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Abstract— Autonomous agents need considerable com-
putational resources to perform rational decision-making.
These demands are even more severe when other agents are
present in the environment. In these settings, the quality
of an agent’s alternative behaviors depends not only on the
state of the environment, but also on the actions of other
agents, which in turn depend on the others’ beliefs about the
world, their preferences, and further on the other agents’
beliefs about others, and so on. The complexity becomes
prohibitive when large number of agents are present and
when decisions have to be made under time pressure. In this
paper we investigate strategies intended to tame the com-
putational burden by using off-line computation in conjunc-
tion with on-line reasoning. We investigate two approaches.
First, we use rules compiled off-line to constrain alternative
actions considered during on-line reasoning. This method
minimizes overhead, but is not sensitive to changes in real-
time demands of the situation at hand. Second, we use
performance profiles computed off-line and the notion of ur-
gency (i.e., the value of time) computed on-line to choose the
amount of information to be included during on-line deliber-
ation. This method can adjust to various levels of real-time
demands, but incurs some overhead associated with itera-
tive deepening. We test our framework with experiments in
a simulated anti-air defense domain. The experiments show
that both procedures are effective in reducing computation
time while offering good performance under time pressure.

Keywords— Agent modeling, real-time decision-making,
adaptive agents, urgency, anti-air defense

I. Introduction

OUR aim is to design autonomous agents which are
boundedly rational while operating in multi-agent set-

tings and under time pressure. Using the paradigm of ex-
pected utility maximization for rational decision-making in
which there is uncertainty is known to be computationally
demanding [1]-[10]. We consider additional complexities
presented by multi-agent environments. In these settings,
the values of alternative courses of action an agent can con-
sider depend not only on the possibly complex and not fully
known state of its environment, but also on the actions of
the other agents. What the other agents can be expected to
do, however, depends on their capabilities, goals, and be-
liefs. Further, the other agents’ beliefs about other agents’
intentions may be relevant, as well as their beliefs about
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others’ preferences, beliefs, and so on. Clearly, computa-
tional demands may lead to an agent’s failure to decide on
how to act in an acceptable time.

Our approach is to rely on results accumulated during
off-line computation, and to use these results in conjunc-
tion with on-line reasoning. First, off-line computation can
be used to summarize regularities of decisions made in a
sample of randomly generated situations. We chose to rep-
resent the found regularities as rules dictating which ac-
tions should be candidates for execution and which could
be rejected outright, depending on the circumstances. This
information can be passed on to the on-line decision mak-
ing module to limit the number of alternative actions it
needs to choose among. For example, in many settings,
an agent cooperating with numerous other agents does not
need to worry about tasks that are remote from it but close
to other agents. These tasks can be usually safely ignored
if the other agents are capable of performing them, and the
agent can concentrate its computational resources on more
relevant alternatives. This method is simple and usually
effective but not very flexible. If, say, 10 out of 25 alter-
natives are judged as implausible, but choosing among the
remaining 15 still takes too long the agent is going to fail.

Our attempt to make deliberative reasoning more reac-
tive is similar in spirit to methods advocated in [11], [12].
However, most approaches rely on ready-to-use plans pre-
defined by the system designer and on the rules guiding
their execution. Our rules compile the results of off-line
deliberations and narrow the set of alternative actions con-
sidered by a deliberative component.

Another way of utilizing off-line computation is to ran-
domly generate sample problems and compute optimal de-
cisions off-line with progressively more information. The
resulting performance profile summarizes the increase in
the quality of decisions made due to increased computa-
tional effort. In other words, it quantifies the expected
value of computation in the class of sample problems. This
value can be compared to the cost of time, computed on-
line based on the situation at hand, to determine whether it
pays to invest more computation time in solving the prob-
lem. This method is more flexible in that it is sensitive to
the urgency of the situation at hand; if the current estimate
is that time is valuable the agent will not invest more in
the computation and execute the best action arrived at so
far. The agent is guaranteed not to run out of time if its
estimate of the value of time is accurate, and performance
is subject to the accuracy of this estimate. We present a
method for computing this estimate here.

Using performance profiles has been advocated in previ-
ous work [3], [5], [7], [13]. The approach we propose con-
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tributes by defining and using the notion of urgency, or the
value of time, and by applying it to multi-agent settings.

The paper is organized as follows. In Section II we
briefly compare our approach to related research. Sec-
tion III briefly presents the domain of simulated anti-air
defense and the Recursive Modeling Method, a deliberative
decision-making framework for multi-agent settings. Sec-
tion IV is devoted to methods that compile regularities of
the air-defense domain into rules that constrain alternative
actions that need to be considered. For example, an agent
may be able not to worry about tasks if the chances that
another agent will be able to take care of this task are suf-
ficiently high. In Section V we derive a method that uses
performance profiles and an estimate of the value of time
to optimally trade-off cost and benefit of further computa-
tion. Section VI provides a series of experiments showing
the performance of agents using the developed procedures
in the time-critical, anti-air defense domain. The exper-
imental results show that our approaches enable rational
agents to function and fulfill their mission under time pres-
sures. In the concluding Section VII, we summarize our
results and discuss further research issues.

II. Related Work

Our work builds on efforts by several other researchers
who focus on making autonomous systems practical while
functioning in complex environments and under time con-
straints.

One approach is to use a purely reactive reasoning proce-
dure [14]-[16]. The goal of reactive systems is to respond to
an observed condition with a predefined action. Although
such a system may be able to react very quickly to envi-
ronmental conditions, predefined plans are of less value if
a situation changes and re-planning is needed. Further, in
multi-agent settings, if no protocol or the overall plan can
be established explicitly in advance, a reactive system is
likely to lock the agents into suboptimal forms of behavior.
Our flexible reasoning procedures provide for bounded ra-
tional behaviors in dynamic environments when plans and
protocols have not been defined in advance.

In another approach, Bratman et al. [11] describe an
agent’s architecture that includes both means-end rea-
soning and decision-theoretic reasoning. For a resource
bounded agent, the agent’s beliefs, desires, and intentions
(BDI) are involved in the formation, revision, and execu-
tion of plans to constrain the deliberation process. Rao
et al. [12], [17] explore combining reactive and deliberative
behaviors provided by the BDI architecture, and use it for a
air-traffic management system OASIS. They advocate that
the agent commit to one of its plans and periodically recon-
sider its intentions, but the issue of how often, and based
on what information, to reconsider is left open.

Other rigorous efforts have focused on the meta-level ra-
tionality [1], [2], [18] of deliberative agents, which takes into
account deliberation costs, i.e., computation time used for
deliberation (see [13] for detailed summary). The decision-
theoretic agents following the meta-reasoning principle cal-
culate the expected improvement of decision quality given

the investment of computation time. These approaches
include work on the use of meta-reasoning procedures to
control inference [7], [19], and anytime algorithms [5], [9].
Meta-reasoning and anytime algorithms balance the costs
and the benefits of continued deliberation [2], [13] by per-
forming online computation of expected utilities of addi-
tional deliberation. Schut and Wooldridge [20] apply the
model of meta-reasoning to BDI agents to decide whether
or not intentions are reconsidered. Our approach also takes
the perspectives of meta-reasoning and anytime decisions
in that both approaches return different qualities of result-
ing behaviors with different amounts of computation, and
incorporate off-line simulation data into performance pro-
files. The contribution of our work is to precisely define
the notion of the value of time, or urgency, and to use
it in conjunction with performance profiles in multi-agent
settings.

In the field of multi-agent coordination, there have been
several approaches to support practical decision-making.
Lesser [21] proposes a domain independent agent archi-
tecture for a large-scale multi-agent environment, which
deals with adaptation to resource availability, trade-offs be-
tween resources and quality, and complex interdependen-
cies among agents. The implementation of components of
their software infrastructure and testing in sophisticated,
real-time multi-agent applications is an ongoing work. Dur-
fee [22] suggests strategies for making coordination practi-
cal when agents use the Recursive Modeling Method [22]-
[25], which we also use, as a decision-making framework.
These strategies include simplifying utility computations,
limiting possible choices, treating multiple agents as one,
and so on. This work is similar to our current work and
we build these ideas, but we put them on the more formal
footing of defining precisely the urgency of the situation,
computed on-line, and the benefits of continued computa-
tion, prepared off-line.

III. Deliberative Decision-Making in Anti-Air
Defense

Our framework for rational decision-making in multi-
agent settings is based on the Recursive Modeling Method
(RMM) [22]-[25]. In RMM an agent chooses its action so as
to maximize its expected utility based on what it expects
the other agents’ choices will be. The expected actions of
others are derived from the models of the other agents’
decision-making, as depicted in Fig. 1. The fact that the
other agents might themselves be modeling others gives rise
to a recursive hierarchy of models called a recursive model
structure (RMS) (we give a concrete example of decision-
making using RMM later in this section).

In [25] the models are formalized as payoff matrices, but
they can also take the form of influence diagrams. To learn
the models, agents can use forms of Bayesian learning based
on observations of others, as we described in [24]. In [25] we
assumed that the agents can only possess finitely nested in-
formation about each other, which leads to recursive model
structures of finite depth. Such finite recursive model struc-
tures can be solved using dynamic programming, but, in
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Fig. 1. A recursively nested models of agents comprising the recursive
modeling structure (RMS) of Agent1.

the worst case, the size of the structure is still exponential
in the number of agents. It is clear that the purely deliber-
ative, full-blown RMM needs to be supplemented by other,
more reactive methods for more complex and time-critical
scenarios [26].

Let us take a specific example of anti-air defense domain
[27]-[30]. It consists of a number of attacking targets and
coordinating defense units, as depicted in Fig. 2. This sce-
nario has 18 incoming targets, labeled A through R, and 6
defending agents, labeled 1 through 6, depicted as triangles
on the bottom of the figure. Each of the defense units are
assumed to be equipped with interceptors, and to be capa-
ble of launching them, if they are not incapacitated. The
defense agents autonomously decide to launch their inter-
ceptors, labeled 1 through 12 in Fig. 2, at selected targets.
The incoming targets keep moving straight down to attack
the territory on which the defense units are located.1 The
mission of the defense units is to attempt to intercept the
attacking targets so as to minimize damages to their own
territory. Let us note that our model promotes coordina-
tion – if the defense agents mis-coordinate and attempt to
intercept the same threat, another threat could reach its
destination and cause damage proportional to the warhead
size.

The defense agents analyze a particular defense situation
in decision-theoretic terms by identifying the attributes
that bear on the quality of alternative actions available
to the agent. First, each attacking target presents a threat
of a certain value, here assumed to be the size of its war-
head. Thus, the defense units’ preference is to intercept
threats that are larger than others. Further, the defense
units should consider the probability with which their in-
terceptors would be effective against each of the hostile

1Several demonstrations of the air defense domain are located at
http://dali.ai.uic.edu.

Fig. 2. A complex anti-air defense scenario. In this scenario, the
targets are labeled A through R, the defense units are 1 through 6
within the triangles, and the interceptors are 1 through 12.

targets. The interception probability, P (Hij), depends on
the angle, γij , between the target j’s direction of motion
and the line of sight between the battery i and the target
(see, for example, [31]), as follows:

P (Hij) = e−µγij (1)

where µ is an interceptor-specific constant (assumed here
to be 0.01).

The fact that the incoming targets travel down and that
it becomes more difficult to intercept them as time proceeds
means that time is valuable, and the situation is urgent.
We define the notion of urgency, or value of time, below,
and our agents compute it on-line to limit their computa-
tion.

To represent agent’s beliefs about the world and other
agents, we implemented an agent’s knowledge base (KB) as
a hierarchical system of classes and objects which are recog-
nized in the environment [29], [32]. As the agent identifies
new objects in its environment, it creates instantiations
of classes in its KBs to represent information about these
objects. As we mentioned, the agents compile the infor-
mation contained in their declarative KB’s into compact
payoff matrices to facilitate expected utility calculations.
A payoff matrix [33], [34] used in game theory can be seen
to faithfully summarize the information contained in the
KB by listing the expected payoffs of possible decisions,
depending on the parameters (attributes) describing the
domain.

For the sake of simplicity we will explain our model-
ing approach in a much simpler case of two targets and
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two defense agents. We’ll assume that each of the bat-
teries has only one interceptor (we conducted experiments
in more complicated settings involving multiple salvos and
more attacking targets as we explain later on). In a sim-
ple anti-air defense domain, shown in Fig. 3, the top left
corner of the screen is assumed to have coordinate value
of (0, 0), with x pointing right, and y pointing down. The
expected benefit of firing an interceptor at a threat can be
quantified as a product of the size of the threat, i.e., its
warhead size, and the interception probability. For exam-
ple, in Fig. 3, the expected utility of Battery1’s shooting
at the threat A and Battery2’s shooting at the threat B
amounts to 206.8(= 100× 0.94 + 120× 0.94). This value is
entered in the payoff matrix, such as one on top in Fig. 4.
In this payoff matrix the rows represent Battery1’s alter-
native actions of shooting at A, B, and not shooting at all
(S), respectively, and the columns represent the alternative
actions of Battery2.

Missile     Position    Warhead
A           (6,3)           100
B           (14,9)          120

21

A

B

Battery  Position  P(H   )  P(H   )iA iB

1         (7,20)      0.94       0.56
2        (13,20)     0.58       0.94

Fig. 3. An example of a simple anti-air defense scenario.

In Fig. 4, the top payoff matrix compactly represents the
decision-making situation that Battery1 is facing. To solve
it, Battery1 needs to predict what Battery2 is likely to do;
for example if Battery2 were to shoot at A it would be best
for Battery1 to shoot at B, but if Battery2 is expected to
shoot at B then Battery1 should definitely target A.

The actual behavior of Battery2, however, depends on a
number of factors that Battery1 may be uncertain about.
Specific values of these factors lead to a number of alterna-
tive models of Battery2’s decision-making situation. Each
model is used to probabilistically predict Battery2’s behav-
ior. For example, if Battery2 has been hit and incapaci-
tated, it will not be able to launch any interceptors. This
model can be represented by the probability distribution of
[0, 0, 1], which assigns the probability of 1 to Battery2 not
shooting, and zero to its shooting at A and B.

If Battery2 is not incapacitated and it has long range
interceptors (suitable only for intercepting target A) and
short range interceptors (suitable only for B), then its
decision-making situation can be represented as another
payoff matrix. This is the left-most matrix in the second
level of structure in Fig. 4. Further, Battery2 may have
run out of long range or short range interceptors. If Bat-
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Fig. 4. RMM’s recursive model structure for Battery1’s decision
making.

tery2 has only long range interceptors, it would be unable
to attack target B, and can only attempt to intercept A.
If Battery2 has only short range interceptors, it can only
attempt to shoot at target B. These four models, of Bat-
tery2 being fully operational and having long and short
range interceptors, operational with only long-range inter-
ceptors, having only short-range interceptors, and incapac-
itated, are depicted as the second level models in Fig. 4,
with their associated probabilities, in this case 0.3, 0.3, 0.3,
and 0.1, respectively. The probabilities associated with the
alternative models can be arrived at using Bayesian update
based on the observed behavior of the other agents, as we
described in [24], [29].

The resulting hierarchy of models terminates with a
No-info model when the agent (in this case Battery1) runs
out of modeling information. The recursive modeling could
continue into deeper levels, but in this case we assumed
that Battery1 has no further information about how Bat-
tery2 is modeling Battery1. Since models are used to
estimate behavior, the No-info model in this case repre-
sents a uniform probability distribution over the space of
all possible probabilistic predictions Batter2 might have as
to Battery1’s behavior (see [25] for details). We have de-
signed and implemented a numerical method of solving the
No-info models [27], [28] using logical sampling.

The Recursive Modeling Method uses dynamic program-
ming bottom-up solution [27], [28] to process model struc-
tures as in Fig. 4 and determine the rational choice of co-
ordinated action. In this case, Battery1 computes that if
Battery2 is fully operational then the probability distribu-
tion over Battery2’s actions A, B, and S is [0.03, 0.97, 0.0].
We used the sampling algorithm with the density of 0.1
to account for No-info below in the model structure. If
Battery2 has only long-range interceptors it will choose to
shoot at target A, i.e., the probability distribution over
Battery2’s actions becomes [1, 0, 0]. If Battery2 has only
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short-range interceptors it will intercept target B. These
probability distributions are combined using the beliefs of
the alternative models:

0.3× [0.03, 0.97, 0] + 0.3× [1, 0, 0] + 0.3× [0, 1, 0] +
0.1× [0, 0, 1] = [0.31, 0.59, 0.10].

The resulting distribution is Battery1’s overall expecta-
tion of Battery2’s actions, given all of the remaining uncer-
tainties. Propagating these results to the upper level, the
combined probability distribution describing Battery2’s ac-
tions is used to compute the expected utilities of Battery1’s
alternative actions. We have

EU(A) = 0.31× 97.6 + 0.59× 206.8 + 0.10× 94.1 = 161.74
EU(B) = 0.31×125.3+0.59×116.8+0.10×66.9 = 114.45
EU(S) = 0.31× 58.4 + 0.59× 112.8 + 0.10× 0 = 84.66.

Thus, given the uncertainties about Battery2, Battery1’s
rational coordinated choice is to intercept target A. Note
that if Battery1 had more modeling information, for exam-
ple if it was known how Battery2 is modeling Battery1, the
estimates above would be more precise, and the expected
utility of the best action would be higher. As expected, ad-
ditional information improves the quality of the result, but
at the expense of computational effort needed to process it.
The improving quality of the choice made, the additional
computation time, and the urgency of the situation are the
three factors we use to bound the rationality of an agent
operating under time pressure.

IV. Compilation of Decision-Making into Rules

The first of the decision-making procedures we consider
uses compiled rules to constrain the set of alternative ac-
tions among which the agent needs to choose. This helps to
constrain the computational effort, since a smaller number
of alternative actions translate into a smaller payoff matrix
that the agent has to process.

The rules are constructed by compiling the deliberative
decision-theoretic reasoning. The compilation process ex-
ploits the regularities of the multi-agent domain and avoids
time consuming deliberations in urgent situations. We use
machine learning algorithms to obtain the rules. For input
cases, we use the results of decision-theoretic solutions of
full-blown recursive model structures performed off-line in
randomly generated anti-air defense settings. The various
compilations available, and their combinations with delib-
erative methods, constitute a spectrum of approaches to
making decisions under the constraints of available compu-
tational and cognitive resources, and under time pressure.
We chose an architecture according to which rules obtained
off-line serve as a pre-processing stage to the more accurate
but slower deliberative decision-making. In other words,
the compiled rules filter out the actions which are likely to
be suboptimal, and pass only the plausible actions to the
next step of the deliberative reasoning.

We will use the following notation:

• a set of agents: N = {n1, n2, . . .};
• a set of actions of agent ni, ni ∈ N : Ani

= {a1
i , a

2
i , . . .};

• a set of possible world states: S = {s1, s2, . . .};
• a set of states of knowledge of agent ni: KBi =
{kb1

i , kb2
i , . . .};

• a set of compilation methods, L = {l1, l2, . . .}, corre-
sponding to machine learning algorithms employed by the
agent.

The expected utility of the best action, α, of agent ni,
arrived at using the body of information E, and executed
at time t, is given by2

EU(α|E, t) = maxaj
i
∈Ani

ΣkP (sk|E, t, aj
i )U(sk) (2)

where
• P (sk|E, t, aj

i ) is the probability that a state sk will obtain
after action aj

i is executed at time t, given the body of
information E;
• U(sk) is the utility of the state sk.

An agent which is not subject to computational limi-
tations would substitute its full state of knowledge for E
above, and compare expected utilities of all possible ac-
tions immediately. The impracticality of this computation
motivates us to consider the rules, which limit Ani , and
the reasoning about the scope of modeling knowledge that
should be used, which limits E.

Since the actual state of the world may not be fully ob-
servable, elements of S cannot be used as a left-hand-side
of a rule. Instead, the antecedents of the rules are descrip-
tions of the agent’s KB expressing what is known, as well as
what is uncertain and to what degree. This leads to rules
that could specify, for instance, whether an incoming tar-
get located at the other end of the defended territory does,
or does not, have to be considered as a plausible choice, de-
pending on the probability that the agent defending that
part of the territory is incapacitated. We would expect
that, if it is known that the other agent is fully operational,
the learned rules would allow the agent not to consider the
target. If, however, the target size is large enough, and the
uncertainty of the other agent being operational is high
enough, the threat will be included among ones considered
for interception.

Given a learning method lm ∈ L, a set of compiled
decision-making rules of agent ni is defined as

ωi
lm : KBi ×Ani 7→ {True, False} (3)

representing that an action should be considered (True),
or not be considered (False), in an arbitrary condition of
the agent’s ni state of knowledge.

Given a specific state of knowledge kbk
i and a learning

method lm, the set of plausible actions A′ni
for the agent

ni is

A′ni
= {aj

i : aj
i ∈ Ani and ωi

lm(kbk
i , aj

i ) = True} (4)

2Our notation follows [3], [35].
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so that A′ni
⊆ Ani . The set of plausible actions results

from applying the compiled rules in the ωi
lm

to the cur-
rent state of knowledge and all possible alternatives. Say,
given kbk

i and Ani = {a1
i , a

2
i , a

3
i }, if ωi

lm
(kbk

i , a1
i ) = True,

ωi
lm

(kbk
i , a2

i ) = False, and ωi
lm

(kbk
i , a3

i ) = True, then a1
i

and a3
i are plausible, and a2

i is not, according to the rule
set ωi

lm
. Given the set of pre-filtered plausible actions our

agent maximizes the expected utility among them [3], [35]
so its best action is

arg maxaj
i
∈A′ni

EU(aj
i |E, t). (5)

Various machine learning algorithms compile decision-
theoretic models into different functions ωlm , each enabling
the agent to take advantage of regularities in the envi-
ronment in a different way. As mentioned, we generate
the training examples for the learning algorithms from the
results of deliberative reasoning performed by the Recur-
sive Modeling Method in randomly generated air defense
episodes. We discuss specific results below, after we intro-
duce the other flexible decision-making procedure.

V. Flexible Decision-Making Using the Value of
Time

As we mentioned, in multi-agent domains, the difficulty
lies in computing P (sk|E, t, aj

i ) because these transition
probabilities depend also on the actions of other agents,
which have to be included as conditioning terms. Our ap-
proach is based on expected utility maximization when the
information, E, is contained in Recursive Modeling Method
(RMM)’s recursive model structure.

The procedure we consider now is aimed at identifying
the appropriate scope of modeling, E, based on perfor-
mance profiles [5], [8], [9] computed off-line, and on the
urgency of the situation [3]-[5], [7], [8] computed on-line.
We are inspired by techniques used by humans in real-life
situations when they make coordinated decisions with a
large number of individuals. We frequently consider and
think about only a few agents in our immediate vicinity for
the purpose of coordination. Similarly, our agents begin by
considering their closest neighbors first, and then broaden
the scope by including more distant agents (in Fig. 1, this
corresponds to broadening of the recursive modeling struc-
ture). At the same time, our agents need to decide on how
deep the modeling should proceed. While reasoning with
information at deeper levels, if available, results in better
decisions, it also requires more computation time.

Given the dimension of breadth, which corresponds to
the number of agents modeled, and depth, which corre-
sponds to the reasoning level in the recursive model struc-
ture, as depicted in Fig. 1, we use an iterative deepening
algorithm. The iterative deepening algorithm starts with
the least amount of information about the world and other
agents, and decides on a default action which is ready to ex-
ecute almost immediately. Including more information, by
increasing the depth and breadth of the recursive model
structure, results in actions with higher expected utility.

The actual quality of the resulting decisions can be tested
in randomly generated interaction episodes. The resulting
increase in performance is represented as a performance
profile [13], [18].

Further, we define the notion of urgency, or the value of
time, computed on-line given a situation at hand. The in-
tention is to enable the agent to be optimal as it trades off
the value of time for increase in quality of more informed
decision-making. Thus, if time is valuable an agent is pre-
disposed to arrive at a decision quickly. When the situation
is not urgent (the time is not very valuable), the agent can
afford to consider more information and spend more time
deliberating and looking for better solutions.

Definition 1: Given a state of knowledge, kbi, of an
agent, ni, the urgency, or the value of time to ni, is the
rate of disutility accumulation due to ni’s inaction.

Our definition above is closely related to a notion called
opportunity cost in the jargon of the economics literature.

We now have defined all of the elements allowing opti-
mal trade-off of computation and time. To derive how these
notions should be combined let us consider an agent which
arrived at the currently favored action, α, using body of in-
formation E. Agent ni can execute the action immediately,
or continue computing by increasing the body of knowledge
considered, and including additional information, e [3], [5],
[7]. If the agent were to continue computing with informa-
tion E + e, the result would be α′. The new decision could
be the same as α, and would be available for execution at
time t + t′, where t′ is the computation time used. The
decision of whether to keep computing with extra informa-
tion or whether to execute the best current action comes
down to following comparison:

EU(α′|E + e, t + t′) > EU(α|E, t). (6)

That is, if the expected utility of delayed action arrived
at using more information is greater than the utility of
acting now on the current best, the agent should keep on
computing using the information E+e. The challenge is to
determine whether the above inequality holds without ac-
tually computing EU(α′|E + e, t + t′). Using performance
profiles one can estimate EU(α′|E +e, t), i.e., the expected
value of decision based on information E +e, executed cur-
rently. Since the actual action α′, based on the informa-
tion E +e, is not available, we postulate that the currently
available α be used to estimate the EU(α′|E + e, t + t′) as
follows:

EU(α′|E + e, t + t′) ≈
EU(α′|E + e, t)− [EU(α|E, t)− EU(α|E, t + t′)]. (7)

Thus, the value of delayed action α′, which is currently not
available, is computed assuming that its quality deterio-
rates with time at the rate equal to that of α, which has
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already been computed. Substituting the above into (6)
and rearranging terms, we get

EU(α′|E + e, t)− EU(α|E, t) >

EU(α|E, t)− EU(α|E, t + t′). (8)

The left hand side of the above inequality is the benefit
of further computation which can be estimated from the
performance profile in case that the best current action
can be carried out instantaneously. The right hand side
is the current estimate of urgency, or the value of time,
defined before as the rate with which the expected utility
of the best current alternative deteriorates with time. The
trade-off between the value and cost of further computation
is now clearly defined. For example, if the system slowly
processes the data and the urgency is high, then the value
of time is greater than the benefit of computation, and
immediate action should be taken.

VI. Testing and Evaluation

The experiments in this section are designed to validate
the rational coordination and flexible decision-making pro-
cedures by applying them to anti-air defense domain. We
use an anti-air defense simulator written in Common LISP
and built on top of the MICE simulator [36], running on
a LINUX platform. For each scenario in the simulated en-
vironment, the positions and warhead sizes of targets are
randomly generated. The target positions range from 0 to
10 and the warhead sizes vary between 100 and 300.

We use the following settings:
• 2 vs. 2. There are two defense agents and two incoming
targets. The 2 vs. 2 setting is for preliminary learning of
rules that limit the number of alternative behaviors;
• 6 vs. 6. There are six defense agents and six incom-
ing targets. This setting is used to generate performance
profiles and to test the calculation of urgency;
• 6 vs. 18. There are six defense agents and 18 targets.
The 6 vs. 18 setting is used to test the two procedures we
considered in scaled-up situations.

We measure an agent’s performance in terms of the to-
tal threat removed. The total threat removed is a sum of
the removed warhead sizes of the attacking targets. If a
target was not intercepted it does not contribute to the
performance at all. The agent’s performance and compu-
tation time were gathered on a 500 MHz PentiumTM III
single-CPU machine.

A. Compilation of Deliberative Decisions

To construct compiled rules for our agents in the co-
ordinated defense domain we used four machine learning
algorithms: naive Bayes classifier3, C4.5 [38], CN2 [37],
and FOIL [39]. Hence, the set of compilation methods L
was {Bayes (= l1), C4.5 (= l2), CN2 (= l3), FOIL (= l4)}.
For the Bayesian classifier, the results are represented as
rules specifying the probability of occurrence of each at-
tribute value given a class [37], in our case True (also

3We implemented a simple Bayesian classifier described in [37].

called Select Target below) and False (also Don’t Select
Target below). C4.5 represents its output as a decision-
tree, and the output of CN2 is an ordered set of if-then
rules. The trained results of FOIL are the relations of at-
tributes as function-free Horn clauses. We now describe
the agent’s compiled knowledge by using the above learn-
ing algorithms, and compare their decision capabilities in
the anti-air defense environment.

A.1 Learned Condition-Action Rules in 2 vs. 2 Settings

In our experiments we considered agents that vary in
their capacities, and that have limited knowledge about
other agents. Some of the attributes contained in agents’
KBs when they interact in an anti-air defense environ-
ment are summarized in Table I. They include the size,
speed and angle of the attacking targets, the agent’s own
intercepting capabilities (i.e., its possessing both long- and
short-range interceptors, only long-range interceptors, only
short-range interceptors, and its being incapacitated and
unable to shoot), and the probabilities associated with the
capabilities of the other defense agent4 (the other agent’s
possessing both long- and short-range interceptors, only
long-range interceptors, only short-range interceptors, and
its being incapacitated and unable to shoot).

TABLE I

The relevant attributes in the 2 vs. 2 anti-air setting

Attribute Type Value
Target Size numeric 100 - 300
Target Speed discrete slow, mid, fast
Target Angle numeric 0 - 90
Distance numeric 0 - 20
Capacity discrete both, long, short, incap.
P(long, short) numeric 0.0 - 1.0
P(only long) numeric 0.0 - 1.0
P(only short) numeric 0.0 - 1.0
P(incapacitated) numeric 0.0 - 1.0

Given a scenario composed of the attributes in Table I,
our agents made deliberative decisions using the Recur-
sive Modeling Method, as described in Section III. The
resulting decisions were fed into the learning algorithms
as training data. For each target in an anti-air defense
setting, the training data was obtained as a tuple of at-
tribute values and a class True, if the target is selected,
or False, otherwise. The learning algorithms l1 through
l4, then compiled the training data into a different set of
rules ωlm . The learned decision rules ωlm , as defined in
(3), take into account only the properties of one target at a
time, not of the whole configuration. As an example, a de-
cision tree obtained using C4.5 (= l2) for these attributes
is depicted in Fig. 5. Based on the resulting decision tree,
one of compiled rules in ωl2 is “if Capacity = short and
Distance >= 15, then False.”

4Table I describes parameters for two agents and the generalization
to a set of agents requires an additional set of probability parameters.
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Size
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127 > 127 <= 13 > 13 <=
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{Don’t Select Target}

15 <=15 >

. . . . . .

{Don’t Select Target}

longboth short incapacitated

Distance

28 <=28 >

. . . . . . {Select Target}

Capacity

Angle

Fig. 5. The decision tree obtained by C4.5.

A.2 Performance of Compiled Rule Sets

To evaluate the quality of various rule sets generated
by different learning algorithms the performance obtained
was expressed in terms of the total threat removed from
friendly forces after launching interceptors.

To guarantee the soundness of the learning hypothesis,
we generated several sets of training examples. As the num-
ber of the examples increased, the resulting performance
improved sharply up to a certain point, after which per-
formance leveled off. We found that, in anti-air defense
scenarios that included two batteries and two targets, the
sufficient number of training instances was 250.

We applied the compiled condition-action rules ωlm , ob-
tained by different learning methods lm, into a new set of
250 scenarios, and could get the set of plausible actions
A′ni

, as described in (4). We tested the performance of the
reactive learning methods as well as that of the deliberative
RMM. The results of average performance (the total threat
removed) and computation time (second) are described in
Table II.

TABLE II

Performance and running time of algorithms in the two

defense agents and two targets setting

Methods Performance Computation time
Deliberative

RMM 200.6± 97.9 0.0062± 0.0048
Reactive

Bayes 170.5± 105.9 0.0027± 0.0044
C4.5 158.4± 102.2 0.0019± 0.0039
FOIL 155.9± 104.8 0.0024± 0.0042
CN2 154.3± 100.5 0.0025± 0.0043

ANOVA 8.935 15.592

We analyzed the performance results in table II using the
standard analysis of variance (ANOVA) method. Since the
computed value of f = 8.935 in ANOVA exceeds 3.32(=
f.01,4,∞) from the F distribution, we know that the five
teams consisting of two defense agents controlled by five
different methods were not all equally effective at the 0.01

level of significance (i.e., the differences this large in our
sample would only arise with a probability of less than 0.01
if there were no real differences). In Table II, the obvious
difference was between the deliberative RMM and the sets
of reactive rules. The average performance of RMM was
200.6 while that of reactive methods was 159.8, and the
average computation time of RMM was 0.0062 while that
of reactive methods was 0.0024.

As we expected, the deliberative RMM showed the best
performance. The naive Bayesian classifier computed the
probabilities for two classes, and enabled the defense agents
to select the target which had the highest probability of
being in the class of targets to be intercepted. Due to con-
taining information about the probabilities for each tar-
get, the naive Bayesian classifier showed both good perfor-
mance and relatively short running time. When the rule
sets obtained from C4.5, CN2, and FOIL were used, they
frequently, and somewhat uniquely, were unable to decide
which target to intercept in some cases. In other words,
both targets in the setting were classified into the set of
plausible actions, or both targets frequently were not rec-
ommended for interception. If the defense agents still were
ambiguous in target interception after applying compiled
rules, they randomly selected the target, which explains
poor performance.5

RMM required the longest running time, and C4.5
needed the shortest running time among the five decision
procedures. ANOVA revealed that the five running times
were not all equally effective at the 0.01 level of significance.
When making a decision, the defense agents compared the
current sensory input with one of the condition-action rules
to classify a new example. The learning results obtained
from CN2 and FOIL were represented by the sequential
comparisons of if-then clauses while C4.5 used the decision
tree, which computes the entropy of each attribute. Due
to this difference it took longer to run CN2 and FOIL than
C4.5. The advantage of the decision tree was in that it
reduced the number of matches by disregarding nodes in
the tree unrelated to the input.

To measure the efficiency of an agent which uses the reac-
tive rules to filter the alternatives passed on to a delibera-
tive procedure, we experimented with the scaled-up setting
depicted in Fig. 2. In this setting, there were six defense
agents and 18 incoming targets. The RMM agents we im-
plemented for these experiments modeled only their closest
neighbors for coordinated decision-making to reduce their
deliberation time. Since, as shown in Table II, the Bayes
classifier and C4.5 performed best among the reactive rule
sets in the 2 vs. 2 setting, we used these two learning al-
gorithms to get a set of plausible actions for our agents in
the scaled-up setting. As training data for the two learn-
ing algorithms, we generated 13, 800 tuples, which consist
of 10, 200 for Don’t Select Target class, and 3, 600 for Select
Target class. The results of average performance (the to-
tal threat removed) and computation time (second) in the
scaled-up setting are described in Table III.

5This alone suggests that the rules are useful as filters but not as
ultimate decision tools, which is what we tested for further below.
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TABLE III

Performance and running time of algorithms in the

scaled-up setting

Methods Performance Computation time
Deliberative

RMM 2458.5± 261.8 18.455± 1.708
Compilation

Bayes-RMM 2389.1± 259.7 2.075± 2.229
C4.5-RMM 2361.1± 233.2 1.004± 0.653

Reactive
Bayes 2164.9± 267.4 0.791± 0.043
C4.5 1885.5± 236.3 0.127± 0.009

Table III presents the average total threat removed after
200 randomly generated defense episodes. We focus on
the performances of three different agents: RMM, Bayes-
RMM, and C4.5-RMM. The Bayes-RMM agents use naive
Bayesian classifier to generate a set of plausible actions
(A′ni

), and then using RMM to decide among the plausible
actions, as expressed in (5), and similarly for C4.5-RMM.
The performance of the purely deliberative RMM agent
was, again, the best. The performance levels of Bayes-
RMM and C4.5-RMM agent were 97.2% and 96.0% of the
RMM agent’s performance, respectively. The average size
of the set of filtered plausible alternative actions (|A′ni

|)
were 7 and 9 out of 18 targets for Bayesian classifier and
C4.5, respectively.

The running times of agents with filtered actions were
drastically reduced. The total running time for Bayes-
RMM agent was 2.075 on the average, and the C4.5-
RMM agent needs 1.004 seconds for its target selection
in the simulated anti-air defense environment. This result
indicates that the combination of reactive and delibera-
tive decision-making procedures saves the agent’s delibera-
tion time while offering good performance, compared with
purely deliberative procedure. As before, among the purely
reactive procedures, the performance of Bayesian classifier
was better than that of C4.5 because it included the ad-
ditional probabilistic information that the agent put the
plausible targets in order of their probabilities within the
“select for interception” category. Since the defense agents
controlled by C4.5 alone randomly selected the targets af-
ter filtering out unprofitable targets, its performance was
the worst.

B. Performance Profiles of Iterative Deepening Algorithm

Performance profiles using the iterative deepening algo-
rithm was generated in the six defense agents and six in-
coming targets setting, as depicted in Fig. 6. In the ex-
periment, the breadth of modeling space ranges from two
to six and the depth of modeling space varies between one
and four (see Fig. 1). The algorithm begins with the sim-
plest modeling space, that is, two agents and reasoning
depth one and incrementally adds the amount of informa-
tion up to six agents and depth four. For baseline per-
formance, we include the performance of agents controlled

by random and independent (i.e., without modeling other
agents) target selection strategies. The experimental re-
sults of average performance (the total threat removed) and
computation time (second) after 100 runs are summarized
in Table IV. The left-most column specifies how many
agents were included, and down to what depth of nesting,
in the recursive model structure.6 As before, the more total
threat removed indicates the better performance.

TABLE IV

Performance and computation time of the agents using

random, independent, and iterative deepening algorithm in

the 6 vs. 6 setting

Methods Performance Computation Time
Random 516.2± 126.6 0.013± 0.007
Independent 527.9± 175.3 0.017± 0.005
2 w/ depth 1 809.7± 105.1 0.040± 0.015
2 w/ depth 2 816.7± 108.9 0.056± 0.020
2 w/ depth 3 841.4± 82.1 0.058± 0.021
2 w/ depth 4 859.9± 57.9 0.062± 0.043
3 w/ depth 1 906.2± 98.3 0.364± 0.047
3 w/ depth 2 1001.3± 60.2 0.374± 0.053
3 w/ depth 3 1050.8± 46.3 0.381± 0.051
3 w/ depth 4 1055.0± 47.9 0.373± 0.054
4 w/ depth 1 1055.2± 48.9 3.036± 0.380
4 w/ depth 2 1055.4± 48.0 3.129± 0.501
4 w/ depth 3 1055.7± 50.8 3.168± 0.556
4 w/ depth 4 1055.9± 47.4 3.202± 0.570
5 w/ depth 1 1057.2± 48.0 32.533± 11.064
5 w/ depth 2 1057.4± 46.6 38.400± 7.026
5 w/ depth 3 1057.7± 46.3 37.675± 6.813
5 w/ depth 4 1058.1± 49.0 37.975± 7.108
6 w/ depth 1 1060.6± 45.3 144.776± 97.834
6 w/ depth 2 1060.8± 44.4 691.043± 166.245
6 w/ depth 3 1061.2± 44.3 689.943± 164.606
6 w/ depth 4 1061.5± 44.0 692.443± 164.804

The random agents showed the worst performance,
516.2, and spent the shortest computation time, 0.013. The
performance (527.9) and the computation time (0.017) of
the independent agents were similar to those of the ran-
dom agents. The independent agent, maximizing its own
expected utility without considering others, did not score
well in this coordination experiment and obtained next to
the worst performance. Compared with the performance
of the independent agent, the performance of the agent7

coordinating with one neighboring agent was 809.7. This
is an increase by 53.4%. This case is a clear illustration
that modeling other agents is advantageous for effective
coordination.

As the depth or the breadth of modeling space increased,
the performance improved as we expected. When the num-
ber of agents considered for coordination was two or three,
the threat removed from our defense area increased from

6The Random agent could be labeled as 0 w/ depth 0, and Inde-
pendent as 1 w/ depth 0, according to this method.

7In Table IV, this corresponds to 2 with depth 1.
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809.7 to 859.9 when each defense agent considered the other
agent, and increased from 906.2 to 1055.0 when it modeled
two other agents. However, as more agents and further
reasoning depth were included, the result of performance
increase leveled off. The amount of improvement from
3 with depth 4 to 6 with depth 4 in Table IV was only
6.5(= 1061.5− 1055.0) due to more information.

As more breadth and more depth were considered, our
agents also required more computation time. As more
agents, between 2 and 5, were added, the running times
range over [0.040− 0.062], [0.364− 0.381], [3.036− 3.202],
and [32.533−38.400], respectively. When all six agents were
considered for coordination, it should be noted that the
computation time at reasoning depth two (691.043) took
five times as long as that of reasoning depth one (144.776).
Proceeding to more than depth one, the agents (6 with
depth 2 through 4) needed to compute additionally five
six-dimensional payoff matrices and so used relatively more
running time to construct and evaluate the matrices. Since
the increase in dimensions of payoff matrices is equal to the
increasing number of agents considered, the computation
time spent depending on the number of agents was saliently
different.

C. Determining the Scope of Modeling Using Value of
Time

Our definition of urgency, expressed also in relation (8),
gets at the intuition that an agent stands to lose utility as
time progresses in an urgent situation if the agent is not do-
ing anything to remedy the situation. For example, an air
defense unit’s not trying to intercept the incoming threats
may cause the increase in the probability of increased dam-
ages. Thus, the situation is urgent in that the defense agent
loses utility as time progresses.

C.1 Example Scenario

As a simple example let us consider the scenario depicted
in Fig. 6. This scenario has six incoming targets and six
defending agents in a 20 by 20 grid world. Fig. 6 shows
the initial positions of the defense agents and the incoming
targets. As before, the defense agents are stationary, and
the incoming targets move straight down at the rate of two
grids for one second.

In this example, we focus on the agent 1’s decision-
making situation. Agent 1 randomly chooses one of the
six targets for its default action which takes 0.013 second.
Then agent 1 compares the benefit and the cost of compu-
tation, as described in relation (8). First, agent 1 computes
the cost of computation given its randomly selected target,
say D. At current time step the interception probability is

At time t, P (H1D) = 0.979008.

After one second target D will be closer to the defense
agents by two grids, the angle between the battery’s line
of sight and D increases from 21 to 23, and the intercep-
tion probability from the agent 1’s perspective decreases as
follows:

Positions: (2,3) (5,2) (7,1) (10,2) (13,3) (16,1)
Targets:     A      B      C      D       E       F

1

A
B

Positions: (3,20) (6,20) (9,20) (12,20) (15,20) (18,20)
Batteries:     1       2        3          4          5         6

2 3 4 5 6

C
D

E

F

Fig. 6. An example anti-air defense scenario. There are six defense
units and six incoming targets.

At time t + 1, P (H1D) = 0.976680.

Given the warhead size of target D of 250, the intercep-
tion probabilities at different time steps, and the computa-
tion time for deliberating longer (the decision-making using
independent strategy requires 0.017 computation time, as
described in Table IV), the cost of computation is given
by8

EU(α|E, t)− EU(α|E, t + 0.017)
= (0.979008− 0.976680)× 250× 0.017 = 0.009894.

Given the performance profiles in Table IV, the benefit of
computation (the left hand side of relation (8)) is

EU(α|E + e, t)− EU(α|E, t) = 527.9− 516.2 = 11.7.

Therefore, in this example scenario, since the benefit of
computation is greater than the cost of computation, the
agent should not execute the immediately available action
of shooting at a randomly picked target D at the initial
time t, but it should consider the extra information e (con-
sisting of the agent’s own decision-making situation), com-
pute EU(α|E + e, t + t′), and be ready to execute the best
action at time t + 0.017.

C.2 The Appropriate Scope of Modeling in 6 vs. 6 Settings

It turns out that the break-even point, at which the agent
should cease computation, is to model 3 agents with depth
3 in the example scenario. Let’s assume that the parame-
ters of the particular situation at hand change. For ex-
ample, if the targets move faster and get closer, or if the

8The urgency, or the value of time, can be computed as 0.582 per
second.
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computation is slower, the optimal scope of reasoning is
smaller and less computation will take place. In general,
the factors of the calculation of value of time include the
capability of data processing machine and the external fac-
tors imparting urgency to the situation.

We tested the notion of urgency in the anti-air defense
settings which contain six defense units and six incoming
targets. To identify the appropriate scope of modeling
given the offline pre-computed performance profiles (Ta-
ble IV), we had each defense agent calculate the benefit
and the cost of computation for a given scope of modeling
in a sample of 100 runs. We found that the agents stopped
reasoning when the average breadth of modeling space was
3 and the average depth of modeling space was 3.017. That
is, they considered the adjacent two agents with the reason-
ing depth just over three, on the average. This resulted in
coordinated decision-making of optimal quality, given the
speed of the incoming targets and the agents’ own compu-
tational capabilities.

VII. Conclusion

In time-critical settings, autonomous agents need to per-
form rational decision-making. Our work contributes to
bounded rationality in multi-agent systems, when decision-
making time is crucial. We formulated two robust proce-
dures which combine reactivity and deliberation under time
pressure. First one uses rules which summarize regularities
of the domain and recommend which actions should not be
deliberated over. The second procedure uses the definition
of urgency, or the value of time, and a performance profile
computed off-line. We derived a formula which combines
on-line estimation of the value of time with information
contained in the performance profiles to choose whether to
act or to keep on computing.

We tested our agent’s performance in scaled-up settings
and found that the compiled rules were useful in reduc-
ing agents’ deliberation time while maintaining reasonable
performance levels. We also tested how our agents identify
the proper scope of modeling information using the value
of time. We have shown how the urgency can be computed
during on-line processing and how autonomous agents can
flexibly determine whether to act or to think. We believe
we have moved a step closer to the goal of practical and flex-
ible decisions in coordinated multi-agent settings. We pro-
vided two multi-agent decision-making procedures. Each is
showing promising results in experiments in the high-stakes
anti-air defense.

As part of our ongoing work, we are applying our flexi-
ble decision-making procedures to the predator-prey game
[24]. The goal of the predator agents is to coordinate their
actions to capture one prey agent by surrounding it on all
four sides. Like the anti-air defense domain above, this do-
main also exhibits a trade-off between decision quality and
computation time. While relying on reactive rules might
degrade the quality of decision-making of a predator, re-
lying on deliberative but delayed decisions might decrease
the probability of capturing the prey as well. The behav-
iors of predator agents using various strategies to surround

the prey while closing in on it, can be compiled into re-
active rules from a set of scenarios. Further, as in the
anti-air defense domain, the performance profiles can be
used to quantify the quality of decision-making depending
on the number of other predator agents considered and on
the depth of reasoning. Based on performance profiles and
the computed urgency of the situation, the predator agents
can decide whether they should consider other agents or
take the best current action without further deliberation.
We hope to be able to develop more comprehensive agents
through our future work on the above research issues, and
to apply our framework to other time-critical domains.
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