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Abstract

We give a revision algorithmfor monotoneDNF

formulasin the generalrevision model (additions
anddeletionsof variables)hatusesO(m3elogn)

queries,wherem is the numberof terms, e the
revision distanceto the targetformula, andn the
numberof variables We alsogive analgorithmfor

revising 2-termunateDNF formulasin the same
model, with a similar query bound. Lastly, we

shaw thattheearlierqueryboundonrevisingread-
onceformulasin the deletions-onlymodelcanbe
improvedfrom O(elog? n) to O(elogn).

1 INTRODUCTION

A doctor hasa theory aboutthe patientand makes recom-
mendations.They don't work. The doctormustchangethe
theory Ratherthanstartfrom scratchagain,sherunsdiag-
nosticsdesignedo leadto incrementathangeén thetheory
If shewasnearlycorrect,this shouldbe moreefficient than
beginningall overagain.

The goal of conceptiearning,andindeedof all learning
from examples,is to obtaina representationf a conceptor
functionon somedomainsothatonecanuseit to predictthe
function’s value on new instancedrom the domain. How-
ever, in usingthis function on someperformancdask, one
may well learnthat it is not exactly correct(e.g.,in med-
ical diagnosisif the patientdoesnot recover). Henceone
wantsto revisethis function. Intuitively, if onealreadyhas
aroughly correctfunction, thenalteringit to be exactly cor-
rectshouldrequiremuchlesstraining datathanlearningthe
functionfrom scratch.This paperandpreviouswork [6, 14]
shaw thatthisis indeedthe case.

Note that what the computationalearningtheory com-
munity callsaconcepis oftenreferrecto asatheoryin logic,
andeitheratheoryor a knowledgebaseelsavherein artifi-
cial intelligence. We will henceforthrefer to the problem
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of revising a conceptby its mostcommonnamein machine
learning:theoryrevision

We frame this problemin the model of learning with
membershipand equivalencequeries. We believe that the
querymodelwith both equivalenceandmembershimueries
is especiallywell suitedto the theoryrevision problemfor
two reasonsFirst, in practicetheoryrevisionwould be used
for deplogyed Al systemsgthat make mistales, andtypically
a humanexpert would be the oneto saythat a systemhad
madea mistale. Sothereis a humanexpertwho is provid-
ing somethingdik e countergamplesto equivalencequeries,
andthis humanexpertshouldbe ableto answemembership
queriesaswell. Secondaswe will discussin more detail,
thereis evidencethatit will be very difficult or impossible
to make progresson theoryrevision usingonly equivalence
queriegor only PAC-typesampling).

In this paperwe presenthreenew results.We shov how
to revise m-termmonotoneDNF, and2-termunateDNF, in
time O(logn - poly(m) - poly(e)), wheree is the minimum
numberof revisions needed,andn is the total numberof
variables allowing essentiallyarbitraryrevisionsto the ini-
tial theory;aslong asm = o(n), thisis fasterthanrelearn-
ing the theoryfrom scratch.Eachof theseresultsimproves
over a previousresultfor 2-termmonotoneDNF [6]. Addi-
tionally, we reducethe query compleity for revising read-
onceformulasfrom O(elog® n) to O(elogn). Thisis very
closeto optimal; the lower boundon the numberof queries
is Q(elog(n/e)) [15].

We next explain a bit moreaboutthe modelof theoryre-
vision usedhere,put our resultsinto contet, andthencom-
paretheresultsin this paperwith previousresults.

1.1 MODEL OF THEORY REVISION

The key metric for theoryrevision is the syntacticdistance
betweenthe initial theory and the targettheory The syn-
tactic distancebetweena given conceptrepresentatiomnd
anotherconceptis the minimal numberof elementaryop-
erations(suchasthe addition or the deletionof a literal or
a clause)neededo transformthe given conceptrepresenta-
tion to a representatiorof the other concept. Our goalin
theoryrevision is to find algorithmswhosequery comple-
ity is polynomialin the syntacticdifference(or revisiondis-
tance betweenthe initial theory andthe target theory but
only polylogarithmicin the total numberof possiblevari-
ables. Thus,this work hassomesimilaritiesto the work on



attribute-eficientlearning[3, 4].

A particularmeasureof revision distanceis determined
by fixing a specificsetof elementaryoperationswhich we
will call revision operators. Following the spirit of much
work in machinelearningon theory revision, we consider
two setsof revisionoperatorsthedeletions-onlyevisionop-
eratorandthegeneralevision operator Thesearedefinedin
Section2.

1.2 RELATED WORK

Mooney [10] formulated an approachto theory revision
basedon syntacticdistancesandwasthefirst to look atthe-
ory revisionin the context of computationalearningtheory
He consideredPAC-learnabilityandgave a positive resultfor
samplecompleity (whichis equivalentto a positive resulton
querycompleity). Computationakfficiency wasleft asan
openproblem.

SloanandTuran[14] specifiedthe precisemodelof the-
ory revision that we usehere. In the deletions-onlymodel,
they gave revision algorithmsfor 2-termunateDNF using
O(e) queries,unatek-DNF usingO(kelogn) queries,and
read-oncdormulasusingO (e log® n) querieswheree is the
revision distancebetweertheinitial andthe targettheories,
andn is thenumberof variables.In the generaimodel,they
gave revision algorithmsfor thresholdand parity functions.
Goldsmithand Sloan[6] gave algorithmsfor 2-termmono-
tone DNF in the generalmodelandfor propositionalHorn
sentences thedeletions-onlymodel.

More generally thereis a wide Al literatureon theory
revision (e.g.,[8,12,16]). Many systemdor theoryrevision,
suchasEITHER [11], have beenimplemented.

The problemof correctingerrorsis penasive, anderror
correctingalgorithmsappeain avarietyof contexts. Among
themarefault analysisof circuits in switchingtheory(see,
e.g.,Kohavi [7]), programdehugging(e.g.,[13]), andmodel-
basedliagnosigsee,e.g.,[5,9]). SeeSloanandTuran[14]
for asomevhatlongerdiscussiorof theseconnections.

Sloanand Turan [14] presenta family of DNF formu-
lae on n variableswith O(n) termsfor which ary revision
algorithmrequiresf)(n) queries.Thus,the problemof the-
ory revision aswe have posedt is interestingonly for DNF
formulaswith substantiallyfewer termsthan possiblevari-
ables(andonly for Horn sentencesvith substantiallyfewer
clausesthan possiblevariables). Note that in the general
model, this doesnot meanthat the initial theory mustcon-
tain mary fewer termsor clauseghanvariables put thatthe
universeof possiblevariablesconsideredn revising theini-
tial theorymustbe muchlargerthanthe numberof termsor
clausesin orderfor revision to be moreefficient thanfrom-
scratchiearning.

1.3 DISCUSSION OF OUR RESULTS

In the deletions-onlymodel, revising unateformulasis al-
mostidenticalto revising monotoneformulas,sincethe ori-
entationof every variablethat can appearin the tamget is
known from the start. This is not the casein the general
model. Thatis why thefirst resulton DNF formulaswasfor
2-termunate DNF in the deletions-onlymodel[14], but it
wasthenextendedto 2-termmonotoneDNF in the general
model[6].

In the deletions-onlymodel,givena positive countere-
ampleto one’s currenthypothesiqor to the initial theory),
it is relatively straightforvardto usemembershimjueriesto
decidewhich termto revise (i.e., to solve the credit assign-
mentproblem) Considerevisinga2-termunateDNF in the
deletions-onlymodel. If, say instancez is positive for the
target but satisfiesneitherterm¢; nor ¢, of the currenthy-
pothesig; V t2, thenoneor bothof ¢; or ¢, hasatleastone
extra variableto be deleted. Sinceneithert; needsto have
ary literalsaddedto it, thenthe following will tell uswhich
oneto revise: First, aska membershigueryof  modified
by turning“off” ary literalsnotin ¢; . If theresponseés yes,
thenx mustsatisfyaterm of the targetthatis syntactically
a subsetof t;, andwe candeletefrom ¢; ary variablesnot
“on” in z. Next, aska membershigueryof z modifiedby
turning“off” ary literalsnotin ¢,. Again, if theresponsés
yes,thenwe candeletefrom ¢, ary variablesnot“on” in z.
This wasoneof the key ideasusedby our earlieralgorithm
for revising 2-termunateDNF [14].

Thesituationbecomesnorecomplicatedvhenrevisions
caninclude the addition of variables. In particular in the
unatecasewe donotknow a priori how to turn off variables
in aninstancef thosevariablesdo not occurin ary term of
theinitial theory Theproblemis thatif aliteral involving z;
needso beaddedandz; did notoccurin theoriginaltheory,
we do notknow whetherz; or Z; occursin thetarget.

However, even for monotoneDNF, thereare additional
complicationsin the generalmodel. By taking a positive
countergampleandturning off all the variablesthatarenot
in agivenhypothesigerm,we cantell whetherto make dele-
tions from that hypothesigerm. However, if we know that
additionsare neededjt is difficult to tell which initial the-
ory termneedgshe addedvariables.In our earlieralgorithm
for revising 2-termmonotoneDNF, we solved this problem
by trying in parallel(or, equivalently, nondeterministically)
to revise both termsfrom a given counter&ample. Sucha
strat@y is inherentlyexponentialin the numberof terms.

Thus, new ideaswere neededin the generalmodel of
revisionsto extendthe algorithmfor 2-termmonotoneDNF
bothto monotoneDNF, andto 2-termunateDNF.

Notice thatwhile the resulton revising monotoneDNF
holds for any numberof terms, it is mostinterestingfor a
numberof termsthatis o(n), wheren is the numberof vari-
ables. Oncethe numberof termsis (n), thenone cannot
do substantiallybetterthan to throw away the initial the-
ory anduseAngluin’s algorithmto learnthe formula from
scratcH1]. Thisis becaus&loanandTuran[14] have exhib-
ited a © (n)-termmonotoneDNF thatrequires2(n) queries
to revise a single error, and Angluin’s algorithm requires
only O(mn) queriesto learnanm-termmonotoneDNF.

Lastly, for read-oncdormulasin thedeletions-onlymod-
el, we lower the query compleity from O(elog®n) to
O(elogn), wheree is therevision distancebetweertheini-
tial read-oncdormulaandthetargetandn is the numberof
variables. We conjecturethat for the type of formulaswe
considermonotone unate,and“nearunate;, suchasHorn)
if thereis a revision algorithm at all, thenthereis a revi-
sionalgorithmwhosequerycompleity’ sdependencenthe
numberof variablesn is only multiplicative in O(log n), not
polylog n. (Note, however, thattheremay also be a depen-



denceonthenumberof termsor clausesn theformulabeing
revised.)

2 NOTATION

We areusingthe standardmodelof membershi@ndproper
equivalenceguerieqwith countereamples)denotechy MQ
andEQ [2]. In anequivalenceguery the learningalgorithm
proposes hypothesisa concepth from the conceptclass,
and the answerdependson whetherh = C, whereC is
the target concept. If so, the answeris “correct”, and the
learningalgorithmhassucceededh its goal of exactiden-
tification of the target concept. Otherwise the answeris a
counteexample ary instancer suchthatC(z) # h(z). Ina
membershiguery, thelearningalgorithmgivesaninstance
x, andthe answeris either1 or 0, dependingn C(z); that
is, MQ(z) = C(z), whereagainC is thetargetconcept.We
assumehroughoutthat the conceptsTRUE and FALSE are
allowedasequialencequeries.

We usestandardhotionsfrom propositionallogic, such
asvariable term,disjunctive normalform (DNF), monotone,
etc. A formulais read-oncdf no variableoccursin it more
thanonce;aformulais unateif no variableever occursin it
bothnegatedandunnegated.

ThesymbolC will alwaysdenotestrict subset.

We will needto combinetermsof theinitial theoryand
varioushypothesesf ourrevision algorithmswith instances
in variousways. We definethe operationt N x for atermt¢
andaninstancer to beatermthatis theand of thoseliterals
in ¢ thataresatisfiedby z.

Onthe otherhand,we will needintersection-lile opera-
tionsthatreturninstances Themeaningof theinstancer N¢
in themonotonecasds to setto off, thatis, 0, all bits of z that
do not occurin the monotonetermt. In the unatecase we
nolongerknow which orientationof avariablenotoccurring
in atermis off.

Thuswedefinetwo differentoperationsznt andznNt for
“intersecting”instancer € {0,1}" with term¢ to getbacka
new instance Theseintersectionarealwayswith respecto
aninitial theorye.

“Intersectdown” is definedby

x[i] if oneof v;, v; € t
(@nt)[i] = 3 (p\t)[i] ifv;0orw; € p\t
Z[i] otherwise,

and“intersectup” is definedby

x[i] if oneof v;,v; € ¢
(znt)[i] = (p\ )] fo;orm; €\t
x[i] otherwise.

For two vectorsz,y € {0,1}", we will usez ® y to
denotethe setof indicesor variableson which z andy dis-
agreethus|z ® y| is thenumberof variableson which z and
y disagree. We overloadthis operatorto alsoindicatethe
symmetricdifferenceof two terms,namelythe setof literals
thatappearsn exactly oneof thetwo terms.

If o =T, V Ts, thenT; denoteghetermotherthanT;.

Therevisiondistancebetweeraformulay andsometar-
getconcep(C is definedto betheminimumnumberof appli-
cationsof a specifiedsetof revision operationgo ¢ needed

to obtaina formulafor C. In the deletions-onlymodel,our
specifiedsetof revision operatorss fixing anoccurrencef a
variableto the constanO or 1. This correspondso allowing
deletionsof variablesandtermsin DNF theoryrevision.

In the geneal revision operatoy we arealsoallowedto
addvariablesto a DNF term, with the following limitations
in theunatecase First, aliteral thatappearsn theinitial for-
mula cannotappeamegatedin the target formula. Second,
the target formula mustalsobe unate:in otherwords, vari-
ablesnot usedat all in the initial formula cannotbe added
into oneterm negatedandinto anothettermunnegated.Fur-
thermore,in our construction,all intermediatehypotheses
mustalsobeunate.

Note that this model allows us to entirely replaceone
termof theinitial theoryby anew termwith entirelydistinct
variables. The revision distancefor this replacements the
sumof thelengthof thedeletedterm(all of whosevariables
mustbe fixedto true) andthe lengthof the addedterm. On
the other hand, the revision distancefor simply deletinga
termwith no replacements only 1, sincethis canbe done
merelyby fixing any onevariableof thetermto befalse.

3 REVISING MONOTONE DNF

In this section,we presentanalgorithmto revisea mon-
otonem-term DNF formulain the generalrevision model.
This extendsthe algorithmfor revising 2-term DNF formu-
lasin [6].

3.1 DESCRIPTION OF ALGORITHM

A monotoneDNF formulacanbe viewed asa collection of
subset®f thesetof variableswith eachtermdefininga sub-
set.We saythatonetermcovers anotheiif it is a supersebf
the other Whencorvenient,we sometimegreatmonotone
termsaselementof {0, 1}", wherethebit vectorhasa 1 ex-
actlyin thosepositionswherethetermcontainsavariable. If
atermt coversatermof thetargetformula,thenM Q(t) = 1
andary countergamplez to EQ(¢) mustsatisfythe target
andnott; namely z mustbe positive.

fY C ZandMQ(Y) = 0 andMQ(Z) = 1, thenZ
coversa targetterm not coveredby Y. We canusebinary
searcho find asubsebf Z containingY” thatcoversatarget
term. In fact,we canfind asetA of variablesanda variable
le Z\ (Y UA)suchthatMQ(Y U A) = 0 but MQ(Y U
Au{l}) =1.

We previously [6] useda sort of binary searchfor this
purpose.n the presensetting,however, onenew complica-
tion arises.We would like to considerl anecessarpddition
to Y. However, if Z coversseveraltamgetterms,it may be
necessaryo add!/ to Y to cover oneof thosetermsbut not
another This couldleadto our building up Y to covermore
thanonetargettermin aninefficientmannerWe call suchan
[ apivot, becaus¢hechoiceof whichtermto coverpivotson
whetherl is addedto Y. We recognizea pivot becausavith-
outit, Z still coversatamgetterm,soMQ(Z \ {I})=1.If a
pivot is foundin the courseof the binary searchwe throw it
outandrestartthesearchfromY to Z \ {i}.

With thatin mind, we cannow describehe algorithm.

The heartof the constructionis the procedureREVISE-
UPTOE. It takes as parameteran m-term monotoneDNF
formulay ande, theassumedevisiondistancerom ¢ to the



Algorithm 1 ReEVISEUPTOE(y, ). Revisesy, asetof mon-
otoneterms,if possibleusingat moste revisions;otherwise
returns‘Failure’ Notethatif any subroutinesitherfindsthe
correcthypothesisor returns“Failure”, thenthis algorithm
alsoterminates.Also, if the errorlimit e is ever exceeded,
this algorithmterminatesmmediatelyandreturns‘Failure”.

1L h=90 /itheinitial hypothesis
2: while EQ(h) givesacountergamplez ande > 0 do
3. ifMQ(znt)=1forsomet € hthen /ldelete
variablesfrom hypothesigerms
4 for all t € h for whichMQ(zNt) = 1do
5: t=tNz
6: e=e—|t—(tNz)]
7 endfor
8. else /ffind anew termto addto the hypothesis
9 terms = ¢ /lthe setof termsto consider
10: min =e
11: FoundATerm = false
12: for all t € terms do
13: new =tNx
14: numAddedLits = 0
15: while MQ(new) == 0 and numAddedLits <
e do
16: d = BINARYSEARCH (new, x)
17: new = new U {d}
18: numAddedLits = numAddedLits + 1
19: if MQ(z — {d}) ==1 then
20: Iz — {d} is apositive counteraamplethat
coversfewer goalterms
21 z =z —{d}
22: restartfor all ¢ loop with this z by backing
upto line 9 to resetotherparameters
23 endif
24: endwhile
25: if MQ(new) == 1then
26: T = new
27: FoundATerm = true
28: min = min(numAddedLits, min)
29 endif
30: endfor
3L if not FoundATermthen
32: return Failure
33: else
34: h=hU{z}
35: e = e —min [//minimumnumberof editsdone
onary t €  which contributedto z
36: endif
37:  endif
38: endwhile

tamget. If e is in facttoo small, REVISEUPTOE(yp, e) fails,
ande is doubled. The claim, discussedn the next subsec-
tion, is thatwhenerertherevision distances < e, REVISE-
UPTOE(y, €) succeedsandusesonly a boundechumberof
eachtypeof query

Given ¢, REVISEUPTOE(yp, e) constructsa hypothesis
monotoneDNF formula h sothat, at eachstageof the con-
struction,eachtermof h coversatermof thetamgetformula.
At eachstageof the construction,we get a positive coun-
terexample,z to h. (Theinitial 4 is @, whichis interpreted
asthe everywhere-alseformula.)

If 2 coversatargettermalreadycoveredby atermof h,
thenz is usedto deletevariablesirom any hypothesiderms
thatcover aterm coveredby z. Sincez is a positive coun-
terexample,for arny t € h, it mustbethatz Nt C ¢, sothis
yieldsatleastonedeletion.

Otherwisey is usedto addanew termto thehypothesis.
For eachinitial termt, if binarysearcHindsanunambiguous
extensionof t N z in z thatcoversatargetterm (haspositive
membershiguery)with no morethane additions,thenwe
considerthata candidatenew term. It is thentreatedasthe
positive countereamplefor eachsubsequeniitial term. In
thisway, if severalinitial targettermscouldberevisedby z,
we getanew termthatis a “close” revision (no morethane
additions)of eachof them. In particular if the revision dis-
tanceis < e andthemostefficientrevisionto thattargetterm
ist;, thenthenew termis arevisionof ¢; with nounnecessary
additionsor deletions.

3.2 MONOTONE DNF CORRECTNESSAND
QUERY COMPLEXITY

For all of thelemmasbelow, we assumehaty is anm-term

monotoneDNF formula, andthe targetis anm' monotone
DNF formula (m' < m) with revision distanceat moste

from ¢.

Lemmal Algorithm REVISEUPTOE (Algorithm 1) main-
tains the invariant that eac term of its hypothesiscovers
someterm of the target. Theefore, any counteexamples
mustbe positivecounteexamples.

Proofsketch.  Theinitial countergampleis positive. Each
positive countergample,z, coversat leastonetarget term
T*. If T* is alreadycoveredby atermt € h, thenthe“lf” in
Line 3 of REVISEUPTOE mustbetrue,andt is replacedoy
t N z, which still coversT™. (Notethatz cannotcover ary
t € h, sinceit is a countergampleto h. This forcesat least
onedeletionif MQ(tNz) = 1.) If 2 doesnotcoverary term
coveredby h, then,unlessReEVISEUPTOE returnsFailure,
Lines9-37addanew termto h thatcoverssometargetterm
coveredby the countergamplez.

Lemma 2 Eacdh counteexamplethat covers a target term
alsocoveredby at leastonetermin h is usedto deletevari-
ablesfrom anytermst € h sud thatt¢ N z still covers a
term. Becausead termin A mustbequeried,eac deletion
requiresO(m) queries.

Lemma 3 If z is usedto adda new termto h, the new term
doesnot cover any target term alreadycovered by h. Thus,
notwotermsin h coverthe sametargetterm.



Proof sketh.  Suppose’ is addedto h becausef coun-
terekamplez. In orderfor the algorithmto reachLine 8, it
mustbethecasethatfor ary ¢ alreadyin h, MQ(z Nt) = 0.
Notethatt' C x, by construction.ThereforetNt' C t N z,
so (by monotonicity)MQ(t N t') = 0.

Thus,thereareat mostm termsin h atary time.

Notethateachr addsatmostonetermto h; onceasetof
additionsis foundfor somet € ¢, thatnew positive example
replacese, andthe processs repeatedor eacht remaining
in . Thus,theterm produceds asnearaspossibleto one
of theoriginalterms.

Lemma4 If counteexamplex covers more thanonetarget
term, say T} and Ty (and perhapsothers), and is usedto
adda newtermto h, thenbothT} and T will becoveredin
themostefficientmannerfromtermsin .

Proof.  Notethatno termin h coverseitherT;, sincex
wasnot usedfor deletions.

Supposehat,for boths, therearevariablesy; € T;\ (2N
t). Then,thebinarysearchfrom (z N t) to z will eventually
find oneof the v;s. (We call thesevariables“pivots?) At
that point, the codebacksup to Line 9 with x replacedby
thelessambiguouse — v;. Oncethelastpivotis found,arny
additionsto ary (z N t) mustbe variablesthatappeaiin the
uniquetargetterm still covered,or in the intersectionof all
remainingcoveredtargetterms.

Supposehowever, that we add a term, new, to h that
covershoth T} andTy. We know thatfor ary termt € o,
if ¢ N 2 waseditedto new, thenthis involvedat moste ad-
ditions, and all thoseadditionswerein 77 N Ty, sinceno
pivotswerefound. Therefore|f t is theappropriatdermto
revise to T;* ande is the correcterror, new is a necessary
revision of ¢. Furthermorejf ¢’ is the appropriateterm to
reviseto T3, new is alsoa necessaryevision of ¢'. Eventu-
ally, new will have oneT; deletedandtheappropriate or
t' will contributeanothertermto h—onethatdoesnotcover
Tr.

Lemma5 A singleaddition of a termto the hypothesige-
quiresO(m?elogn) membeshipqueries.

Proof sketch.  Note that therecanbe at moste additions
toany z Nt forary t € ¢; if moreadditionsare needed,
the attemptto edit thattermfails. Eachsearchfor an addi-
tion requiredog n membershigueries However, evenif the
countergamplez coversauniquetargetterm,thealgorithm
maytry eachof them termsof ¢ to find onethatworks. This
means0(me logn) membershimueries.

If z is ambiguousthenevery time a pivot is found, the
entire additionsprocedureis restarted. Sincex can cover
at mostm target terms, this can happenm — 1 times, so
the entiresearchfor oneunambiguousdditionmay require
O(m?elogn) membershigueries.

Theorem6 REVISEUPTOE(yp,€) uses at  most
O(m3elogn) membeship queriesand O(e + m) equiva-
lencequeries,and succeedsf ¢ hasrevision distanceless
than or equalto e. Theefore, an m-term monotoneDNF
formulawith an edit distancee fromthe target formula can
berevisedusingO(m3elogn) queries.

Proofsketch.  Notethatit is possibleto getaninitial theory
thatis, in fact, correct. Becauseof this possibility, we begin
by askingMQ(y). If the answeris not “Correct!” we ap-
ply REVISEUPTOE(¢p, €) for repeatedlydoubledvaluesof e
until it producesa “Correct!”

We givethefull analysisof REVISEUPTOE; therestfol-
lows. Notethatthe additionof atermto the hypothesisnay
involve simply copying thatterm from the initial theory or
may also involve deletingsomevariablesnot in the coun-
terexamplethattriggersthe addition,or perhapsomeaddi-
tionsof variablesn z thatwerenotin theinitial theoryterm.
Theconstructiorof therevisedtheoryrequiresm' additions
of termsto the hypothesiplusup to e additionsof variables
to initial terms.

Each addition of a term to the hypothesisrequires
O(m?elogn) queries,andtherearem’ = O(m) terms,so
this requiresO(m?e logn) membershipueriesneededor
additions.

Thereare O(e) deletionsneededandeachdeletionre-
quires O(m) membershipqueries,for a total of O(em),
whichis O(m3elogn) queries.

Finally, eachaddition of a term to the hypothesisand
eachrevision may requirean equivalencequery, for atotal
of O(e + m) queries.

4 REVISING UNATE DNF

In this section,we presentanalgorithmthat canrevise a 2-
termunateDNF in the generaimodelof revisions. Theonly
restrictionwe malke is thatwe assumehatno variablein the
initial theoryhasthewrongorientation.Thatis, if z; occurs
in theinitial theory thanx; couldbedeletedpr movedto the
othertermif it occursonly in oneterm,but we cannotdelete
x; andaddz;.

4.1 DESCRIPTION OF ALGORITHM

Throughoutthis section,we will referto aterm¢ of a hy-
pothesisDNF as full with respectto target term 7™ if t's
variablesarea supersebf T*’s variables. Generallyit will
beclearwhichtargettermwe arereferringto, sowewill sim-
ply referto ¢ asfull. Intuitively, if ¢ is full, thenany necessary
additionshave beenfound,andt requiresonly deletionedits.

We referto the variablesthat do not occurin theinitial
theoryastheoutsidevariablesandthosethatdo occurin the
initial theoryastheinsidevariables.

We beggin by explaining how we mustalter two subrou-
tines, BINARYSEARCH usedeatrlierin this paper and RE-
VISEDOWN, usedin our earlierwork, in orderto make them
work in the unatecase.

4.1.1 Binary search

The BINARYSEARCH referredto in this sectionis different
from that usedpreviously, in thatit doesnot dealwith sets
of variablesput with settingsof variables.Whenwe look at
T\ S, wearereally consideringhevariablescorresponding
to elementsof T' ® S. Whenwe divide T' ® S into two
roughly-equakizesetswhatwe dois “flip thebits” (change
the signs)of the variablesin one of thosesets. Otherthan
this minor definitionalchangeanda smallchangenvolving
pivots, which we discussnext, BINARY SEARCH works the



same.The codefor binary searchfor the unateDNF caseis
brokenoutin thefigureentitledAlgorithm 2.

Algorithm 2 BINARYSEARCH(Y,, Z, €). For unaterevisions,
findsnecessarpdditionsto Y from Z to coveratargetterm,
if this canbe donewith < e additions. We requirethat ini-
tially MQ(Z) = 1.

1: while MQ(Y) == 0 ande > 0 do

22 S=Y,T=27Z.

3:  while T ® S| > 1do //binarysearchor 1 addition

4: Divide positionswhereS andT disagreento ap-
proximatelyequal-sizesetsd; andds.
5: PutMid = S with positionsin d; replacedoy T"'s
values
6: if MQ(Mid) == 0then
7: S = Mid
8: else
9: T = Mid
10: endif

11:  endwhile

12:  Let!l bethel positionin T ® S

13:  if MQ(Z with position! flipped) = 1 then
14: throw PivotExceptionfY, [, e, Z)

15:  endif

16: Y =Y U thevalueof Z for position]

17 e=e—1

18: endwhile

19: if MQ(Y) == 1then
20: returnY,e

21: else

22:  return “Failure”
23: endif

/Y coversterm

Ille <0, soall editsalreadyused

We foundtheoverallalgorithmfor the unatecaseeasiest
to describeby thinking of BINARY SEARCH stoppingexecu-
tion andthrowing an exceptionbackto the main algorithm
wheneerit findsa pivot. The actionof the mainalgorithm
is muchthe sameasfor the monotonecase—itbacksup and
restartswith a countergamplethatis alteredby turningthe
pivot variableto the off position.

4.1.2 ReviseDown

The procedureREvISEDOWN was usedintroducedin our
earlierwork [14], wherewe calledit REFINEDOWN. It is
usedto deleteunnecessaryariablesfrom hypothesigerms.
Given a hypothesiswhere eachterm covers a target term,
we will getonly positive countergamples.Supposeve are
givenahypothesid’; v T}, suchthatT; and7}, coverdistinct
target terms, and positive countergamplez, which neces-
sarily coversneitherT; nor T. Thenfor oneT,, x N T,
coversatargettermandcanthereforereplaceT;.. (If 2 cov-
ersbothtargetterms,it is usedto deletevariablesfrom both
hypothesigerms.) This processs repeatediuntil EQ(h) =
“Correct” or the numberof deletionsperformedexceedshe
errorbound,or EQ(h) returnsa negative countergample.
For unateformulaswith generalrevisions,however, the
situationis not so straightforvard. Either or both initial
theory terms might require additionsas well as deletions.
However, themainalgorithmthatcalls REVISEDOWN is de-
signedso that for ary two-term hypothesispassedo RE-

VISEDOWN, atleastoneof the two termsis full.
SoREVISEDOWN mayhave atwo-termhypothesidor a
two-termtargetunateDNF, but still receive a negative coun-
terexamplex to anequivalenceguery becaus¢hehypothesis
termthat z satisfiesis not full. Notice, however, thatthere
is no ambiguityaboutwhich hypothesidermto revisewhen
REVISEDOWN getsa negative countergample,becausehe
negative countergamplecansatisfyonly the onetermof the
hypothesighatis not full. We will discusswhatshouldbe
donewith this negative countergamplein Section4.1.3.

Algorithm 3 REVISEDOWN(Ty,T5, €, p1,p2)
Editsthetwo-termhypothesid vV T5, but nevermakesmore
thane edits. The p; arepositive instancegor NULL) asso-
ciatedwith therespectie T;. Terminatesitherin failure,or
with correcttargetformula. Terminatesn failureif call to
BINARYSEARCH fails.

1: Puth =T vV Ts.

2: while (z = EQ(h)) # “Correct”do

3: ife<0then //Usedup all allowableedits
4; return Failure
5. endif
6: if h(z) =0then Iz is positive counteraample
7: for all termsT; do
8 ' = zNT;
9: Turn“off” in 2’ ary outsidevariablesn T; \ T;
10: if MQ(z') ==1then
11: T;=T;Nx
12: Decrement by # deletionsto 75
13: endif
14: end for
15: if notermof h wasrevisedby x then
16: return “Failure”
17: end if
18: else Iz is anegative countergample
19: if Tl(.fli) == Tz(.’l}) ==1then
20: return Failure
21: else
22: Let T; beuniguetermof h suchthatT;(z) = 1
23: if p; == NULL then
24: return Failure
25: endif
26: z = vectorwith insidevariablesof z andoutside
variablesof p;.
27 if MQ(z) # 1then
28: return Failure
29: endif
30: Performbinarysearchfrom z to z
31: Add all variablesfound to T; and decrement
accordingly
32: end if
33:  endif
34: endwhile

Theprecedingdiscussioractuallyappliesonly to certain
calls of REvVISEDOWN. As we will discusssoonin Sec-
tion 4.1.4, the main algorithmtries calling REVISEDOWN
with several differentparametersintendingto abandorall
but oneof thecalls. For the callsthatwill beabandonedin-
tuitively, the oneswherethe algorithmhasmadethe wrong



“guesses”aboutthe parameters)the two-term hypothesis
givemto REVISEDOWN could have neithertermfull. In this

case,however, it is fine for REVISEDOWN to fail. In fact,

whenREVISEDOWN recevesa negative countergample, it

checks,in Line 19, to seewhetherthat negative countere-

amplesatisfiesboth hypothesiderms. If so,thenit mustbe

thatneitherhypothesigermis full, soREVISEDOWN termi-

nateswith failure.

Algorithm 4 REVISEUPTOE(po(= t1 V t2),€)

4.1.3 Negative counterexamples Notethata branchof a“try both” fails if oneof the subrou-

We will sometimeshave hypothesigermsthat are not full. tinesit callsfails withoutbeingexplicitly testedfor failure.
This situation can arise both with a one-termhypothesis . T

: , . 1: Letz bepositiveinstancgfrom EQ(FALSE

in REVISEUPTOE, and as just discussedfor one of the 2 try goth% —1.9 « QA )

two termsof REVISEDOWN’s two-termhypothesisin both 3 Work with z a{s describedin text to createa one-term

casesthe algorithmis designedso thatthe hypothesigderm
alwayscontainsall theinsidevariablesof theassociatedar-
getterm.

hypothesish assumingthat 2 satisfiestarget term that
canbederivedfrom ¢, to minimizetotal edits

. . . . 4: Lett; betermof g thath is derivedfrom

We keepassociateavith eachhypothesigermT; aposi- 5: Letx; bepositive instanceassociateavith &
tiveinstancep; thatis supposedo satisfythe targettermas- 6 whilel (y = EQ(R)) # “Correct’and e > 0 do
sociatedvith T;*. Thespecialcaseof p; beingnull indicates 7. if h(y) =1then /INegative countereample
that T; is supposedo be full, andary negative countere- 81 if 2 —— NULL then
ampleto T; mustindicatethatanincorrectnondeterministic 9; réturn “Failure”
ch0|cehasbeenma_1de. . 10: else /lh needamorevariables

Whenwe receve a negative countergampley thatsat- 11: z = vectorwith insidevariablesof y andoutside
isfieshypothesigerm T;, it mustbethaty hasoneor more variablesof ;.
outsidevariableof theassociatetargettermsetto off, since 12: if MQ(z) # 1’ then
T; hasall its insidevariables.Meanwhile,p;, by definition, 13: return Failure
hasall thoseoutsidevariabl_essetto on. .So,.if we d_o abinary 14: endif
searchrom y to avectorwith the sameinsidevariablesasy 15: Performbinarysearctrom z to z

andthe sameoutsidevariablesasp;, we will discover some 162

" Add all variablesfound to h; decrement ac-
numberof necessanadditionsto T;, at a costof O(logn)

queriegperadditionfor BINARY SEARCH. (We couldequally 17: en(éc?][dlngly
well searchfrom a vectorwith the sameinsidevariablesas 18; else Ily is a positive counterexample
p; andthe sameoutsidevariablesasy to y.) 19: ho=hiep = e
4.1.4 Main Algorithm: REVISEUPTOE 20: y' =yt ,
As before wetestwhethertheinitial formulay = ¢; Vt, can ;; i t}izyh% hland then MQ(y') == 1then
berevisedto thetargetformula,fore = 1,2,4, .. .. Thepro- 3. else if BI%ARYSEARCH( "Ly,e) retums (z,e)
cedure,REVISEUPTOE, begins with an equivalencequery ' (ratherthan*Failure”) theny Y ’
to (. If thatis not the target formula, thenwe get a posi- 24 h = ho V ((t N y) plusliteralsof z in z @ y)
tive countergample,z, which is usedto createa one-term 25j - ' %REVISEDOWN mayfind tgélrget
hypothesis. : . g f
Assumefor now that both MQ(zN(t; N t2)) = 0 and ggj i IZEXIEEROWN(h’ ¢) retuns'Failure” then
MQ(zN(t1 Nt2)) = 0. We will describenow to handlethe 8. . ;e o |Z;1 \ Al
casewherethatis nottrueabit later, 29j endif 0 0
Intuitively, we nondeterministicallyry boththeassump- 30: else //BINARYSEARCH(y', y, €) returns‘Failure”
tionsthatz satisfiesa targettermthat shouldbe derived by 31- h=ho Y
editing initial theoryterm ¢, (i.e., the revision distanceis 32j e—e 0_ ﬁz \ A
minimizedby editingt; ratherthant, to getthis targetterm) 33 endif 0~ 1%
andthat z satisfiesa target term that shouldbe derived by 34 endif
editinginitial theorytermts. In practice the“try both” con- 35j end while

structtriesfirst oneandthenthe otheralternatve.

Here is how we proceedwhen we are assumingthat
t; should be editedto createa target term T3 such that
Ty (z) = 1. We askthetwo membershigueriesM Q(zNt; )
andMQ(zNtq). If bothreturnl, thenour initial one-term
hypothesiss t; N z. Intuitively, we arehopingthatthe re-
sponsedo the membershimueriesindicatedthatz satisfies
atamgettermthatis containedn t; though,aswe discussan
the proof of Lemmaas, this is not necessariljthe case. We
remembefor laterthatt; is thetermthatwe edited,andthat

36: endtry both




z is aninstancethatwe areassumingsatisfiegtheassociated
terim of the targetformula. The fact that we rememberz,
insteadof NULL, indicatesthatwe could later legitimately
receve a negative countergamplesatisfyingthis term; that
is, thatthis termmay not be full.

If, instead, MQ(zNt1) = 0, thenwe performa binary
searchfrom zNt; to z, andour initial one-termhypothesis
is t1 N z plus whatever additionalvariableswere found by
the binary search.In this case we shouldnever seea nega-
tive counteragampleto this term, sowe make the associated
positive instanceNULL. (If we do receve a negative coun-
terexample, it indicatesthat we arein the wrong branchof
the“try both”) Again,t; is theeditedinitial theoryterm.

The final possibility is that MQ(zNt;) = 0, but
MQ(znt;) = 1. If Ty (xz) = 1, thenit mustbe that T}
containssomevariablesfrom ¢, \ ¢1, sinceMQ(zNt;) = 0.
Thus, we canbe certainthat ' = xNt; satisfiesonly the
other tamget term. So, if MQ(z'Nt;) = 1, thenwe use
(t2Nz'") asourinitial one-termhypothesis!f not,thenwe do
abinarysearchrom (z'Nt») to z' to find which variablesve
needto addto ¢, N 2’ to createour initial hypothesisEither
way, we indicatethat our hypothesiderm hasactuallybeen
derivedfrom t,, andthatis full, sowe shouldnever receve
ary negative countergampledo it.

Now let us explain what we do if one or both of
MQ(.’L’ﬁ(tl N tz)) =1or MQ(.’I:D(tl N tz)) = 1. In this
caset = t1 Nty playsaverysimilarrole to ¢; abovein the
casewherewe assumedhatboththesemembershigueries
returned0. If both membershipqueriesreturn 1, thenwe
initialize our one-termhypothesisto be ¢t N z, and zNt is
the associategbositive instance andwe must“try both” for
i = 1,2 the possibility that this hypothesiswasinitialized
from ¢; (i.e.,thatwhena secondermis added,t shouldbe
derivedfrom theotherinitial theoryterm).

If exactly oneof MQ(zNt) andM Q(zNt) is 1, thenwe
cando a binary searchbetweenzNt andzNt or vice versa
andderive a hypothesigermthatis full. In this casetheas-
sociatedpositive instances NULL, but we still have to “try
both” possibilitiesfor which initial theorytermthis hypoth-
esiswasderivedfrom.

Unlike themonotonecase pncewe have a one-termhy-
pothesiswe arenotalwayssurewhethersubsequerositive
examplesshouldbe usedto add variablesto aninitial the-
ory clausein orderto generatea new hypothesisclause,or
to deletevariablesfrom an existing hypothesisclause. Our
algorithmis designedso that an incorrectguesswill only
propagatedown twice: if we make two falseassumptions,
thealgorithmwill backtrack.The placeswvhereassumptions
aremadearein with theinitial counter&ample,which may
be usedto edit oneor the otherinitial term,andthen,given
a one-termhypothesiswhetherto usea positive countere-
ampleto editthe existing termor to createa new term.

4.2 CORRECTNESSAND QUERY COMPLEXITY

We first make an obsenationaboutREvVISEDOWN thatfol-
lows immediatelyfrom anexaminationof its code.

Lemma 7 WhenRevISEDOWN is calledwith its maximum
numberof edits parametere setto d, thenit malesat most
O(dlogn) queries.

The following lemmais the heartof the correctnesar
gument.

Lemma8 Let gy = t; V ty be an initial theory and let
®* = Ty v Ty be a target theory with the T} labeledso
thate = |t1 @ T7| + |t2 @ To| < |t1 @ T| + [t2 ® T
Considera run of REVISEUPTOE((p, €). If the positivein-
stancer usedin Line 1 satisfiesonly theonetargettermT’',
and MQ(zN(t1 Nt2)) = MQ(zN(t1 Nt2)) = 0, thenthe
brandh of the“Try both” where i = j findsthetargettheory
usingat mostO(e? log n) queries.

Proof.  First,we pointoutthatthepivot exceptionin binary
searchwill not occurbecauser coversonly oneof the two
tamgetterms.

We proceeddy cases.

Casel: BothMQ(znt;) = 1 andMQ(znNt;) = 1.

Theinitial one-termhypothesiscreatedn Line 2 of RE-
VISEUPTOE is ¢; N z. Call this term of the hypothesisT'.
NoticethatT cannotcover Ty . Thisis obviously trueif T}
containsary variablesotin ¢;. If all T;*’svariablesarein ¢;,
however, T still cannotcover it, becauséy the assumption
of thelemma,z doesnotsatisfyTy, andT =t; N x.

i TF Ct;.

SinceT;*(x) = 1, it mustbethatT coversT;. Thus,
ary countergampleto EQ(h) whereh includesT mustbe
positive, or it contradictsthat7;* C T'. Note thatso farwe
have useonly a constannumberof queries.

For eachsubsequenpositive countergampley, we first
assumethat y doesnot satisfy T}, soy shouldbe usedto
createa seconchypothesigermderivedfrom ¢;. Noticethat
y' = yNt; alsocannotsatisfy T}*, sinceT; hasno outside
variables. So, if MQ(y') = 1, thenwe caninitialize the
secondhypothesigermto ¢; N y, andif notwe cando one
binarysearcHrom y' to y to decidewhich additionaloutside
variablesshouldbe addedto ¢; N y. Thusinitializing the
secondermrequiresO(elogn) queries.

Onespeciakasecanarise.lf MQ(y') = 1andt;Ny C T
(and, in fact, sincey is a countergample,it must be that
t; Ny C T, thenintuitively we certainlydo notwantto add
t;Ny asaseconchypothesigerm,becauséhenthefirstterm
would be redundant.Formally, we canargueasfollows. If
bothy andy’ = ynt; satisfyT;, thenT;* hasall its variables
in t;, andindeedin ¢; N y. However, sincet; Ny C T, that
would meanthatT" coversT;, whichis false.So,atleastone
of y ory’ satisfiesT}*. In this case(checledfor in Lines17-
180of REVISEUPTOE), we cansafelyusetheinsidevariables
of y (whicharethesameastheinsidevariablesf y') to make
deletionsfrom T'.

Wheninsteadwe aretrying to usey to starta seconchy-
pothesigerm,we make onebinary searchpusingO(e log n)
membershipueries,to initialize a secondterm of our hy-
pothesis After that,we arein thesubroutindREVISEDOWN,
which performsonly deletionsto our two-termhypothesis,
usingonly a constanhumberof queriesperdeletion. Thus,
if y actuallysatisfiesI;', we obtainthe targetusingat most
O(e) equivalenceand O(elogn) membershigueries.If y
doesnotsatisfyT;*, we backtrackafterO(e) queriesanduse
y to performatleastoneneededieletionfrom termT'. Thus
the total numberof queriesis at mostO(e) equivalenceand
O(elogn) membershigueriesperdeletion.



i. T}  t;.

Notice that in this caseT is not full. If we receive a
negative countereampleto EQ(T'), thenwe canuseit to
malke T full, at a costof O(elogn) queries. After this, we
arein the samesituationasCasel.i.

The other possibility is that we receive a positive coun-
terexample. We now digressa bit to describesomeproper
tiesthatour one-termhypothesisnusthave, andthenreturn
to describinghow the positive countergampleis handled.

Let x bethe positive instancethatwasusedto createT'.
We claim thatthefollowing musthold:

1. T includesall inside variablesof T;*, but no outside
variables.

2. T; containsatleastoneoutsidevariable andthe setsof
outsidevariablesof 77* andTy aredisjoint.

Recall that MQ(zNt;) = MQ(zNt;) = 1, but by as-
sumption,¢; doesnot cover T;*. Now alsoby assumption,
T (xz) = 1, soit mustbe thatzNt; satisfiesT;*. SinceT}
containsvariablesnot in ¢; andz andzNt; differ on those
variablesznt; mustsatisfyTy. SincezNt; andzNt; satisfy
two differenttargetterms,andboth thoseinstancesave all
variablesin t; \ t; setto off, neithertamgettermcanhave ary
variablesfrom ¢; \ #;. Now Item 1 follows becausél’ was
initialized to ¢; N z, andall T;*'s inside variablesare from
t;. Next, T; mustcontainoutsidevariables becausether
wiset; would cover T;*. TargettermT;* cannotcontainary
of T;*'s outsidevariables becausehosevariablesare off in
zNt;, which satisfiesIy*. This concludeghe agumentthat
Item 2 holds.

Now considera positive countergampley to EQ(T).
therearethreepossibilities.Oneis thatwe executelines 17—
18 of REVISEDOWN because; Ny C T andMQ(y') = 1,
wherey’ = yNt;. In this case we canargueexactly aswe
did for this situationin Casel.i thatat leastoneof y or g’
mustsatisfyT;*, andit is fineto editT toy N T'.

Thesecondoossibilityis thaty coversall theinsidevari-
ablesof T7*. In this case editingT" to becomel’ Ny is per
forming necessargeletions.Beforedoingthatwe will have
called REVISEDOWN, but it mustalways terminatewithin
O(elogn) queriessothatcando no harm.

Otherwisey is missingsomeinsidevariablesof T;*, so
soisy' = yNt;. Thusabinary searchfrom ' to y is guar
anteedto find us a secondhypothesigermthatis full with
respectto 77, so REVISEDoOwN will returnthe target for-
mulain O(elogn) queries.

Casell: MQ(znt;) = 0.

ThisimpliesthatT}* ¢ t;. In this casewe performa bi-
nary searchfrom zNt; up to z. Thatbinary searchwill find
the necessanadditionsto ¢; N z usingO (e log n) member
ship queries,and after that the analysisis just asin Casel.
Thetotal asymptoticquerycompleity is the same.

Caselll:

MQ(znt;) = 1, andMQ(zNt;) = 0.

Noticethatin this caseT;* mustcontainvariablesnotin
t;, specificallysomevariablesfrom ¢; — ¢;. (If thenecessary
additionsto zNt wereall outsideof ¢; thenM Q(zN¢;) would
be 1.) Furthermoresincethosevariablesareoff in zNt;, it
mustbethatznNt; satisfiesl;".

SozNt; is apositiveexamplethatdefinitelysatisfiegerm
Ty andnottermTy*. Now oneof the previous casesapplies,
with therolesof ¢ andz switchedandznt; replacingz. Thus,
this is equivalentto Casel in the secondoranchof the“Try
both! andthe compleity analysisis subsumeddy that of
Casdl.

Remark:Theonly placewe usedtherestrictionon z that
MQ(zN(t1 Nt2)) = MQ(xN(t1 Nt2)) = 0, wasto restrict
the numberof casedn the proof. The casescorrespondo
thedifferentwaysin whichtheinitial one-termhypothesiss
created.

The argumentdor the casewherewe insteadwork with
t1 N t2 to createtheinitial one-termhypothesisarebroadly
similar, andwill beincludedin thefull paper

Theorem9 We can revise two term unate DNF in
O(e? logn) querieswhekee is therevisiondistancebetween
theinitial andtargettheories.

Proof sketch. We male repeatectallsto REVISEUPTOE
with the error parametessetto 1, 2,4, 8, ... until REVISE-
UPTOE returnssuccessWe claim thatthis happenso later
thanwhenthe errorparameteis setto e.

Consideffirst the casewheretheinitial positive example
x coversonly onetermandthe otherconditionof Lemma8
is met. Lemma8 guaranteethatthebranchof the“Try both”
thathasthe“right” valueof i haltsafter O(e? logn) queries
with the targettheory Furthermorethe “wrong” branchof
the“Try both” alsokeepsrackof how mary revisionsit has
madeasit goesalong, so it musthalt after makingat most
O(elogn) queriesaswell.

The casewherethe conditionsof Lemmag do not hold
becausdhereis a targettermall of whoseinside variables
arein the intersectionof the two initial theorytermshasa
broadlysimilar argument.

Considemext the casewherethe initial positive exam-
ple coversboth terms,and at leastone branchof the “Try
both” catchesa pivot exceptionthrown by binary search.
Thebranchthatthrows the exceptioncanhave madeat most
O(e?logn) queriesheforethrowing the exception.After the
exceptionwe restartthe programwith anew countergample
thatis guaranteedo satisfythe conditionsof Lemmas.

Finally, we have the casewherethe initial positive ex-
amplez satisfiesbothtermsof thetarget,andneitherbranch
of the “Try both” finds a pivot. This meansthatall of the
additionsdoneare necessaryo both possiblerevisions(the
currenttermto T;* or to 73). As in the discussiorfor the
monotonecasejf bothinitial termsarerevised,in their par
allel branchesto the sametarget term, then one of those
revisionsis the correctone. If they arerevisedto different
targetterms thenthatrevisionis atleastasefficientasrevis-
ing themto the oppositetargetterms.

5 REVISING READ-ONCE FORMULAS

In this sectionwe outline the improved deletion-onlyrevi-
sionalgorithmfor read-oncdormulas.

An Q(elog(n/e)) lower boundto the numberof queries
is provedin [15]. It is alsoshown in [15] thatusingonly one
type of query oneneedsa numberof queriesthatis linearin
n.



Theorem 10 Everyn-variable read-onceformula ¢ hasa
revision algorithm that usesO (e logn) queries,whee e is
therevisiondistancebetweeny andthetargetconcept.

Proof outline. Let usreview a bit of terminologyfrom [14].

We assumew.l.o.g. thaty is monotone. If ¢’ is a subfor

mulaof ¢, thenevery truth assignmenk canbe written as

(x1,x2), calledthe ¢’-partition of x. Herex; containsall

the variablesin ¢', andx» containsall the variablesnot in
!

Lety' beasubformuleof ¢ andlet P bethepathleading
from theroot of ¢ to theroot of ¢’ in the binarytreerepre-
sentingy. Then,usingthe commutatvity of AND andOR,
 canbewritten as

((--- (901 Op Qr) Op_1 *+* 03 (03) 02 Y2) 01 P1, 1)

whereys, ..., ¢, arethe subformulascorrespondindo the
siblingsof thenodesof P, andoy, ..., o, areeitherA or V.
Let thesetsof variablesoccurringin ¢; be X;, andthe setof
variablesoccurringin ¢’ beY. Thesesetsform a partition
of {z1,...,zn}. Now let a bethe partial truth assignment
thatassignsl (resp.,0) to every variablein X; if o; is AND
(resp.,OR), for everyi = 1,...,r. Thena is calledthe
partial truth assignmensensitizingy’.

Also, given a substitutione, let o be the formula ob-
tainedby replacingeachvariablein ¢ by the corresponding
constantfrom o. A subformulais constantif it computes
a constanfunction. Maximal constansubformulasmustbe
pairwisedisjoint. Two substitutionsr; ando» areequivalent
if oy andpos computethe sameBooleanfunction. Thenit
holdsthatsubstitutionsr; andos areequialentif andonly
if their setsof maximalconstansubformulasareidentical.

The learningalgorithmis basedon the recursve proce-
dure FINDCONSTANT of Figure1l. This procedurediffers
from the correspondingprocedurdn [14] at onepoint only.
TheproceduredFINDFORMULA is replacedoy the procedure
FINDNEWFORM, describedbelon. FINDCONSTANT takes
aformulayp anda counter@amplex andreturnsa substitu-
tion &, which fixesa subformulato a constante, suchthat
this subformulamustcomputeconstant in ary representa-
tion of the target concept. Furthermorethis subformulais
a maximalconstantsubformulain ary representationf the
targetconcept.

In the previous versionof FINDCONSTANT, at eachit-
eration,the currentformulawassplit by finding an approx-
imately half-size subformulaof ¢, i.e., a subformulacon-
taining betweenl/3 and2/3 of the original variables(which
alwaysexists). The algorithmwasrecursve, sotherecould
beatotal of O(log n) levelsbeforeobtaininga constant-size
subformula. For eachiteration, therewerethreecases.In
one,weusedO(log n) queriesanddid notneedo recurseln
anotherwe usedonly O(1) queriesto recurse.Thesecases
areunchangedIn thethird case we neededo usea proce-
durecalledFINDFORMULA thatcoulduse®(logn) queries.
This is wherethe O(log® n) factorin the query complexity
comesfrom.

The modifiedversionof FINDCONSTANT works asfol-
lows. It eithersucceed# finding a subformula(which may
be itself) thatis amaximalconstansubformulan arny rep-
resentatiorof thetargetC, andthe valueof the constantor
it reducesp to asubformulahatevaluatesx differentlyin ¢

andin ary representationf C. The numberof queriesused
in thefirst caseis logarithmicin the numberof variablesof
@.

In the secondcasewe usek queriesfor somek andwe
obtain a subformulasuchthat the numberof its variables
decreasedy a factorO(1/2*). The procedureFINDCON-
STANT thencontinuegecursvely. This guaranteethatafter
O(log n) membershimueriesthe procedurefinds a subfor
mulathatis a maximalconstansubformulan ary represen-
tationof C, andthevalueof the constantOnecanthenfind
asubstitutionwith aminimal numberof variableghatforces
the givenconstantvalueof the subformulaby a standarde-
cursive computatiorthatdoesnotinvolve makingqueries.

Let us considerthe versionof FINDCONSTANT in Fig-
ure 1. At thebottomof the recursionno querieshave to be
asled: if x is a countergampleto a formulaconsistingof a
singlevariable thentherevision mustbefixing this variable
to the constandifferentfrom x.

If the input formula has more than one variable, then
FINDCONSTANT startsby makingsurethatMQ(0) = 0 and
MQ(1) = 1. Otherwisethewholesubformulas identically
true or false. Now we pick an approximatelyhalf-sizesub-
formulay’ of ¢. ThenFINDCONSTANT asksthe member
shipqueriesM Q(0, o) andM Q(1, «), wherea is thepartial
truth assignmensensitizingy'. Dependingon the outcome
of theseguerieswe distinguishtwo cases.

Casel: MQ(0,a) = MQ(1,a) =cforc=0o0r1.

This caseremainsthe sameasin [14], andsoits discus-
sionis omitted.

Casell : otherwisejt mustbethecasethatM Q(0, o) =
0 andMQ(1, ) = 1. Thenfor every truth assignmeny to
thevariablesof ¢’ it holdsthat

MQ(y,a) = W(Y), ()

wherey)' is thesubformulacorrespondingo ' in ary repre-

sentatiorof thetargetconcept.Now we startconsideringhe

countergamplex, which we write as(x;, x»), correspond-
ing to its ¢'-partition. By Equation2, we cancomparethe

known valueof ¢'(x1) to ¢’ (x1) by askingthe membership
queryMQ(x1, a). Therearetwo possibilities,andonly one

of themis differentfrom [14].

Casell.1l: MQ(x1,a) = ¥'(x1) # ¢'(x1). Thenx;
is a countereampleto the hypothesisy’ for the target con-
cepte’. Thuswe cancontinuerecursvely, to find a con-
stantsubstitutionin a problemwhich hasat mosttwo-thirds
of the original variables. Note that by Equation2 we can
usethe original membershipqueriesto simulatemember
shipqueriesto the new targetconcept.

Casell.2: MQ(x1,a) = ¢'(x1) = ¢'(x1) = d.

It is in this casethatwe have to modify theoriginal algo-
rithm in [14].

Let us write ¢ as in Equation 1. Put x» =
(x2,1,---,Xa,), Wherex,; correspondgo the variables
in X;. Let; be the subformulacorrespondingo ¢; in
somerepresentation) of the target. Let y; (resp.,z;) be
the value computedat o; in ¢ (resp.,+) on input x, for
i =1,...,r, andlet y,41 = 2,41 = d. Thenby def-
inition y; = yiy1 05 @i(x2;) andz; = zip1 05 Yi(Xa )
fori = 1,...,r. Also, y1 = p(x) # ¥(x) = 2. Let
B; be the partial truth assignmenthat assignsx, ; to X



for j = 4,...,r andis otherwiseidenticalto a. Then
zi = MQ(x1, Bs).

As noted,y,+1 = zr41 andy; # z;. Justasthe proce-
dure FINDFORMULA, the procedureé=INDNEWFORM finds
ani (1 <4 < r)suchthaty;;1 = zi+1 andy; # z;, and
we returni. Forthisi (X2 ;) # ¥(X2,;). Thuswe cancon-
tinueby arecursvecall ong; usingthecounteraamplex, ;.
For a giveni, onecanevaluatey; without ary membership
gueriesfrom ¢, andonecanusetheremarkattheendof the
previous paragrapho evaluatez; with a singlemembership
query

FINDFORMNEW finds the required: by performinga
weightedbinary search Let |;| denotethe numberof vari-
ablesin thesubformulap;. Lettheweightsw; bedefinedoy
wj = |pj_1| +|g;| forj = 2,...,r. Thebinarysearchpro-
ceedsby updatinganinterval I = [a, b]. Initially « = 2 and
b=r. Lets =}, w;. Notethatfor theinitial valueof
s, s < (4/3)n. Querythevalue? suchthatzﬁza w; > s/2
andy_Zh w; < s/2. If y, # 20 (resp.y; = z) thenupdate
I'to[¢+ 1,b] (resp.,to [a,£ — 1]). If I is nonempty then
updates accordingly and continuethe search. Otherwise,
the searchs over, andwe returni = £ (resp.,i = £ — 1) if
ye 7 2o (resp.ye = z¢). In bothcasess > w; > |p;|.

If the searchis completedafter & queriesthenthe last
valueof s is atmost1/2*~! timesits original value. Hence
for the valuei returned|p;| < s7i=rn. Theboundabove
implies thatthe recursve call is madeon a formula of size
O(n/2%).

We alsonotethatin orderto simulatethe membership
gueriesin the recursve call by membershipgueriesto the
original target, one usesthe following fact. Let +; be the
partial truth assignmenthatassignsl (resp.,0) to Y andto
all X; with j > 4 if o; is AND (resp.,OR)andis identicalto
aonXj;forl < j < i. Thenfor every truth assignmentv
to X;, it holdsthat

MQ(w, ;) = s (w).

We claim that FINDCONSTANT usesO(log n) member
ship queries. Therearethreecasego consider The proce-
dure GROWFORMULA usesO(logn) queriesand doesnot
male ary recursve calls. If FINDCONSTANT getsinto the
elsebranchandit continuesby looking at ¢’ thenit uses
a constantnumberof queries,and continueswith a recur
sive call to aninputthatis at mosttwo-thirdsof the original
size. Finally, if it usesthe procedure=INDFORMNEW, then
it makesk membershimueriesfor somek, andit continues
with arecursve call to aninputthatis atmostO(1/2%) times
the original size. Hencethe upperboundfollows by induc-
tion. Therestof thedescriptiorandanalysisof thealgorithm
is againidenticalto [14] andsoit is omitted.
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FINDCONSTANT (¢, X)
if ¢ hasonevariable
return substitutions fixing it to constantl — x
if MQ(0) ==10or MQ(1) ==
return substitutions fixing ¢ to theappropriateconstant
' = anapproximatehhalf-sizeformulaof ¢
a = thepartialtruth assignmensensitizingy’
if (MQ(0,a) == MQ(1,a) ==c)
then return GROWFORMULA(p, ¢', ¢)
else
(x1,%x2) = they'-partitionof x
if MQ(x1,a) # ¢'(x1)
then FINDCONSTANT(p(+, @), x1) I look in ¢
else
i = FINDNEWFORM (g, ¢', x)
FINDCONSTANT (¢;, X2.5) I look in ¢;

Figurel: Theproceduré=INDCONSTANT.




