic constant of buffer b and that Dy,,., is the RC delay of the
previous stage). Since our algorithm proceeds in bottom-up order, this is an unknown
value when computing the delay associated with a buffer. Conceptually, we would like
to support queries of the form “What is the optimal solution at v with capacitance ¢

and Diprey, = 77

max delay v->sink

@) (b)

Figure 2.7: Piece-wise linear function modeling effect of signal slew

Since Ay Drprey 18 linear in Dy, we utilize piece-wise linear functions to
model this effect. Where we previously had load-required_time pairs (¢, q), we now
have load-required_time_func pairs (¢, f) where f is a piece-wise linear function; f(z) =
q is the optimal required time ¢ at v for load ¢ and Dyppe, = 2.

We illustrate the modeling of delay by a piece-wise linear function in Fig-
ure 2.7. Figure 2.7(b) shows the piece-wise linear delay function f at node v in
Figure 2.7(a). The left and right subtrees have maximum delays of 5 and 4 units
respectively when Dr,,.., = 0. However, since the left and right subtrees are driven
by different buffer types, they have different sensitivities A; and A.. The straight lines
in Figure 2.7(b) equal to the two delay functions contributed by the two subtrees with
slopes corresponding to the sensitivities A; and A,. The resulting delay function f at

node v is shown as a solid line, which is the max of the two. Thus, different values of
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Diprey can result in different critical paths.

We represent a piece-wise linear function f by a linked list of quadruples
(%o, Yo, S, Tapq); €ach quadruple is a segment starting at point (zo, yo) ending at z., 4
and having slope s.

Our manipulation of piece-wise linear functions is based on three basic op-

erations:

[ =pwlmax(fi, f2) < f(z) = max(fi(z), fo(z)) Vz
[ =pwlmin(fi, f2) < f(z) = min(fi(2), fo(x)) Vaz
/' = pwliadd_scalar(f,d) < f'(z) = f(z)+d Vz
The first two of these operations can be performed in a manner similar to the
merging of two sorted lists in linear time by stepping through the lists and examining
points of intersection. Further, they can be generalized to operate on sets of functions
rather than pairs by repeated application, giving for example, pwl_max(f1, .., fx). The
third operation is achieved simply by adding d to the starting y-coordinate (yo) of
each segment in the function.
With respect to the dynamic programming algorithm, we must also asso-
ciate with each segment in the piece-wise linear function f the relevant configuration
information which yields the solution (e.g. wire-width, buffer type).

The algorithm modifications are summarized as follows:

(1) Where we had load-required_time pairs (¢, q), we now have load-required_time_func

pairs (¢, f)

(2) Where we computed scalar maz and min operations on arrival times ¢, we now

compute pwl_max and pwl_min operations on piece-wise linear functions.

(3) Where we eliminated sub-optimal solutions (¢, ¢) by Properties 2.4.2 and 2.5.1,
we now eliminate sub-optimal portions of solutions (¢, f) by analogous prop-
erties. These sub-optimal solutions now give required arrival time of —oo for

certain values of Dy ey .



A detailed description of the generalized algorithm follows

we focus on the low power formulation of the problem.

2.6.2 Algorithmic Details
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