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1 Introduction

Machine learning in general is concerned with using computers to simulate the learning done by
biological entities, especially human beings. Learning theory in particular is a research field that
uses the tools of mathematics to study the design and analysis of algorithms to make predictions
about the future based on past experiences. Many problems in learning theory have the following
broad form (learning from examples): A fixed universe of interest U, called a domain, is specified
(e.g., {0,1}™). A learner is given some sort of access to examples of an unknown 0-1 function f on
U, for instance a pair (x¢, f(x¢)) might be given at each time step t = 0,1,2,.... The goal of the
learner is to determine f (or a “good approximation” to f). Of course, if we require any kind of
efficiency, (e.g., limited number of example-label pairs, computational efficiency), then there must
be some a priori constraints on f; the usual constraint is that f is known to come from some
particular class of functions.

This paper focuses on one particular problem in the learning theory of logical formulas: revising
projective disjunctive normal forms (projective DNFs) in the presence of noise. This problem is
chosen because, while it may sound quite specific, in fact, it ties together three central issues in
machine learning. These issues are biological plausibility, revision, and noise. We address each in
turn as we explain what our problem is in slightly more detail.

Our discussion of biological plausibility borrows heavily from Valiant [7-9], though these issues
have been discussed in a number of other places. One very significant difference between human
learning and typical current machine learning (see, e.g., Mitchell [5]) is that most machine learning
requires some specific process to do feature extraction when the data has high dimensionality,
whereas humans seem to be able to directly process data of very high dimensionality.

Humans learn from quite few examples, in spite of having an internal representation that is
potentially extremely large—perhaps in the general vicinity of 10'® neurons with each neuron
having up to about 10* parameters (synapses). This means first that the things humans learn
must be “small” by some measure, or else learning from a small number of examples would be
impossible on dimensionality grounds. Furthermore, human senses are very rich—that is, the input
(i.e., training data) that humans receive has very high dimensionality.

Therefore the underlying algorithms must have a special property: attribute efficiency [1,4]. In
attribute-efficient learning, one is learning a (typically Boolean) function that depends on only &
variables in a universe of n variables, where £ << mn. The algorithms’ learning complexity (e.g.,
amount of training data required) is polynomial in &, but much smaller, typically either logarithmic
or polylogarithmic, in n. Littlestone’s Winnow [4] is a justly famous algorithm for the attribute
efficient learning of Boolean disjunctions and conjunctions, which also has some other biologically
appealing properties.



The purpose of projection learning [8] is to extend the class of Boolean functions for which
we can exhibit a learning algorithm that is attribute efficient and otherwise biologically appealing.
Projective classes are ones where one can hope to obtain simple, natural, two-level compositions
of attribute-efficient algorithms such as Winnow. Perhaps the simplest is projective DNF, which
we define formally in Section 2. Valiant gave a learning algorithm for this class [8]; Sloan et al.
extended this to a revision algorithm [6]. In this paper, we will extend this to a revision algorithm
that tolerates noise. Next we briefly discuss revision, and then noise.

The area of theory revision in machine learning is concerned with the revision, or correction
of an initial theory (in this paper, a propositional logic formula used for classification) that is
assumed to be roughly correct. A typical application area is refining a classifier obtained from
a human expert in expert systems work. More broadly, it seems reasonable that in most cases
learning starting from something that is close but not exactly right should be much easier than
learning from scratch. Indeed, in the cases of human learning of natural language and of particular
human faces, it may be that humans are born hardwired with a rough approximation, and in fact
revise that, rather than learning from scratch.

The usual assumption of theory revision is that the correct theory can be obtained from the
initial one by a small number of syntactic modifications, such as the deletion or the addition of a
literal. An efficient revision algorithm is required to be polynomial in the number of literals that
need to be modified and polylogarithmic in the total number of literals. Thus, theory revision
is roughly an extension of attribute efficient learning—attribute efficient learning can be viewed
as the special case of revising the null initial theory. Wrobel surveys the complete theory revision
literature [10, 11]; efficient revision in the framework of learning propositional formulas with queries
is discussed in detail in [2,3]. Sloan et al. [6] show how to efficiently revise projective DNFs in
the mistake bounded model of learning, where the learner first predicts the classification of a new
instance presented by Nature, and then is informed of the correct classification.

However, the algorithm in Sloan et al., may fail badly if any wrong classifications are given
to the learner. This is unacceptable, either for biological plausibility, or for application in any
practical machine learning system. All real-world training data contains noise. Thus, in this paper,
we complete the creation of a biologically plausible, potentially applicable learning of projective
DNFs, by showing how to revise them in the presence of noise.

In Section 2 we will give some notations and technical definitions. Then in Section 3 we present
our algorithm and its analysis. We conclude briefly in Section 4.

2 Preliminaries

To avoid confusion, vectors from {0,1}"™ will always be written in bold face (e.g., w or w;), and a
component of a vector will be written in normal font (e.g., w; or wy;).

Projection learning [8] is a tool for learning classes of functions that have a special representation
as disjunctions with a particular special structure. Perhaps the most basic class are the k-projective
DNF' (k-PDNF) formulas. A DNF formula ¢ is a k-projective DNF, or k-PDNF if it is of the form

o =picL V-V pgey,

where every p;, referred to as a k-conjunction, is a conjunction of exactly k literals, ¢; is a conjunction
and for every ¢ it holds that
Pip = PiCi-

Each p; is called a projection.



It is slightly easier to obtain and explain our results in this paper if we do the formal work
with the negation of k-PDNFs, so we extend the notion of projection to its dual. A CNF formula
= (p1Ver)N---A(peVcg) is called k-PCNF if each p; is a disjunction (or clause) of size k, ¢; is
a disjunction and

piV o =piVc,

for i = 1,...,¢. The latter condition means that ¢(x) = ¢;(x) for any vector x that falsifies p;.
Again, each p; is called a projection. It is easy to see that the negation of a k-PCNF is a k-PDNF
and vice versa; thus any revision algorithm for one class can be easily transformed into a revision
algorithm for the other.

To discuss revising a formula ¢g to a formula ¢, we need to define a measure of (syntactic)
distance between two formulas. The distance of two terms ¢ and ¢* is |t @ t*|, the number of literals
occurring in exactly one of the two terms. The revision distance between an initial formula

wo = p1t1 V- VpeteV pepiter1 VooV prrdterd

and a target formula ¢ = pitf V.-V pgt; V pith V -+ V plth is

J4 a
dist(po, ) = d+ Z |t; ®t;| + Zmax(|t;|, 1).
i=1 i=1

The distance is not symmetric, and this reflects the fact that we are interested in the number of
edit operations required to transform ¢g to . These edit operations are the deletion of a literal or
a term, and the addition of a literal. For example, the d term in the definition of dist corresponds
to the deletion of the d terms psr1tot1, -, Prtrdterd-

We use the standard model of mistake bounded learning [4], which proceeds in a sequence of
trials. In each trial ¢ the learner receives an instance xi, and produces a prediction ;. Then the
algorithm receives a label y;. If y; is the correct classification of x¢ (i.e., it is equal to what the target
formula evaluates on x;), we say that y; is correct, otherwise it is false. FALSE(t) is the indicator of
the latter case. We denote by #FALSELABELS the number of false labels during a particular run,
and by #FALSENEG the number of 0 labels that are false—that is, #FALSELABELS = >, FALSE(t)
and #FALSELABELS = 7, _ FALSE(t). Of course it is sensible to assume that the number of
false labels is relatively small compared to the number of trials, if we expect the learning to be
successful. If §; # y; then the learner made a mistake. The mistake bound of the learning algorithm
is the maximal number of mistakes, taken over all possible runs, that is, sequences of instances.

The goal of theory revision is that given an initial formula g, learn to simulate the unknown
target formula ¢ making a number of mistakes that is bounded from above by a polynomial of
dist(po, p), the number of false labels, and the logarithm of the number of variables in the universe
under consideration.

3 Algorithm and analysis

In this section, we present our main results—our algorithm and its analysis and proof of correctness.
The overall algorithm has a two-level structure, with many instances of a revision version of Winnow
on the lower level feeding their outputs to one instance of a revision version of Winnow on the top
level. We first describe the component algorithms, and then the overall algorithm.



3.1 Revising disjunctions—Algorithm RevWinn

Algorithm REVWINN can be used to revise attribute efficiently a monotone disjunction. It can
be applied to revise arbitrary disjunction by introducing extra variables for the negated literals,
and this in turn can be used to revise arbitrary conjuctions by applying the De Morgan rules. We
present REVWINN in a somewhat informal way; we will later assume without further discussion
that we have versions available for arbitrary disjunctions and for conjunctions.

Algorithm REVWINN works by maintaining a weight vector w of length n, where n is the
total number of variables in the universe under consideration. In general for components we will
use indices ¢+ and j, and for trials we will use t—accordingly w;; denotes the value of the i-th
component of vector w in trial £.

The algorithm consists of three main parts: initialization of w (which initializes the hypothesis),
prediction (the hypothesis part), and the update part.

Let us now describe the three parts of REVWINN. The initialization part is done by function
INIT(n, pg;0), where n is a positive integer determining the number of variables in the universe,
@ is a disjunction over at most n variables and 6 € (0,1). The output of INIT is an n-dimensional
real vector w which is defined by

wr — 1 if variable z; appears in ¢q
B ) otherwise

for ¢ = 1,...,n. This w vector is a weight vector, which determines the current hypothesis, and is
updated each time a mistake is made.
The hypothesis function, given instance (n-dimensional vector) x, is

v _ 0 ifw-x<1/2
h(x; w) = { 1 otherwise

where w is the current weight vector. The hypothesis is used to make predictions; in trial ¢ we
predict that the label of x; is §; = h(xy;w).
Finally the function UPDATE(y, X, o; W), returns a vector w’, a modification of the weight vector

1z N
wl=wi (14 3= = 9)

The functionUPDATE is intended to be called with ¢ being the output of the hypothesis function
on x (that is, § = h(x;w)), and normally UPDATE is called only if § # y.

For illustrative purposes, we describe how REVWINN can be applied simply to revise a dis-
junction ¢y. To use REVWINN for this purpose, put § = % and a = 1 (we call this a standard
setting), accordingly the initialization is w = INIT(n, pq; %), and in each trial perform an update
only if y; # h(xy;; w). In this case the update is given by w = UPDATE(y,x, 1; w). We omit the
analysis and the correctness of this algorithm, partly because of the lack of the space, but mostly
because this particular case was analyzed in [6] and also would follow from the general analysis in
Section 3.2 of this paper.

Let REVWINNC denote the variant of REVWINN that revises conjuctions, and INITC, hC, and
UPDATEC denote its main functions.

3.2 Algorithm RevPCNF

For revising PCNF's, we use a two-level algorithm (see Algorithm 1) based on Valiant’s construction
([8] and also in [6]). On the lower level, for each k-projection p, we run an instance of REVWINN



to find the apropriate clause for that projection. We call this the p instance of REVWINN, and
we denote its weight vector by w”. The input and the label for each of these instances are x; and
yr. An update is applied to the p instance of REVWINN only when p(x;) = 0 (and additionally
the top-level prediction of the label was wrong and agreed with the prediction of the p-instance of
REVWINN) because in this case if p appears in the target formula accompanied with disjunction
¢, then the output of the target formula agrees with c—and this is the key of the whole algorithm.
Intuitively, we hope that for each clause of the form p V ¢ in the target formula, where p is a
k-projection, that the hypothesis of the p instance of REVWINN will converge to c.

The prediction of the p instance of REVWINN is denoted by 9 and ¢ = h(xs;w/, ;).

For the top-level algorithm we introduce new Boolean variables v, for each k-projection p. We
denote by v the vector formed by all these variables. In each trial v is defined by

v, = p(x¢) V h(x; w?).

The top level REVWINN algorithm learns a disjunction over variables v,, which would ideally consist
of exactly those variables that are indexed by projections appearing in the target formula.

To ease the description we introduce the following notations for the analysis. For each k-
projection p let w} denote the weight vector w” after trial ¢, and accordingly let w/ denote the
initial weight vector, that is set by function INIT.

Similarly define w; and g, = hC(xy, w;—1) (and also v;) for the top level algorithm.

Algorithm 1 The procedure REVPCNF (i)
1: {po=(p1Ver) A Apeiq V cerq) is the k-PCNF to be revised}
2: w = INITC(2F (1), 0py A+ Ay, o thn))
k

3: for each k-projection p do

4: ifp=p;foranie{l,...,f+d} then

5 w? := INIT(n, ¢;, m)

6: else

7 w? := INIT(n, 0, %) //0 is the empty disjunction
8: for each trial ¢ with input x; do

9:  evaluate v by v, := p(x;) V h(x;; w”)

10:  In trial ¢ predict g, = hC(v;w)

11: if Yy = Uy then

12: don’t update the weights

13:  else

14: w := UPDATEC(y, v, 1, w)

15: m = |{i: pi(x¢) =0 and h(x;; wPi) £y, 1 < i <0+ d}|
16: for each p with p(x;) = 0 and v, # y; do

17: if p=p;foranie {1,...,/+d} then

18: w? := UPDATE(y, X¢, m; WP)

19: else

20: w? := UPDATE(yy, X¢, 1; wP)

If one simply uses two levels of Littlestone’s Winnow for PCNF revision [6], then noise may
be a serious problem: even a single false label may cause undesired weight updates in so many
projections’ corresponding weight vectors that very many mistakes are forced in the rest of the run
in order to gain back (resp. lose) all that lost (resp. gained) weight. So we need to limit somehow



the amount of weight update. But this also has its hazards: if the change of the weight during an
update is too small, than again we might be forced to make too many mistakes to finally reach a
sufficiently big weight.

Our solution to the problem, which is applied in algorithm REVPCNF (see algorithm 1) is the
following. Let the initial formula be ¢ = (p1 V ¢1) A+ A (prya V €o44), and in trial ¢ let

my = |{i: pi(x¢) =0 and §;" #yp, 1 <i <L+ d}|

be the number of projections of the initial formula that makes a weight update in that trial (ac-
cording to our previously introduced notations m; is the value of m from algorithm 1 in trial ¢).

For projections p1, ..., perq we use the update rule
Pji _ , Pj 1) ~Pj
wyh=w, 1+ ——5—(y — 1
tyi t—1, ( 4mt x; - ij_l (yt Yy )) ( )

which causes exactly %mt change in the sum of the weights of projection p;. Thus summing the
change of the weights over all the projections of the initial formula gives exactly 1/4. Note that
when m; = 0 then by definition, we do not update the weight vectors of these projections, thus we
don’t have to bother that (1) would give infinity. For all the other projections that do not appear
in the initial formula, a standard REVWINN instance is used. A standard REVWINNC algorithm
is also used for the top-level algorithm.

Theorem 1 Suppose that the initial formula ¢y and the target formula ¢ are the k-PCNF formulas

wo = (p1Ver) A= ApeVee) ANpey1 Vept) N AN(peva V cera)
p = (V)N A V) N(PLV ) A AP, V),

and let e = dist(pg, ). Then algorithm REVP CNFmakes
2
O((#FALSELABELS(@ + #FALSELABELS)k log n) ) mistakes.

The proof is based on the following technical lemma.

Lemma 2 The number of trials t for which one of wi',... ,wf’ is changed by an update is

O(e#FALSELABELS(e + #FALSELABELS)K logn).

Proof: There are three cases for a trial ¢: no change is made to any of the weights w”!,... wft,
one or more of those w”i is decreased (a demotion step), or one or more of those w”i is increased (a
promotion step). (Since the same value of y; is passed to all the lower-level REVWINN instances,
it cannot be that some weights are increased while other weights are decreased.)

Now consider any run of the algorithm of length 7. Let M~ denote the total number of
demotions and M the total number of promotions. We prove this lemma by using a potential
function argument to obtain a bound on the sum (M~ + M™).

Let P = {p1,...,p¢}. Let P, C P be the set of projections p that appear in both the initial and
the target formula such that the p instance of REVWINN updates its weight in trial ¢, that is

Pt: q) ] lfgt:yt
{pi:pi(xt) =0and §;* #yi, 1 <i <L} if G #y

Also let py = |P;| (thus my > p;). For i = 1,...,¢ let I”i be the set of indices j of variables that
appear in both ¢; and ¢, and such that there is at least one trial ¢ with wtfj <1/2. Fori=1,...¢



let J?i be the set of indices of variables that appear in ¢} but not in ¢;. Let us also introduce the
notation IP U JP = {1,...,n}\ (I? U JP) for p € P. When no confusion arises, we will sometimes
refer to a variable z; belonging to one of these sets when we really should say that the variable’s
index belongs to the set.

We use a potential function ®(w*!,... wPt) = E§:1 S ® (wPi), where

wi —1+~yInt ifieIPuJe
i (w) = { w; . otherwise.
where v > 1 is an appropriate constant which satisfies 'yw > 1 for any z € (0,0.5]—mote that
such vy exists'. It can be verified that bej (w) > 0 for any w € (0,1]". Note that the potential
function depends only on the weights corresponding to the projections that appear both in the
initial and the target formula. Also note that it is defined with respect to a specific run of the
algorithm—that is, not only its values, but even the function itself may vary in different runs.

Let us introduce the short notation? ®;, = ®(wf',..., wf’), and let A®;, = &, ; — ®; denote
the change of the potential function during trial ¢. We will derive both upper and lower bounds on
ZtT:1 A®,; that will allow us to relate the sum (M~ + M ™) to e, n, and #FALSELABELS.

First we derive an upper bound:

T
Y A® = Bg—Or
t=1

< (I)O_Z Z_‘I)f(w%i)

PEP TP
= Z Z O (wh) + Z Z <I>§(w§) + Z Z (w _w[T)’,i)-
pEP icIP pEP jEJP PEP jcTPU P

For i € I” we initialized wg; = 1 so ®7(wg) = 0. Also, X ,cp|J?| < e, and f(wp) =
yIn(2n(¢+d)) — % < y(k+1)In(2n) for j € J?, so the sum of the first two terms is at most
ey(k + 1) In(2n). Now we need to bound the third term. The elements of the third term can be

divided into three groups according to their indices p; and i

e i Zc; U c;f. For these indices we have wgfi — wg{ i < wgfi = m, so altogether they can

contribute at most 1/2 to the sum.

e icc\ cj. There are at most e of this kind, each at most 1, thus they contribute at most e
to the sum.

e i EciN c}‘. By definition, any decrease of the weights corresponding to these index pairs is
due to a false negative label, thus their contribution to the sum is at most i#FALSENEG (by
the argument before Theorem 1).

Thus we get
T

1 1
> A® <ey(k+1)In(2n) + e+ 5t Z#FALSELABELS . (2)
t=1

!For example v = 1/1n 2 suffices, noting that the function In(1 + z) is strictly concave, the zIn2 is linear, both
are nonnegative on (0, 0.5] and that they evaluate the same in 0 and in 1.

2Note that using & with one single lower index ¢ denotes the value of the potential function in trial £, meanwhile
using it with both an upper index p and a lower index i denotes the sub-sum of the potential function that corresponds
to projection p and component .



To get a lower bound on the sum, we begin by deriving a lower bound on the change in potential
in one trial. Now

Ad, = Z( Z (wf_u wm—i—’yln

>+ > (“’t Li — W fz))

t—l,z

peP \uelruJr icIPuJ?
n
D IPI AR OEDIEDD vlnw (3)
pEP; i=1 pEP,icIPUJP t—1,0

since wzi = wtp_l,i for each p € P\ P, and all i. Also note that for any p € P,

w? 1 1
In —2 =z;ln 1:|:—7p .
dmy xq - Wy

Now we analyze the change of the potential function during trial ¢ depending on whether ¢ was
a demotion step or a promotion step—obviously, when no update is done in trial ¢ (i.e., y; = 9¢),
then A®; = 0.

In a demotion step, §; = 1 and y, = 0. If p € P updates its weights in this trial (i.e. p € P)
and |(I? U.J?)Nx¢| > 0 then, by the definition of I” and J” and recalling that the target formula is
PCNEF, the label y; must be false, thus |([Pujp) Nx| = |(IPUJP) Nx,|FALSE(t). Also, x;-wj ; > 1

for each p € P, thusl—m L— > _2 So, using (3),
XtWyly
Pt 1 1
Ad, > LU ruJe In(=) > — FALSE(t ")) In2 . 4
2 Tl 07 nxlyin (5) > 4 LsB(thie+ 3 7)o @

In a promotion step, §; = 0 and y; = 1, and xt-wf_1 < 1/2 for every p € P, thus 4mtxt-wf_1 <
2my. Also note that |(I” U J?) N x| > 1 for every such p, unless the label was false, thus

> 1n<1+iLlpj> > Z|(IﬂuJﬂ)mxt|1n<1+2i>

pEP icIPUIP dmy x; - wy?y pEP; i

> ) (1 - FALSE(t))In (1 + %)

peEP: mt
1
= 1 —FALSE())In (1 + —
n 0)in (14 5-)
consequently
Tt
AD, — 73S ln<1+—7>
4mt pEP; icIPUTP dmy x - Wi’y
Pt 1
> - 1 —FALSE(f))In {1+ —
> i) (15—
> 2L paLse(t)yl (1+ ! >> L _ parsn(t) (5)
- — n — — — .
= dmy 7 om;) = 4d 7

Observe furthermore that for any p € P and ¢ € I” all decrease of the weight of variable z; in
p’s REVWINN instance is due to a false label. The sum of these weight losses is at least 3 3 P



by the definition of I”. Noting again that any false label y; changes ° cp S, wf,i with at most
I, we get %ZpGP 17| < 1#FALSENEG. Then (4) and (5) give us

T
;A@ >y <$ — FALSE(t)y(e + %#FALSENEG) In 2) + > (ﬁ — FALSE(t)’y)

demotion promotion
step ¢ step ¢

> M~ /4d+ M™ /4d — y#FALSELABELS(#FALSELABELS + ¢) In2 .
Combining this with (2) gives the desired mistake bound noting that d < /. |

Using a similar proof technique for the algorithms REVWINN and REVWINNC, we can derive
the following results, which we state here without proof.

Lemma 3 If at most F false labels are received, then the standard REVWINN algorithm makes at
most O(F (s + F)klogn)) mistakes in revising the empty disjunction to disjunction ¢, where s is
the size of .

Lemma 4 Let the initial conjunction be @y and the target conjunction be @. If at most F false
labels are received, then algorithm REVWINNC makes at most O(F (s + Fklogn)) mistakes, where

s = dist(po, p).

Proof of Theorem 1: The top-level REVWINNC of REVPDNF is revising a conjunction over the
variables denoted v, in the overall algorithm. Lemma 4 tells us how to compute the mistake bound
of that REVWINNC as a function of the revision distance and the number of false labels it receives
in a trial. The revision distance for REVWINNC is d 4+ a < e. There are two sources of false labels
from the point of view of REVWINNC. One is any trial where y,; is a false label. The other are
trials where one of the v, that is in the target takes on the wrong value because p(x) = 0 and the
(lower-level) p instance of REVWINN had the wrong output for x.

Let us constrain our attention to trials when the overall algorithm make a mistake (noting that
in the rest of the cases no update is done, thus the bound we derive for this constrained case will
hold for the whole run as well.).

By the projection property, for 1 < < ¢, when p;(x) = 0 we know that ¢} (x) must have the
same value as the entire target £-PDNF. The same holds for p; and ¢} for 1 < j < a. Furthermore,
the overall algorithm REVPCNF causes updates to a p instance of REVWINN only when the overall
algorithm makes a mistake (i.e., y; # ¥¢) and p(x¢) = 0. Therefore, whenever UPDATE is called for
either the p;, for 1 < ¢ < /4, or the p;-, for 1 < j < a, instance of REVWINN, then the y; passed
down to that instance is the appropriate y; to which that instance’s output should be compared.

Excluding the trials where y; is a false label, the top-level REVWINNC receives the correct value
for vy ,, = pi(x4) Vi (x4) fori = 1,..., ¢ anytime that the p; instance of REVWINN does not update
its weight vector. This is so because of the projection property if p;(x¢) = 0, and because vy p, is
always correct if p;(x¢) = 1. Lemma 2 gives a bound on the number of times that these REVWINN
instances update their weights, noting that we can use the value of #FALSELABELS for the overall
algorithm as an upper bound on the number of false labels that any p; instance of REVWINN will
receive.

Lemma 3 similarly gives a bound on the number of wrong outputs that the p} instance of
REVWINN can pass up to REVWINNC as wrong V! for1 <j<a.

Thus the overall mistake bound for the algorithm is the bound on REVWINNC from Lemma 4,
where we use e as the revision distance and the sum of #FALSELABELS plus the sum of the two



mistake bounds from Lemmas 2 and 3 as an upper bound on F', noting that e is an upper bound

for s in the mistake bound of Lemma 3.
Straightforward algebra gives the claimed bound. QED
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