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1.

Proof. Let z = x+iy, 21 = a+iband 25 = c+id. |2—2| = (x—a)?+(y—b)?,
2 = 2| = (& — )’ + (y — d)?,
0 = |z— 2z — A%a — z|?
= (=a)’+y-b)’—Ax—c) - Ay —d)
(1 — AH2? 4 (1 — A%)y? + 2(A%c — a)x + 2(A%d — b)y + a* + b* — (Ac)* — (Ad)?

a— A2\? b— A2d\? A2 ) )
- (-T%) (- TF) ~glmple oo
Soif A>0and A # 1 and z; # 2o, then {z € C: |z — 2| = Alz — 25|} is

a circle with center at ((a — A%c)/(1 — A?), (b — A%d)/(1 — A?)) and radius
AJ(1 = A%)(|21 — 2]) 0

2.

Proof. First prove that the identity is invariant under scalings, translations
and rotations. If we multiple z1, 25, 23 by a € R, we have

20,2 20,2 20,2 2 2 2
a(z7 + o (25 + (25 = a°z120 + @ 2023 + 2321

This doesn’t change the identity. Second, if we rotate z; by the same angle,
such that z, = r;e’%+%) where z; = r;e’%, we have

7,%621(91-5-(1)) + Tg€21(92+¢) + 7,%622(93—&-(;5)
— 6274)(7,%62@91 + T%@sz + 7”§62Z03>

(01+062) i(624+63) 93+91)>

= ¥(r rye + rorse + ryry el

= 7’1T262(91+02+2¢) + r2r36z(92+63+2¢) + T3T1€Z(03+91+2¢)
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Lastly, if we subtract z from z;,7 = 1,2, 3, we have

(21— 2)% + (22— 2)° + (23 — 2)°
= 27— 222+ 22+ 20— 2mr+ 2P+ 25— 22z + 2P
= 212+ 2023 + 2321 — 2(21 + 20 + 23)2 + 327

= (zm1—2)(z2—2) + (22— 2)(23 — 2) + (23 — 2) (21 — 2)

If z1, 29, 23 are vertices of a equilateral triangle, we translate the triangle
such that 2; = 1, 2o = 0 and 23 = 1/2 +14./(3)/2.

(Zl — 22)2 + (ZQ — 23>2 -+ (23 — 21)2

+ (=5~ 7@)2 + (—% + ?z‘f

S0 zf + z% + z§ = 2129 + 2023 + 2321.
On the other hand, if 27 + 235 + Z§ = 2129 + 2923 + 2321, we want to show

that |21 — 23| = |22 — 23] = |23 — 21|. We can translate, rotate and scale
21, 22, z3 such that z; = 0, 20 = 1. Let 20 — 23 = w, then 23 — 2y = —(1 + w).
Now want to show |w| = |1 +w| = 1.

zf+z§+z§ = 2120 + 2923 + 23271
0+1+(14+w?=0-14+wl+w+w?=0
sow:—l—i—i@orw:—l—i\?,and|w|:|1—|—w|:1. O

2 1 2
3.

o 2t =1 22=4i z=+Viorz = +iVi.

not solved yet
o (P+1)2=-1,24+1==i, 22 =144, 2=-1%1
4.

Proof. Want to prove that

1 — k2 | |21 — 2]

= <1
|1—2122|

1-— 2129
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21 — ZQ|2 = |21|2 + |22|2 — 2212’2 < |1 — 2122'2 =1- 2212’2 + |Z1|2|2’2|2
|21 ” + Jz2f* < 1+ |20 *]22f?
212 (1 = [22]?) + 2] < 1 (1)

Let A = |2)*> € (0,1]. When X\ = 1, Eq.(1) holds. When X € (0,1) and if
|21|>(1 = X\) + A > 1, then |2,]? > 1, a contradiction.
6.

2mij 27ij

Proof. e [[\a(z—en)=(=-D][[\"j(z—en)=2"-1=(2—1)

j=0 j=1




