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Abstract

We analyzethe asymptoticbehaior of agentseengagedin ain nite horizonpartially observ-
able stochastiogame formalized by the interactve POMDP framewvork. We shav that when
agents'initial beliefssatisfya truth compatibility condition, their behaiior corvergesto a sub-
jective 2-equilibriumin a nite time, andsubjectie equilibriumin thelimit. Imposingan addi-
tionalassumptiof mutualsingularityon agentsinitial beliefsmakestheirbehaior corvergeto
Nashequilibrium. While theoreticallysound the equilibratingprocesss dif cult to demonstrate
computationallybecausef the dif culty in comingup with initial beliefsthat satisfythe truth
compatibility condition.

1 Intr oduction

We analyzetheinteractiongakingplacebetweeragentgarticipatingin anin nite horizonpartially
obsenablestochastigameformalizedwithin theframeawvork of interactve POMDPs(I-POMDPSs)
[Gmytrasiavicz andDoshi,2005 Gmytrasigvicz andDoshi,2004. I-POMDPsrepresenandsolve
a partially obsenable stochastigame(POSG)from the perspectie of anagentplayingthe game.
Thisapproachalsocalledthedecision-theoretiapproacho gametheory[KadaneandLarkey, 1987,
differsfrom the objective representationf POSGsasoutlinedin [Hanseretal., 2004. We consider
the settingin which anagentmay be unavareof the otheragents'behaioral stratgjies, it is uncer
tain abouttheir obsenations,andit maybe unableto perfectlyobsere the otheragents'actions.In
accordanceo Bayesiardecisiorntheory theagentmaintainsandupdatests beliefaboutthephysical
stateaswell asthe stratgjiesof the otheragentsandit its decisionsarebestresponset its beliefs.

Underthe assumptiorof compatibility of agents'prior beliefs aboutfuture obsenationswith
thetruedistribution inducedby the actualstratgyiesof all agentsywe shav thatfor agentsmodeled
within the I-POMDP frameawork, the following propertieshold: (i) the agents'beliefs aboutthe
future obsenation pathsof the gamecoincidein the limit with thetrue distribution over thefuture,
and(ii ) the agents'beliefsaboutthe opponents'strat@ies,andhencetheir own stratgies (which
arebestresponseso their beliefs),do not changein thelimit. Stratgieswith thesepropertiesare
saidto bein subjectiveequilibrium, whichis stablewith respecto learningandoptimization.

In prior work, [Kalai andLehrer 19933 Kalai andLehrer 19931 have showvn that the strate-
gies of agentsengagedin in nitely repeatedgameswith discountedpayofs, who are unavare
of others' stratgjies, and underthe assumption®f perfectobsenrability of others' actions(per
fect monitoring) andtruth compatibility of prior beliefswill cornverge to a subjectve equilibrium.



Hahn[Hahn,1973 introducedthe conceptof a conjectual equilibrium in economiesvherethe
signalsgeneratedy the economydo not causechangesn the agents'theories nor do they induce
changedn the agents'policies. Fudenbeay and Levine [Fudenbeg andLevine, 1993 considera
generalmodelof nitely repeatedextensive form gameswhereinstratgies of opponentsnay be
correlated(unlike [Kalai andLehrer 19934 wherestratgiesare assumedndependent)andshov
thatbehaior of agentghat maintainbeliefsandoptimizeaccordingto their beliefs,convergesto a
self-con rmingequilibrium Thereis a stronglink betweerthe subjectve equilibriumandits objec-
tive counterpart- the Nashequilibrium. Speci cally, underthe assumptiorof perfectmonitoring,
both [Kalai andLehrer 19933 and[Fudenbeg andLevine, 1993 shaw thatthe stratay pro le in
subjectve and self-con rming equilibrium inducea distribution over the future action pathsthat
coincideswith the distribution inducedby a setof stratgiesin Nashequilibrium. Of course this
doesnotimply thatstratgiesin subjectve equilibriumarealsoin Nashequilibrium; however, the
converseis alwaystrue. Work of asimilarveinis reportedn [Jordan,1999. It assumesagenthave
a commonprior over the possibletypesof agentsengagedin a repeatedjame,andshaows thatthe
sequencef Bayesian-Naskquilibriumbeliefsof agentscornvergesto a Nashequilibrium.

Theresultscontainedn this papercomplemenprior results.Speci cally, we shav the asymp-
totic existenceof subjectve equilibriumin a more generalandrealisticmultiagentsetting,onein
which the assumptionsf perfectobserability of stateandothers'actionshave beenrelaxed. Fur-
ther, we addresghe researchproblemposedin [Kalai andLehrer 19933 regardingthe existence
of subjectve equilibrium in POSGs. We also drawv a parallel with works in multiagentlearn-
ing [Hu andWellman,1998 Bowling andVeloso,2007 thatshov corvergenceof play to equilib-
rium. However, our resultsdiffer in that we assumehat the stateand others'actionsare partially
obsenable,andthe planis computedof ine usinga given modelof the ervironment. Finally, we
commenton the dif culties in achiezing subjectie equilibriawhena computationaperspectie is
adopted.

The rest of this paperis structuredin the following manner In the next section,we brie y
review the Interactve POMDP framewvork. We focuson thekey stepsof belief update andpolicy
computation.In Section3, we introducethe conceptof a subjectve equilibrium andtheoretically
prove thatthestratey pro le of agentplayingaPOSGmodeledusinganl-POMDE, in thelimit, is
in subjectve equilibrium. In Sectiond, we remarkon the computationalnfeasibility of arriving at
this equilibrium. Finally, we concludethis paperwith a discussiorof our resultsandopenresearch
issuedn Section5.

2 Overview of Interactive POMDPs

Interactve POMDPS[Gmytrasievicz andDoshi, 2005 Gmytrasievicz andDoshi,2004 generalize
POMDPsto accountfor presenceof otheragentsin the erwvironment. They do this by including
modelsof otheragentsn thestatespace Modelsof otheragentsanalogougo typesin gametheory
encompasall privateinformationin uencing their behaior.

For simplicity of presentatiomet usconsideranagent,, thatis interactingwith oneotheragent,
j - Theformalismeasilygeneralizeso alargernumberof agents.

I-POMDP An interactivePOMDP of agenti, -POMDP;, is:

|-POMDPi = HSi;A;Ti;- i;Oi;Rii

where:
2| §; isasetof interactive statesle nedasl S; = S£ hQ £ M; i, whereS is thesetof statesof the



physicalervironmentandhQ £ M; i is thesetof pairsconsistingof a possibleobserationfunction
andamodelof agentj . Eachmodel,m; 2 M;,isapairm; = th;;%i,where¥4 : H; ! ¢(Aj)is
j 's policy tree(stratgy), assumeadomputablet, which mapspossiblehistoriesof j 's obserations
to distributionsoverits actions.? h; is anelementof H; .2 O; 2 O;, alsocomputablespeci esthe
way in which the ervironmentis supplyingthe agentwith its input.

2 A = Aj £ A; isthesetof joint movesof all agents

2 T; is atransitionfunction,T; : SE A£ S! [0; 1] which describesesultsof agents'actionson
thephysicalstate

2 - ; isthesetof agenti's obsenations

2 O isanobserationfunctionO; : SE A£ - ;! [0;1]

2 RjisdenedasR; : SE A! R. Weallow theagentto have preferencesver physical states
andactionsof all agents.

Thetaskof computinga solutionfor anI-POMDP, similar to thatof a POMDR canbe decom-
posedinto two steps:(1)Belief update during which the agentupdatests belief to re ect newly
available information. (2)Policy computation during which the agentcomputesthe optimal ac-
tion(s)to performfrom eachbelief state.

2.1 BayesianBelief Update

Therearetwo differenceghat complicatestateestimationin multiagentsettings,whencompared
to singleagentones. First, sincethe stateof the physical ervironmentdependsn the actionsper
formedby bothagentsthe predictionof how the physicalstatechange$asto be madebasednthe
predictedactionsof the otheragent.The probabilitiesof other's actionsareobtainedbasedon their
models. Thus,asopposedo the literatureon learningin repeatecjames,we do not assumehat
actionsarefully obsenableby otheragents.Rather agentscanattemptto infer whatactionsother
agentshave performedby sensingheir resultson the environment. Secondchangesn the models
of otheragenthaveto beincludedin theupdate Speci cally, updateof theotheragents modelsdue
to its new obsenation hasto beincluded. In otherwords,the agenthasto updateits beliefsbhased
on whatit anticipateghatthe otheragentobsenesandhow it updates.Consequentlyan agents
beliefsrecordwhatit thinks abouthow the otheragentwill behae asit learns. For simplicity we
decompos¢hel-POMDP belief updateinto two steps:
2 Prediction Whenanagentsayi, with apr(—:viousbelief,qti L performsacontrolactiona}i !and
if the otheragentperformsits actiona]Fi ! thepredictedbelief stateis,
Pr(istjali Lall L1 Y = P bi L(is) £ Pr(al fjmy)T(s' 1;all Lali L;st)
ISH 1i(f;50))t 1=(F0;)!
£ Oj(shalhal ! )HAPPENDh Y1) i hi)
|t
“

wherex is the Kronecler deltafunction, and APPEND(¢ ¢ returnsa string in which the second
argumentis appendedo the rst.
2Correction Whenagenti percevesanobsenation,! !, theintermediatebelief state,

1We assume&omputabilityin the Turing machinesensei.e. stratgiesarepartialrecursve functions.

’Note thatif jAjj , 2, thenthespaceof policy treesis uncountablehowever, by assuming/; to be computablewe
restrictthespaceto becountable.

3In [Gmytrasiavicz andDoshi,2005 Gmytrasigvicz andDoshi,2004, we replacenO; £ Mji with a specialclassof
modelscalled intentional models Thesemodelsascribebeliefs, preferencesand rationality to otheragents. We do not
introducethosemodelsherefor the purposeof generality



Pr(¢pl’ :;a' 11 1), is correctedaccordingo,

X
Pr(is'jt fralf 161 1) = ®  O(s'iall fiafl L1 )Pr(istial’ tiaft i)

ti 1
8

where® is the normalizingconstant.

The updateextendsto morethantwo agentsin a straightforvard way. We represenpossible
correlationshetweenactionsof otheragentsasdependenciebetweentheir models,which are ex-
pressedn i'sbeliefs.

2.2 Policy Computation

Eachbelief statein -POMDP hasanassociatedaluere ecting the maximumpayof theagentcan
expectin this belief state:
V(h)=max  ERi(is;a)h(is)+°  Pr(lijaih)V(SE(;a;l) (1)

is Vi2-

where,ER;(is; &) = , Ri(is; a;a;)Pr(a jm;) (sinceis = (s;m;)). Eq.1 is a basisfor
valueiterationin I-POMDPs. As shavn in [Gmytrasiavicz andDoshi, 2005, the valueiteration
convergesin thelimit.
Agenti's optimal action, a7, for the caseof in nite horizoncriterion with discounting,is an
elementof the setof optimalactionsfor the belief state, OP T (b ), de ned as:
72y X %

OPT(h) = argmax ERi(is; a)b(is) + ° Pr(tijai;b)V(SE(b;ai;!i)) (2)
aizAi is Li2-

Equation2 enableghe computatiorof a policy tree,%, for eachbeliefb . Thepolicy, %, gives
i's bestresponsdong termstrateyy for the belief.

3 Subjective Equilibrium in I-POMDPs

In Section2, we reviewed a framework for two-agentPOSGin which eachagentcomputesthe
discountedn nite horizonstratgy which is the subjectve bestresponsef the agentto its belief.
During eachstepof gameplay, the agentstartingwith a prior belief revisesit in light of the nen
information using the Bayesianbelief updateprocessoutlinedin Section2.1, and computesthe
optimal stratgy given its beliefs. The latter stepis equivalentto usingits obseration history to
index into its policy tree(computedf ine usingtheprocesgyivenin Section2.2)“—to computethe
bestresponsduture stratayy.

3.1 Background: StochasticProcessedylartingales, and BayesianLearning

A stochastiqrocesss a sequencef randomvariablesf Xg;t = 0;1;:::, whosevaluesarere-
alizedoneat a time. Well-knovn examplesof stochastiqorocessesre Markov chains,aswell as
sequencesf beliefsupdatedusingthe Bayesianupdate.Bayesiarnearningturnsout to exhibit an
additionalpropertythatclassi esit asa specialtype of stochastigprocesscalleda Martingale.

4In thein nite horizoncase convergenceof valueiterationallows usto corvenientlyrepresenthe policy treeasa nite
statemachine



A Martingaleis a stochastigrocesghat, for any obsenation history up to time t, ht, exhibits
thepropertythatfor all | | t:
E[Xijhfl= X

Consequentlyfor all future time pointsl| | t the expectedchange E[X, | Xjh'] = 0. A
sequencef anagents beliefsupdatedusingBayesianearningis known to be a Martingale. Intu-
itively, this meanghatthe agents currentestimateof the stateis equalto whatthe agentexpectsits
futureestimate®f thestatewill be,basednits currentobserationhistory Becaus¢heMartingale
propertyof Bayesiarnearningis centralto our results we sketcha formal proof below.

Let anagentsinitial belief over somestatespace¥ be Xy = Pr(»). Theagentrecevessome
obsenation,! , in the future accordingto a distribution A thatdependsn . Let the future revised
beliefbe X1 = Pr(»j! ). By BayestheoremPr(»j! ) = A(! j»)Pr(»)=Pr(! ). Wewill shav that
E[Pr(»!)l = Pr(»:

E[Pr(»!)]

p! Pr(»!)Pr()
— A(!j»)Pl’(»)Pr(!)

tooPr()
= ABPIPI()
=Pr(» , Al'j»
= Pr(»)

Xo

Theaboveresultextendsmmediatelyto obserationhistoriesof ary lengtht. Formally, E[X ¢+1 jh'] =
X¢, andfrom the law of conditionalexpectationsE[X,jht] = X;; | , t. Thereforethe beliefs
satisfythe Martingale property

All Martingalessharethefollowing corvergenceproperty:

Theorem 1 (Martingale ConvergenceTheorem (x4 of Chapter 7 in [Doob, 1953). If f Xg;t =
0;1;:::isaMartingalewith E[jX{j?] < U < 1 for someU andall t, thenthesequencefrandom
variables,f X ;g cornvemgeswith probability 1 to someX ; in mean-squae.

3.2 Subjective Equilibrium

We investicatethe asymptotichehaior of agentsplayinganin nite horizonPOSG,in which each
agentlearnsand optimizes. Speci cally, eachagentstartswith a prior belief which is revisedon
performinganactionandreceiptof sensonjinformation,followed by computingthe strateyy which
optimizesits beliefs. In the contet of I-POMDPs,eachagentusesits prior beliefsto index into
its policy (computedof ine usingEquationsl and 2) resultingin the policy treethatwill form its
behaior strat@y.

Sequentiabehaior of agentsn a POSGmay be representedsingtheir obseration histories.
Foranagentsayi, let! ! beits obserationattimestept. Let! ' = [! ;! ']. An obserationhistory

of thegameis asequenceh = f!'g;t = 1;2;:::. Thesetof all historiesis,H = [ L, - ' where
-t=114(-i £ - ). Thesetof obserationhistoriesuptotimet is, H' = | {(- j £ - j), andtheset
of future obsenationpathsfrom timet onwardsis,H¢ = | £ (- i £ - ).

Example: We usethe multiagenttiger problemdescribedn [Gmytrasievicz andDoshi,2005
asarunningexamplethroughouthis paper Brie y, the gameconsistsof two doors,behindoneis
atiger andbehindthe otheris somegold, andtwo agents andj . Theagentsareunavareof where
thetigeris (TL or TR), andeachcaneitheropenary oneof two doors,or listen(OL,ORor L). A
tiger emitsa growl periodically which revealsits positionbehinda door (GL or GR) but only with
somecertainty Additionally, eachagentcanalsoheara creakwith somecertainty if the otheragent
opensa door (CL,CR, or S). We will assumehat neitheragentcan perceve other's obserations



nor actions. The gameis non-cooperatie sinceeitheri orj mayopenadoor, therebyresetingthe
location of the tiger, andrenderingary information collectedby the otheragentaboutthe tiger's
locationuselesdo it. Examplehistoriesin the multiagenttiger problemareshavnin Fig. 1.

[TL,L,L]

[TLLL]  [TLLL] TLLL  [TLLL]
<GL,S><GL,S> <GR,CR><GR,CR> <GL,S><GL,S> <GR,CR><GR,CR>
[TL,OR,OR] [TLLL  [TLLL] [TL.L,L]

Figure 1: Joint obsenation historiesin the in nite horizon multiagenttiger problem. The nodes
representhe stateof the gameandplay of agentswhile the edgesare labelledwith the possible
obsenations. This examplestartswith the tiger on the left and eachagentlistening. Eachagent
mayreceve oneof six obsenations(labelsonthearravs), andperformsanactionthatoptimizesits
resultingbelief.

In the I-POMDP framework, eachagents belief over the physical stateand others' candidate
models,togetherwith the agents perfectinformationregarding its own model,inducesa predic-
tive probability distribution over the future obsenation paths. Thesedistributions play a critical
role in our analysis;we representhemmathematicallyusinga collectionof probability measures,
ftygk = 0;i;j de ned overthespaceM £ H, whereM = M; £ M; andH is asde ned
previously, suchthat,

1. 1 istheobjectie truedistribution over modelsof eachagentandthe histories,
2. projm, *k = projm, *o=4m, k=1j

Here,condition2 stateghateachagentknows its own model(#y,, is the Kronecler deltafunc-
tion). Additionally, projy ! o givesthetruedistribution over the historiesasinducedby the initial
strat@y pro le, andprojy * «(¢fP) fork = i; j givesthepredictive probabilitydistribution for each
agentover the historiesat the startof the game.

If the actualsequenceof obserationsin the game doesnot proceedalong a history that is
assignedsomepositive predictive probability by anagent thenthe agents obsenationswould con-
tradictits beliefsandthe Bayesianupdatewould not be possible. Clearly it is desirablefor each
agentsinitial beliefto assignnonzergprobabilityto eachpossibleobsenationhistory;thisis called
thetruth compatibilitycondition. To formalizethis conditionwe needanotionof absolutecontinuity
of two probabilitymeasures.

De nition 1 (Absolute Continuity). A probability measue p; is absolutelycontinuouswith ps,
denotedasp; ¢ p2, if p2(E) = Oimpliespy(E) = 0, for anymeasuablesetE.

Condition 1 (Absolute Continuity Condition (ACC)). ACC holds for any agentk = i;j if
Proju Yo ¢ Proju *k(¢H)-

SFollowing [Nyarko, 1997, Jordan1999 theunconditionameasuré , maybeseenasa prior beforeanagentknowsits
own model,and?! ¢ alongwith theconditionsasaninterim prior onceanagentknows its own model.




Condition1 statesthat the probability distribution inducedby an agents initial belief on ob-
senation historiesshouldnot rule out positive probability eventsaccordingto the real probability
distribution on the histories. A sureway to satisfyACC is for eachagents initial belief to have a
"grain of truth” — assigna non-zergprobabilityto the true modelof the otheragent.Sinceanagent
hasno way of knawing the true modelof its opponentfrom beforehandit mustassigna non-zero
probabilityto eachcandidatenodelof the otheragent.

Truthcompatiblebeliefsof anagenthatperformsBayesiarearningtendto corvergein thelimit
to the opponentmodel(s)thatmostlik ely generateshe obsenationsof theagent.In the contet of
the -POMDP framework, an agents belief updatedusingthe processoutlinedin Section2.1, will
corvergein thelimit. Formally,

Theorem 2 (BayesianLearning in I-POMDPSs). For anagenti in thel-POMDP framework, if its
initial beliefsatis esthe ACC, its posteriorbeliefswill converge with probability 1.

Proof. As we mentionedbefore,Bayesianearningis a Martingale. In Section3.1,set¥ = | S;,
andA = O;. Noting thatthe I-POMDP belief updateis Bayesianjts Martingale propertyfollows
from applyingthe proof appropriately In orderto apply Theoreml to the I-POMDP belief update,
setX; = Pr(is'jh!) whereh! is agenti's obsenation historyuptotime t. We must rst shav that
E[jXj?] is bounded.

U = U g = )
— " (Aiii- i) Istbr(is)Zpr(tf) (Lo norm)

P A i)
1 1epr (B ¢ P
=1
Theorem2 now follows from a straightforvard applicationof Theoreml. O

The abore resultdoesnot imply thatan agents belief corvergesto the true modelof the other
agent.Thisis dueto the possiblepresencef observationallyequivalentmodelsof the otheragent.
For example,for agenti, all modelsof j thatinduceidenticaldistributionsover all possiblefuture
obsenation pathsaresaidto be obsenationally equivalent. Whena particularobsenation history
obtainsagent is unableto distinguishbetweerthe obsenrationallyequivalentmodelsof j . In other
words, obsenationally equivalentmodelsgeneratalistinct behaiors for historieswhich are never
obsenred.

Example:For anexampleof obsenationally equivalentmodels considera versionof the multi-
agenttiger gamein whichthetiger persistsehindits original dooronceary doorhasbeenopened.
Additionally, i hassuperiorobsenation capabilitiescomparedo j, andeachagentis ableto per
fectly obsene other's actionsbut obsenesthe growls imperfectly Leti's utility dictatethatit will
notopenary doorsuntil it's 100%certainthatthetigeris behindtheoppositedoor. Thecorrespond-
ing stratgyy for i is to listenfor anin nite numberof time steps,andthenopenthe door. Suppose
thatasa bestresponsdo its belief,j wereto adopta strategyy in which it would listen for anin -
nite numberof steps,but if atary timei openeda door, it would alsodo so at the next time step
andthencontinueopeningthe samedoor. Thetruedistribution assignsa probability 1 to the histo-
riesf[NGLjGR; Si; \GLjGR; Si]gi . Insteadof the abose mentionedstratey if j wereto adopta
follow-the-leadestratayy, i.e. j performstheactionwhichi did in the previoustime step,thenthe
true distribution would again assignprobability 1 to the previously mentionedhistories. The two
differentstratgiesof j turnoutto be obserationallyequialentfor i.

An immediateconsequencef the corvergenceof Bayesianearningis thatthe predictive dis-
tribution over the future obsenration pathsinducedby eachagents belief after a nite sequence



of obserationsht, projy, *k(¢H;ht); k = i;j becomesrbitrarycloseto the true distribution,
proju, 1o(¢ht), for a nite t, andcorvergesuniformly in the limit. This is animportantresult,
becausat establisheshat no matterwhat the initial beliefs of the agentscompatible the agents’
opinions(aboutthe future) will merlge andcorrectly predictthe true futurein thelimit. This result
was rst notedin [Blackwell andDubins,1963; we presenthetheorembelow andreferthereader
to the paperfor its proof.

Theorem 3 ( [Blackwell and Dubins, 1967). Suppos¢hatP is a predictiveprobability on X, and

We useTheorem3 to establishpredictive cornvergencein the contet of the I-POMDP frame-
work.

Theorem4 (2-Predictive Convergencein I-POMDPS). For all agentsin thel-POMDP framework,
if their initial beliefssatisfythe ACC, thenfor every2 > 0, there existsa nite T which is a function
of2, sudthatfor all t , T andwith? 5-probability 1,

liprojn, *o(¢h') i projn, Lk (CH:hji - 2
fork=1i;j.
Proof. Referringto Theorem3, let X = H. We obsere thatprojy o andprojy «(¢p) for
k = i;j arepredictive asde ned in [Blackwell andDubins,1963. SetQ = projy 1o, andP =

proju *«(¢pP). SubsequenthQ' = proju, *o(¢h'), andPt = projy, «(¢H; hi). Theorems
thenfollows immediatelyfrom a straightforvard applicationof Theorem3. O

We have showvn thatfor a POSGmodeledusingthe I-POMDP formalism,the players' beliefs
over opponent modelscorvergein thelimit if they satisfythe ACC property However, the limit
beliefsmaybeincorrect,dueto theinability of agentdo distinguishbetweerobsenationallyequiv-
alentmodelsof the opponenton the basisof the obsenation history. Neverthelesstheir beliefs
over thefuture pathscomearbitraryclose,andremainclose to thetruedistribution over thefuture,
aftera nite amountof time. Furtherobsenrationswill only con rm their beliefsaboutthe truth,
andwill notaltertheir beliefs. We capturethis notion usingthe conceptof a subjectve equilibrium
[Kalai andLehrer 19934, de ned asfollows:

De nition 2 (Subjective2-Equilibrium). Lethl; k = i;j betheagents'beliefsat sometimet. A
pair of policy trees,z' = [f; %] is a subjectiveé-equilibriumif,

1. % 2 OPT(H);% 2 OPT(H)
2. jiproju, *o(¢ht) i proju, *k(¢kP;hL)ii - % k=i;j witha? o-probability 1.

For 2 = 0, subjectie equilibrium obtains. Condition 1 of subjectve 2-equilibrium statesthat
agentsaresubjectiely rational,i.e. their stratgjiesarebestresponseso their beliefs. As we men-
tionedbefore,thesestratgyiesarethe policy treescomputedusing Equationsl and2. The second
conditionstatesthat the agents'beliefs have attained?-predictive corvergence. In otherwords, a
stratgy pro le is in subjectve 2-equilibriumwhenthe stratgiesare bestresponseso agents'be-
liefs thathave attainecB-predictive cornvergence.

We now establisthemainresultof this paperwhichis thatbehaior stratgiesof agentplaying
aPOSGmodeledusingthel-POMDP framework, attainsubjectve 2-equilibriumin nite time,and
subjectve equilibriumin thelimit. Thefollowing corollarygivesourresult.



Corollary 1 (Convergenceto Subjective Equilibrium in I-POMDPs). Let¥s= [%;%;] bethe
strategiesof agentsi, andj respectivelyplayinga POSGmodeledusingthe I-POMDP formalism.
Letkp, andq0 betheirinitial beliefs.If thefollowing conditionsare met,

1. % 2 OPT(H); % 2 OPT(H)
2. proju Yo ¢ proju k(¢H); k=1ij (ACC)

thenfor any2 > 0, andfor all ! o-positiveprobability histories,there existssome nite timestepT
which is a functionof 2, sud thatfor all t | T, thestrategy pro le, ¥4 = [%4; 4] is a subjective
2-gquilibriumwhele,

2 i andlf aretheagents'beliefsattimet

2 ¥ 2 OPT(H);%f 2 OPT(H)

Proof. Corollary 1 follows in partfrom Theorem4, andin partfrom noting that agentsin the I-
POMDPframeavork computestratgjiesthatarebestresponseto their posteriorbeliefsat eachtime
step,andthatthe beliefsareupdatedusingtheir obseration history. O

Strateyy pro les in subjectve 2-equilibriumfor arbitrarily small2 | 0 arestable.Speci cally,
furtherplay will bring agents'beliefsover the future closerto the truth statistically andthe corre-
spondingstratey pro les will remainin the subjectve 2-equilibrium. Notethat ACC s a sufcient
condition,but not a necessarpne. An examplesettingin which eventhoughACC is violated,yet
subjectve 2-equilibriumstill resultsis givenin [Kalai andLehrer 19934.

4 Computational Limitations of Our Results

Recallthatin Section2, we madetheassumptiorthatagentstratgiesarecomputableThisrestricts
thespaceof possiblestratgiesto becountable However, asobseredin [NachbarandZame, 1994,
theremayexist stratgyieswhich areexactbestresponset computablestratgiesbut arethemseles
not computableandevenwhencomputabléestresponsesdo exist, thedecisionprocedureof com-
putingthesebestresponsemay not be computable Consequencesf thesenegative resultsleadto
a subtletensionbetweerlearningandoptimization. Speci cally, if agents'bestresponsetratgies
arenot computablethentheir beliefsfail to accountfor suchstratgiesof others,therebypossibly
violating ACC and preventing predictive corvergence.On the otherhand,if we positthatbestre-
sponsede computablethenthe correspondindeliefsmay be unnatural- for example,they may
notassignnon-zeroprobabilityto all possiblestratgiesof others.NachbafNachbar 1997 makes
anargumentalongsimilar linesin the contet of repeatedjamesusingthe notion of a corventional
setof stratgies(analogoudo computablesetin our setting)attributedto eachagent. We believe
thatthesemplausibility issuesarea directimplicationof Binmore's claimin [Binmore,1987 that
perfectrationality is an unattainablédeal. Binmore provesthat a Turing machinecannotalways
predicttruthfully the behaior of an opponentTuring machineg(givenits completedescription)and
optimizesimultaneouslyHis claim restson a particularconstructiorof a two-agentgamein which
asupposedlyational Turing machinewhenrequiredto computethe bestresponsés unableto pre-
dict truthfully, andwhenrequiredto predicttruthfully is unableto terminateits computationsand
optimize.

Thoughthe abose mentionedhegative resultsare existential,they sene to show thatit may be
problematido ful Il theassumptionaid outin ouranalysisn practice.Neverthelesstheremaybe



waysto overcometheselimitations. Oneinterestingdirectionis to replaceexact optimizationwith
approximateoptimization.Speci cally, ratherthancomputingthe exactbestresponseo its subjec-
tive belief, anagentmay computean2-bestresponsé thatis guaranteedo be alwayscomputable.
However, the effect of 2-optimality on predictve cornvergenceremainsan openquestion.

5 Discussion

In this paperwe analyzedplay of agentsengagedin a partially obsenable stochastiogame for-
malizedusingthe interactve POMDP framework. In particular we have consideredsubjectvely
rational agentswhich may not know others'stratgjies. Thereforethey maintainbeliefs over the
physical stateand modelsof otheragentsand optimize with respecto their beliefs. We have also
shovn how suchagentsupdatetheir beliefson performingactionsandreceving obsenations,and
computebestresponseso their beliefs. Within this framevork, we proved thatif agents'beliefs
satisfyatruth compatibility condition,thenstratgiesof agentshatlearnandoptimizecorvemgeto
the subjectie equilibriumin thelimit, andsubjectie 2-equilibrium for arbitrarily small2 > 0in
nite time. For completenessye alsogave conditionson agentgrior beliefsthatwill allow playto
convergeto Nashequilibrium.

Thoughthe conceptof subjectie equilibriumis not novel, we believe that our resultscomple-
mentthe existing literature. Speci cally, usingthe I-POMDP framework for learningandoptimiz-
ing, we have shavn the existenceof equilibriain aPOSG.The POSG9rovide amorerealisticset-
ting thanrepeatedjamesjn which existenceof equilibriawasknownn. We pointedout thatattempts
to apply thesetheoreticalresultscould run into obstacles.One problemis the inherentdif culty
in perfectoptimizationand simultaneougprediction. One may be forcedto resortto 2-optimality.
Whetherary form of equilibriumobtainswhentheplayersareboundedlyrationalis atopic of future
work.
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