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Abstract

We analyzetheasymptoticbehavior of agentsengagedin a in�nite horizonpartially observ-
able stochasticgameformalizedby the interactive POMDP framework. We show that when
agents'initial beliefssatisfya truth compatibility condition,their behavior convergesto a sub-
jective ²-equilibriumin a �nite time, andsubjective equilibriumin the limit. Imposinganaddi-
tionalassumptionof mutualsingularityonagents'initial beliefsmakestheirbehavior convergeto
Nashequilibrium.While theoreticallysound,theequilibratingprocessis dif�cult to demonstrate
computationallybecauseof the dif�culty in comingup with initial beliefsthat satisfythe truth
compatibilitycondition.

1 Intr oduction

Weanalyzetheinteractionstakingplacebetweenagentsparticipatingin anin�nite horizonpartially
observablestochasticgameformalizedwithin theframework of interactive POMDPs(I-POMDPs)
[Gmytrasiewicz andDoshi,2005, Gmytrasiewicz andDoshi,2004]. I-POMDPsrepresentandsolve
a partially observablestochasticgame(POSG)from theperspective of anagentplaying thegame.
Thisapproach,alsocalledthedecision-theoreticapproachtogametheory[KadaneandLarkey, 1982],
differsfrom theobjectiverepresentationof POSGsasoutlinedin [Hansenetal., 2004]. Weconsider
thesettingin which anagentmaybeunawareof theotheragents'behavioral strategies,it is uncer-
tainabouttheir observations,andit maybeunableto perfectlyobserve theotheragents'actions.In
accordanceto Bayesiandecisiontheory, theagentmaintainsandupdatesits beliefaboutthephysical
stateaswell asthestrategiesof theotheragents,andit its decisionsarebestresponsesto its beliefs.

Under the assumptionof compatibility of agents'prior beliefsaboutfuture observationswith
thetruedistribution inducedby theactualstrategiesof all agents,we show thatfor agentsmodeled
within the I-POMDP framework, the following propertieshold: (i ) the agents'beliefsaboutthe
futureobservationpathsof thegamecoincidein thelimit with thetruedistribution over thefuture,
and(ii ) theagents'beliefsabouttheopponents'strategies,andhencetheir own strategies(which
arebestresponsesto their beliefs),do not changein the limit. Strategieswith thesepropertiesare
saidto bein subjectiveequilibrium, which is stablewith respectto learningandoptimization.

In prior work, [Kalai andLehrer, 1993a, Kalai andLehrer, 1993b] have shown that the strate-
gies of agentsengagedin in�nitely repeatedgameswith discountedpayoffs, who are unaware
of others' strategies, and underthe assumptionsof perfectobservability of others' actions(per-
fect monitoring)andtruth compatibility of prior beliefswill converge to a subjective equilibrium.



Hahn [Hahn,1973] introducedthe conceptof a conjectural equilibrium in economieswherethe
signalsgeneratedby theeconomydo not causechangesin theagents'theories,nor do they induce
changesin the agents'policies. Fudenberg andLevine [Fudenberg andLevine,1993] considera
generalmodelof �nitely repeatedextensive form gameswhereinstrategiesof opponentsmay be
correlated(unlike [Kalai andLehrer, 1993a] wherestrategiesareassumedindependent),andshow
thatbehavior of agentsthatmaintainbeliefsandoptimizeaccordingto their beliefs,convergesto a
self-con�rmingequilibrium. Thereis astronglink betweenthesubjectiveequilibriumandits objec-
tive counterpart– theNashequilibrium. Speci�cally, undertheassumptionof perfectmonitoring,
both [Kalai andLehrer, 1993a] and[Fudenberg andLevine,1993] show that thestrategy pro�le in
subjective andself-con�rming equilibrium inducea distribution over the future actionpathsthat
coincideswith the distribution inducedby a setof strategiesin Nashequilibrium. Of course,this
doesnot imply thatstrategiesin subjective equilibriumarealsoin Nashequilibrium; however, the
converseis alwaystrue.Work of asimilarvein is reportedin [Jordan,1995]. It assumesagentshave
a commonprior over thepossibletypesof agentsengagedin a repeatedgame,andshows that the
sequenceof Bayesian-Nashequilibriumbeliefsof agentsconvergesto aNashequilibrium.

Theresultscontainedin this papercomplementprior results.Speci�cally, we show theasymp-
totic existenceof subjective equilibrium in a moregeneralandrealisticmultiagentsetting,onein
which theassumptionsof perfectobservability of stateandothers'actionshave beenrelaxed. Fur-
ther, we addressthe researchproblemposedin [Kalai andLehrer, 1993a] regardingthe existence
of subjective equilibrium in POSGs. We also draw a parallel with works in multiagentlearn-
ing [Hu andWellman,1998, Bowling andVeloso,2002] thatshow convergenceof play to equilib-
rium. However, our resultsdiffer in thatwe assumethat thestateandothers'actionsarepartially
observable,andtheplan is computedof�ine usinga givenmodelof theenvironment. Finally, we
commenton thedif�culties in achieving subjective equilibriawhena computationalperspective is
adopted.

The rest of this paperis structuredin the following manner. In the next section,we brie�y
review the Interactive POMDPframework. We focuson thekey stepsof belief update,andpolicy
computation.In Section3, we introducethe conceptof a subjective equilibriumandtheoretically
prove thatthestrategy pro�le of agentsplayingaPOSGmodeledusinganI-POMDP, in thelimit, is
in subjective equilibrium. In Section4, we remarkon thecomputationalinfeasibility of arriving at
this equilibrium. Finally, we concludethis paperwith a discussionof our resultsandopenresearch
issuesin Section5.

2 Overview of Interacti vePOMDPs

InteractivePOMDPs[Gmytrasiewicz andDoshi,2005, Gmytrasiewicz andDoshi,2004] generalize
POMDPsto accountfor presenceof otheragentsin the environment. They do this by including
modelsof otheragentsin thestatespace.Modelsof otheragents,analogousto typesin gametheory,
encompassall privateinformationin�uencing their behavior.

For simplicity of presentationlet usconsideranagent,i , thatis interactingwith oneotheragent,
j . Theformalismeasilygeneralizesto a largernumberof agents.

I-POMDP An interactivePOMDPof agenti , I-POMDPi , is:

I-POMDPi = hI Si ; A; Ti ; ­ i ; Oi ; Ri i

where:
² I Si is asetof interactivestatesde�nedasI Si = S£ hOj £ M j i , whereS is thesetof statesof the
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physicalenvironment,andhOj £ M j i is thesetof pairsconsistingof apossibleobservationfunction
andamodelof agentj . Eachmodel,m j 2 M j , is apairm j = hhj ; ¼j i , where¼j : H j ! ¢( A j ) is
j 's policy tree(strategy), assumedcomputable1, which mapspossiblehistoriesof j 's observations
to distributionsover its actions.2 hj is anelementof H j .3 Oj 2 Oj , alsocomputable,speci�esthe
way in which theenvironmentis supplyingtheagentwith its input.
² A = A i £ A j is thesetof joint movesof all agents
² Ti is a transitionfunction,Ti : S £ A £ S ! [0; 1] which describesresultsof agents'actionson
thephysicalstate
² ­ i is thesetof agenti 's observations
² Oi is anobservationfunctionOi : S £ A £ ­ i ! [0; 1]
² Ri is de�ned asRi : S £ A ! R . We allow theagentto have preferencesover physical states
andactionsof all agents.

Thetaskof computinga solutionfor anI-POMDP, similar to thatof a POMDP, canbedecom-
posedinto two steps:(1)Belief update during which the agentupdatesits belief to re�ect newly
available information. (2)Policy computation during which the agentcomputesthe optimal ac-
tion(s)to performfrom eachbelief state.

2.1 BayesianBelief Update

Therearetwo differencesthat complicatestateestimationin multiagentsettings,whencompared
to singleagentones.First, sincethestateof thephysicalenvironmentdependson theactionsper-
formedby bothagents,thepredictionof how thephysicalstatechangeshasto bemadebasedonthe
predictedactionsof theotheragent.Theprobabilitiesof other's actionsareobtainedbasedon their
models. Thus,asopposedto the literatureon learningin repeatedgames,we do not assumethat
actionsarefully observableby otheragents.Rather, agentscanattemptto infer whatactionsother
agentshave performedby sensingtheir resultson theenvironment.Second,changesin themodels
of otheragentshaveto beincludedin theupdate.Speci�cally, updateof theotheragent'smodelsdue
to its new observationhasto be included. In otherwords,theagenthasto updateits beliefsbased
on what it anticipatesthat the otheragentobservesandhow it updates.Consequently, an agent's
beliefsrecordwhat it thinksabouthow theotheragentwill behave asit learns.For simplicity we
decomposetheI-POMDPbeliefupdateinto two steps:
² Prediction Whenanagent,sayi , with apreviousbelief,bt ¡ 1

i , performsacontrolactionat ¡ 1
i and

if theotheragentperformsits actionat ¡ 1
j , thepredictedbelief stateis,

Pr (is t jat ¡ 1
i ; at ¡ 1

j ; bt ¡ 1
i ) =

P

I S t ¡ 1 :( f j ;O j ) t ¡ 1 =( f j ;O j ) t

bt ¡ 1
i (is) £ Pr (at ¡ 1

j jmj )T(st ¡ 1; at ¡ 1
i ; at ¡ 1

j ; st )

£
P

! t
j

Oj (st ; at ¡ 1
i ; at ¡ 1

j ; ! t
j )±(APPEND(ht ¡ 1

j ; ! t
j ) ¡ ht

j )

where± is the Kronecker delta function, andAPPEND(¢; ¢) returnsa string in which the second
argumentis appendedto the�rst.
² Correction Whenagenti perceivesanobservation,! t

i , theintermediatebelief state,

1Weassumecomputabilityin theTuringmachinesense,i.e. strategiesarepartialrecursive functions.
2Note that if jA j j ¸ 2, thenthe spaceof policy treesis uncountable;however, by assuming¼j to be computable,we

restrictthespaceto becountable.
3In [Gmytrasiewicz andDoshi,2005, Gmytrasiewicz andDoshi,2004], we replacehOj £ M j i with a specialclassof

modelscalled intentionalmodels. Thesemodelsascribebeliefs,preferences,and rationality to otheragents. We do not
introducethosemodelsherefor thepurposeof generality.
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Pr (¢jat ¡ 1
i ; at ¡ 1

j ; bt ¡ 1
i ), is correctedaccordingto,

Pr (is t j! t
i ; at ¡ 1

i ; bt ¡ 1
i ) = ®

X

a t ¡ 1
j

Oi (st ; at ¡ 1
i ; at ¡ 1

j ; ! t
i )Pr (is t jat ¡ 1

i ; at ¡ 1
j ; bt ¡ 1

i )

where® is thenormalizingconstant.
The updateextendsto morethantwo agentsin a straightforward way. We representpossible

correlationsbetweenactionsof otheragentsasdependenciesbetweentheir models,which areex-
pressedin i 's beliefs.

2.2 Policy Computation

Eachbelief statein I-POMDPhasanassociatedvaluere�ecting themaximumpayoff theagentcan
expectin thisbelief state:

V (bi ) = max
a i 2 A i

½X

is

ERi (is; ai )bi (is) + °
X

! i 2 ­ i

Pr (! i jai ; bi )V (SE(bi ; ai ; ! i ))
¾

(1)

where,ERi (is; ai ) =
P

a j
Ri (is; ai ; aj )Pr (aj jmj ) (sinceis = (s;m j )) . Eq. 1 is a basisfor

value iteration in I-POMDPs. As shown in [Gmytrasiewicz andDoshi,2005], the value iteration
convergesin thelimit.

Agent i 's optimal action,a¤
i , for the caseof in�nite horizoncriterion with discounting,is an

elementof thesetof optimalactionsfor thebelief state,OPT(bi ), de�ned as:

OPT(bi ) = argmax
a i 2 A i

½X

is

ERi (is; ai )bi (is) + °
X

! i 2 ­ i

Pr (! i jai ; bi )V (SE(bi ; ai ; ! i ))
¾

(2)

Equation2 enablesthecomputationof a policy tree,¼i , for eachbelief bi . Thepolicy, ¼i , gives
i 'sbestresponselong termstrategy for thebelief.

3 SubjectiveEquilibrium in I-POMDPs

In Section2, we reviewed a framework for two-agentPOSGin which eachagentcomputesthe
discountedin�nite horizonstrategy which is thesubjective bestresponseof theagentto its belief.
During eachstepof gameplay, the agentstartingwith a prior belief revisesit in light of the new
information using the Bayesianbelief updateprocessoutlined in Section2.1, and computesthe
optimal strategy given its beliefs. The latter stepis equivalent to using its observation history to
index into its policy tree(computedof�ine usingtheprocessgivenin Section2.2) 4– to computethe
bestresponsefuturestrategy.

3.1 Background: StochasticProcesses,Martingales, and BayesianLearning

A stochasticprocessis a sequenceof randomvariables,f X t g; t = 0; 1; : : :, whosevaluesarere-
alizedoneat a time. Well-known examplesof stochasticprocessesareMarkov chains,aswell as
sequencesof beliefsupdatedusingtheBayesianupdate.Bayesianlearningturnsout to exhibit an
additionalpropertythatclassi�esit asaspecialtypeof stochasticprocess,calledaMartingale.

4In thein�nite horizoncase,convergenceof valueiterationallows usto convenientlyrepresentthepolicy treeasa �nite
statemachine
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A Martingale is a stochasticprocessthat, for any observationhistoryup to time t, ht , exhibits
thepropertythatfor all l ¸ t:

E [X l jht ] = X t :

Consequently, for all future time points l ¸ t the expectedchange,E [X l ¡ X t jht ] = 0. A
sequenceof anagent's beliefsupdatedusingBayesianlearningis known to bea Martingale. Intu-
itively, this meansthattheagent's currentestimateof thestateis equalto whattheagentexpectsits
futureestimatesof thestatewill be,basedonits currentobservationhistory. BecausetheMartingale
propertyof Bayesianlearningis centralto our results,wesketcha formalproofbelow.

Let anagent's initial belief over somestatespace¥ beX 0 = Pr (»). Theagentreceivessome
observation,! , in thefutureaccordingto a distribution Á thatdependson µ. Let thefuturerevised
belief beX 1 = Pr (»j! ). By Bayestheorem,Pr (»j! ) = Á(! j»)Pr (»)=Pr (! ). We will show that
E [Pr (»j! )] = Pr (»):

E [Pr (»j! )] =
P

! Pr (»j! )Pr (! )
=

P
!

Á( ! j»)P r (»)
P r ( ! ) Pr (! )

=
P

! Á(! j»)Pr (»)
= Pr (»)

P
! Á(! j»)

= Pr (»)
= X 0

Theaboveresultextendsimmediatelytoobservationhistoriesof any lengtht. Formally, E [X t +1 jht ] =
X t , andfrom the law of conditionalexpectations,E [X l jht ] = X t ; l ¸ t. Thereforethe beliefs
satisfytheMartingaleproperty.

All Martingalessharethefollowing convergenceproperty:

Theorem1 (Martingale ConvergenceTheorem(x4 of Chapter 7 in [Doob, 1953]). If f X t g; t =
0; 1; : : : is a Martingalewith E [jX t j2] < U < 1 for someU andall t, thenthesequenceof random
variables,f X t g convergeswith probability1 to someX 1 in mean-square.

3.2 SubjectiveEquilibrium

We investigatetheasymptoticbehavior of agentsplayingan in�nite horizonPOSG,in which each
agentlearnsandoptimizes. Speci�cally, eachagentstartswith a prior belief which is revisedon
performinganactionandreceiptof sensoryinformation,followedby computingthestrategy which
optimizesits beliefs. In the context of I-POMDPs,eachagentusesits prior beliefs to index into
its policy (computedof�ine usingEquations1 and 2) resultingin thepolicy treethatwill form its
behavior strategy.

Sequentialbehavior of agentsin a POSGmayberepresentedusingtheir observationhistories.
For anagent,sayi , let ! t

i beits observationat timestept. Let ! t = [! t
i ; ! t

j ]. An observationhistory
of thegameis a sequence,h = f ! t g; t = 1; 2; : : : . Thesetof all historiesis, H = [ 1

t =1 ­ t where
­ t = ¦ t

1(­ i £ ­ j ). Thesetof observationhistoriesuptotime t is, H t = ¦ t
1(­ i £ ­ j ), andtheset

of futureobservationpathsfrom time t onwardsis, H t = ¦ 1
t (­ i £ ­ j ).

Example: We usethemultiagenttiger problemdescribedin [Gmytrasiewicz andDoshi,2005]
asa runningexamplethroughoutthis paper. Brie�y , thegameconsistsof two doors,behindoneis
a tiger andbehindtheotheris somegold,andtwo agentsi andj . Theagentsareunawareof where
the tiger is (TL or TR), andeachcaneitheropenany oneof two doors,or listen(OL,ORor L). A
tiger emitsa growl periodically, which revealsits positionbehinda door(GL or GR) but only with
somecertainty. Additionally, eachagentcanalsohearacreakwith somecertainty, if theotheragent
opensa door (CL,CR, or S). We will assumethat neitheragentcanperceive other's observations
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nor actions.Thegameis non-cooperative sinceeitheri or j mayopena door, therebyresetingthe
locationof the tiger, andrenderingany informationcollectedby the otheragentaboutthe tiger's
locationuselessto it. Examplehistoriesin themultiagenttigerproblemareshown in Fig. 1.

<GL,S><GL,CL>
<GR,CR><GR,CL>

<GR,CR><GR,CR>

[TL,L,L][TL,OR,OR] [TL,L,L]

<GR,CR><GR,CR>

<GR,CR><GR,CR><GL,S> <GL,S>

<GL,S><GL,S> <GL,S><GL,S>

[TL,L,L]

[TL,L,L] [TL,L,L] [TL,L,L] [TL,L,L]

[TL,L,L]

Figure1: Joint observation historiesin the in�nite horizonmultiagenttiger problem. The nodes
representthe stateof the gameandplay of agents,while the edgesarelabelledwith the possible
observations. This examplestartswith the tiger on the left andeachagentlistening. Eachagent
mayreceiveoneof six observations(labelson thearrows),andperformsanactionthatoptimizesits
resultingbelief.

In the I-POMDP framework, eachagent's belief over the physical stateandothers' candidate
models,togetherwith the agent's perfectinformationregarding its own model, inducesa predic-
tive probability distribution over the future observation paths. Thesedistributionsplay a critical
role in our analysis;we representthemmathematicallyusinga collectionof probabilitymeasures,
f ¹ k g; k = 0; i; j de�ned over the spaceM £ H , whereM = M i £ M j and H is as de�ned
previously, suchthat,

1. ¹ 0 is theobjective truedistributionovermodelsof eachagentandthehistories,

2. proj M k ¹ k = proj M k ¹ 0 = ±m k k = i; j

Here,condition2 statesthateachagentknows its own model(±m k is theKronecker deltafunc-
tion). Additionally, proj H ¹ 0 givesthetruedistribution over thehistoriesasinducedby theinitial
strategy pro�le, andproj H ¹ k (¢jb0

k ) for k = i; j givesthepredictiveprobabilitydistributionfor each
agentover thehistoriesat thestartof thegame.5

If the actualsequenceof observations in the gamedoesnot proceedalong a history that is
assignedsomepositive predictive probabilityby anagent,thentheagent's observationswouldcon-
tradict its beliefsandthe Bayesianupdatewould not be possible.Clearly, it is desirablefor each
agent's initial belief to assignnonzeroprobabilityto eachpossibleobservationhistory;this is called
thetruthcompatibilitycondition.To formalizethisconditionweneedanotionof absolutecontinuity
of two probabilitymeasures.

De�nition 1 (Absolute Continuity). A probability measure p1 is absolutelycontinuouswith p2,
denotedasp1 ¿ p2, if p2(E ) = 0 impliesp1(E ) = 0, for anymeasurablesetE .

Condition 1 (Absolute Continuity Condition (ACC)). ACC holds for any agent k = i; j if
proj H ¹ 0 ¿ proj H ¹ k (¢jb0

k ).

5Following [Nyarko, 1997, Jordan,1995] theunconditionalmeasure¹ k maybeseenasaprior beforeanagentknows its
own model,and¹ k alongwith theconditionsasaninterimprior onceanagentknows its own model.
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Condition1 statesthat the probability distribution inducedby an agent's initial belief on ob-
servation historiesshouldnot rule out positive probability eventsaccordingto the real probability
distribution on thehistories.A sureway to satisfyACC is for eachagent's initial belief to have a
”grain of truth” – assigna non-zeroprobabilityto thetruemodelof theotheragent.Sinceanagent
hasno way of knowing the truemodelof its opponentfrom beforehand,it mustassigna non-zero
probabilityto eachcandidatemodelof theotheragent.

Truthcompatiblebeliefsof anagentthatperformsBayesianlearningtendto convergein thelimit
to theopponentmodel(s)thatmostlikely generatestheobservationsof theagent.In thecontext of
the I-POMDPframework, anagent's belief updatedusingtheprocessoutlinedin Section2.1,will
convergein thelimit. Formally,

Theorem2 (BayesianLearning in I-POMDPs). For anagenti in theI-POMDPframework, if its
initial beliefsatis�estheACC, its posteriorbeliefswill converge with probability1.

Proof. As we mentionedbefore,Bayesianlearningis a Martingale. In Section3.1, set¥ = I Si ,
andÁ = Oi . Noting that the I-POMDPbelief updateis Bayesian,its Martingalepropertyfollows
from applyingtheproof appropriately. In orderto applyTheorem1 to theI-POMDPbelief update,
setX t = Pr (is t jht

i ) whereht
i is agenti 's observationhistoryuptotime t. We must�rst show that

E [jX t j2] is bounded.

E [jbt
i j

2] =
P ( jA i jj ­ i j ) t

k=1 jbt
i = bbk

i j2Pr (bbk
i )

=
P ( jA i jj ­ i j ) t

k=1

P
I S t

bbk
i (is)2Pr (bk

i ) (L 2 norm)

·
P ( jA i jj ­ i j ) t

k=1 1 ¢Pr (bbk
i ) (

P
p2 · 1)

= 1

Theorem2 now follows from astraightforwardapplicationof Theorem1.

Theabove resultdoesnot imply thatanagent's belief convergesto the truemodelof theother
agent.This is dueto thepossiblepresenceof observationallyequivalentmodelsof theotheragent.
For example,for agenti , all modelsof j that induceidenticaldistributionsover all possiblefuture
observationpathsaresaidto beobservationallyequivalent. Whena particularobservationhistory
obtains,agenti is unableto distinguishbetweentheobservationallyequivalentmodelsof j . In other
words,observationallyequivalentmodelsgeneratedistinctbehaviors for historieswhich arenever
observed.

Example:For anexampleof observationallyequivalentmodels,consideraversionof themulti-
agenttigergamein which thetigerpersistsbehindits originaldooronceany doorhasbeenopened.
Additionally, i hassuperiorobservation capabilitiescomparedto j , andeachagentis ableto per-
fectly observe other's actionsbut observesthegrowls imperfectly. Let i 's utility dictatethat it will
notopenany doorsuntil it' s100%certainthatthetiger is behindtheoppositedoor. Thecorrespond-
ing strategy for i is to listen for an in�nite numberof time steps,andthenopenthedoor. Suppose
thatasa bestresponseto its belief, j wereto adopta strategy in which it would listen for an in�-
nite numberof steps,but if at any time i openeda door, it would alsodo so at the next time step
andthencontinueopeningthesamedoor. Thetruedistribution assignsa probability1 to thehisto-
riesf [hGL jGR; Si ; hGL jGR; Si ]g1

1 . Insteadof theabove mentionedstrategy if j wereto adopta
follow-the-leaderstrategy, i.e. j performstheactionwhich i did in theprevioustime step,thenthe
true distribution would again assignprobability 1 to the previously mentionedhistories. The two
differentstrategiesof j turnout to beobservationallyequivalentfor i .

An immediateconsequenceof the convergenceof Bayesianlearningis that the predictive dis-
tribution over the future observation pathsinducedby eachagent's belief after a �nite sequence
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of observationsht
k , proj H t ¹ k (¢jb0

k ; ht
k ); k = i; j becomesarbitrarycloseto the truedistribution,

proj H t ¹ 0(¢jht ), for a �nite t, andconvergesuniformly in the limit. This is an importantresult,
becauseit establishesthat no matterwhat the initial beliefsof the agentscompatible,the agents'
opinions(aboutthefuture)will mergeandcorrectlypredictthe truefuture in the limit. This result
was�rst notedin [Blackwell andDubins,1962]; we presentthetheorembelow andreferthereader
to thepaperfor its proof.

Theorem3 ( [Blackwell and Dubins, 1962]). SupposethatP is a predictiveprobabilityonX, and
Q is absolutelycontinuousw.r.t. P . Thenfor each conditionaldistribution P t (x1; : : : ; x t ) of the
future giventhe pastw.r.t. P , there existsa conditionaldistribution Qt (x1; : : : ; x t ) of the future
giventhepastw.r.t. Q such that, jjP t (x1; : : : ; x t ) ¡ Qt (x1; : : : ; x t )jj !

t !1
0 with Q-probability1.

We useTheorem3 to establishpredictive convergencein the context of the I-POMDP frame-
work.

Theorem4 (²-PredictiveConvergencein I-POMDPs). For all agentsin theI-POMDPframework,
if their initial beliefssatisfytheACC,thenfor every² > 0, thereexistsa �nite T which is a function
of ², such that for all t ¸ T andwith ¹ 0-probability1,

jjproj H t ¹ 0(¢jht ) ¡ proj H t ¹ k (¢jb0
k ; ht

k )jj · ²

for k = i; j .

Proof. Referringto Theorem3, let X = H . We observe that proj H ¹ 0 andproj H ¹ k (¢jb0
k ) for

k = i; j arepredictive asde�ned in [Blackwell andDubins,1962]. SetQ = proj H ¹ 0, andP =
proj H ¹ k (¢jb0

k ). Subsequently, Qt = proj H t ¹ 0(¢jht ), andP t = proj H t ¹ k (¢jb0
k ; ht

k ). Theorem4
thenfollows immediatelyfrom astraightforwardapplicationof Theorem3.

We have shown that for a POSGmodeledusingthe I-POMDP formalism,the players'beliefs
over opponent's modelsconverge in the limit if they satisfytheACC property. However, the limit
beliefsmaybeincorrect,dueto theinability of agentsto distinguishbetweenobservationallyequiv-
alentmodelsof the opponenton the basisof the observation history. Nevertheless,their beliefs
over thefuturepathscomearbitraryclose,andremainclose,to thetruedistribution over thefuture,
after a �nite amountof time. Furtherobservationswill only con�rm their beliefsaboutthe truth,
andwill not altertheir beliefs.We capturethis notionusingtheconceptof a subjective equilibrium
[Kalai andLehrer, 1993a], de�ned asfollows:

De�nition 2 (Subjective ²-Equilibrium). Let bt
k ; k = i; j betheagents'beliefsat sometimet. A

pair of policy trees,¼¤ = [¼¤
i ; ¼¤

j ] is a subjective²-equilibriumif,

1. ¼¤
i 2 OPT(bt

i ); ¼¤
j 2 OPT(bt

j )

2. jjproj H t ¹ 0(¢jht ) ¡ proj H t ¹ k (¢jb0
k ; ht

k )jj · ²; k = i; j with a ¹ 0-probability1.

For ² = 0, subjective equilibrium obtains. Condition1 of subjective ²-equilibrium statesthat
agentsaresubjectively rational,i.e. their strategiesarebestresponsesto their beliefs. As we men-
tionedbefore,thesestrategiesarethepolicy treescomputedusingEquations1 and2. Thesecond
conditionstatesthat the agents'beliefshave attained²-predictive convergence. In otherwords,a
strategy pro�le is in subjective ²-equilibriumwhenthestrategiesarebestresponsesto agents'be-
liefs thathave attained²-predictive convergence.

Wenow establishthemainresultof thispaper, whichis thatbehavior strategiesof agentsplaying
aPOSGmodeledusingtheI-POMDPframework, attainsubjective ²-equilibriumin �nite time,and
subjective equilibriumin thelimit. Thefollowing corollarygivesour result.
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Corollary 1 (Convergenceto Subjective Equilibrium in I-POMDPs). Let ¼ = [¼i ; ¼j ] be the
strategiesof agentsi , andj respectively, playinga POSGmodeledusingtheI-POMDP formalism.
Letb0

i , andb0
j betheir initial beliefs.If thefollowingconditionsaremet,

1. ¼i 2 OPT(b0
i ); ¼j 2 OPT(b0

j )

2. proj H ¹ 0 ¿ proj H ¹ k (¢jb0
k ); k = i; j (ACC)

thenfor any² > 0, andfor all ¹ 0-positiveprobability histories,there existssome�nite timestepT
which is a functionof ², such that for all t ¸ T , thestrategy pro�le , ¼¤ = [¼¤

i ; ¼¤
j ] is a subjective

²-equilibriumwhere,

² bt
i andbt

j are theagents'beliefsat timet

² ¼¤
i 2 OPT(bt

i ); ¼¤
j 2 OPT(bt

j )

Proof. Corollary 1 follows in part from Theorem4, and in part from noting that agentsin the I-
POMDPframework computestrategiesthatarebestresponsesto theirposteriorbeliefsateachtime
step,andthatthebeliefsareupdatedusingtheirobservationhistory.

Strategy pro�les in subjective ²-equilibriumfor arbitrarily small ² ¸ 0 arestable.Speci�cally,
furtherplay will bring agents'beliefsover the futurecloserto the truth statistically, andthecorre-
spondingstrategy pro�les will remainin thesubjective ²-equilibrium.NotethatACC is a suf�cient
condition,but not a necessaryone. An examplesettingin which eventhoughACC is violated,yet
subjective ²-equilibriumstill resultsis givenin [Kalai andLehrer, 1993a].

4 Computational Limitations of Our Results

Recallthatin Section2, wemadetheassumptionthatagentstrategiesarecomputable.This restricts
thespaceof possiblestrategiesto becountable.However, asobservedin [NachbarandZame,1996],
theremayexist strategieswhichareexactbestresponsesto computablestrategiesbut arethemselves
notcomputable,andevenwhencomputablebestresponsesdoexist, thedecisionprocedureof com-
putingthesebestresponsesmaynot becomputable.Consequencesof thesenegative resultsleadto
a subtletensionbetweenlearningandoptimization.Speci�cally, if agents'bestresponsestrategies
arenot computable,thentheir beliefsfail to accountfor suchstrategiesof others,therebypossibly
violating ACC andpreventingpredictive convergence.On theotherhand,if we posit thatbestre-
sponsesbecomputable,thenthecorrespondingbeliefsmaybeunnatural– for example,they may
not assignnon-zeroprobabilityto all possiblestrategiesof others.Nachbar[Nachbar, 1997] makes
anargumentalongsimilar linesin thecontext of repeatedgamesusingthenotionof a conventional
setof strategies(analogousto computableset in our setting)attributedto eachagent. We believe
thattheseimplausibility issuesarea directimplicationof Binmore's claim in [Binmore,1982] that
perfectrationality is an unattainableideal. Binmoreprovesthat a Turing machinecannotalways
predicttruthfully thebehavior of anopponentTuring machine(givenits completedescription)and
optimizesimultaneously. His claim restson a particularconstructionof a two-agentgamein which
a supposedlyrationalTuring machinewhenrequiredto computethebestresponseis unableto pre-
dict truthfully, andwhenrequiredto predicttruthfully is unableto terminateits computationsand
optimize.

Thoughtheabove mentionednegative resultsareexistential,they serve to show that it maybe
problematicto ful�ll theassumptionslaid out in ouranalysisin practice.Nevertheless,theremaybe
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waysto overcometheselimitations. Oneinterestingdirectionis to replaceexactoptimizationwith
approximateoptimization.Speci�cally, ratherthancomputingtheexactbestresponseto its subjec-
tive belief, anagentmaycomputean²-bestresponse6 that is guaranteedto bealwayscomputable.
However, theeffectof ²-optimalityonpredictive convergenceremainsanopenquestion.

5 Discussion

In this paperwe analyzedplay of agentsengagedin a partially observable stochasticgamefor-
malizedusingthe interactive POMDPframework. In particular, we have consideredsubjectively
rationalagentswhich may not know others' strategies. Therefore,they maintainbeliefsover the
physical stateandmodelsof otheragentsandoptimizewith respectto their beliefs. We have also
shown how suchagentsupdatetheir beliefson performingactionsandreceiving observations,and
computebestresponsesto their beliefs. Within this framework, we proved that if agents'beliefs
satisfya truth compatibilitycondition,thenstrategiesof agentsthat learnandoptimizeconvergeto
the subjective equilibrium in the limit, andsubjective ²-equilibrium for arbitrarily small ² > 0 in
�nite time. For completeness,wealsogaveconditionsonagentsprior beliefsthatwill allow play to
convergeto Nashequilibrium.

Thoughtheconceptof subjective equilibriumis not novel, we believe thatour resultscomple-
menttheexisting literature.Speci�cally, usingtheI-POMDPframework for learningandoptimiz-
ing, we have shown theexistenceof equilibriain a POSG.ThePOSGsprovide a morerealisticset-
ting thanrepeatedgames,in whichexistenceof equilibriawasknown. Wepointedout thatattempts
to apply thesetheoreticalresultscould run into obstacles.Oneproblemis the inherentdif�culty
in perfectoptimizationandsimultaneousprediction. Onemay be forcedto resortto ²-optimality.
Whetherany form of equilibriumobtainswhentheplayersareboundedlyrationalis atopicof future
work.
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