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Integer Multiplication



Integer Arithmetic

Add:  Given two 𝑛-bit integers 

𝑎 and 𝑏, compute 𝑎 + 𝑏.

Multiply: Given two 𝑛-bit 

integers 𝑎 and 𝑏, compute 𝑎 × 𝑏.

The “grade school” method:  
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𝑂(𝑛) bit operations.

𝑂(𝑛2) bit operations.



Divide and Conquer

Let 𝑥, 𝑦 be two 𝑛-bit integers

Write 𝑥 = 2𝑛/2𝑥1 + 𝑥0 and 𝑦 = 2𝑛/2𝑦1 + 𝑦0
    where 𝑥0, 𝑥1, 𝑦0, 𝑦1 are all 𝑛/2-bit integers.

Therefore, 

𝑇 𝑛 = 4𝑇
𝑛

2
+ Θ(𝑛)

So, 

𝑇 𝑛 = Θ 𝑛2 .

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0
 𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0
 𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0
      = 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

We only need 3 values

𝑥1𝑦1, 𝑥0𝑦0, 𝑥1𝑦0 + 𝑥0𝑦1
Can we find all 3 by only

  3 multiplication?



Key Trick: 4 multiplies at the price of 3

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0
 𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0
 𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0
      = 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

𝛼 = 𝑥1 + 𝑥0
 𝛽 = 𝑦1 + 𝑦0
 𝛼𝛽 = 𝑥1 + 𝑥0 𝑦1 + 𝑦0
      = 𝑥1𝑦1 + 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0
𝑥1𝑦0 + 𝑥0𝑦1 = 𝛼𝛽 − 𝑥1𝑦1 − 𝑥0𝑦0



Key Trick: 4 multiplies at the price of 3

Idea

To multiply two n-bit integers:

Add two 𝑛/2 bit integers.

Multiply three 𝑛/2-bit integers.

Add, subtract, and shift 𝑛/2-bit integers to obtain result.

𝑇 𝑛 = 3𝑇
𝑛

2
+ 𝑂 𝑛

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0 ⇒ 𝛼 = 𝑥1 + 𝑥0
 𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0 ⇒ 𝛽 = 𝑦1 + 𝑦0
 𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0
      = 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

A B𝛼𝛽 − 𝐴 − 𝐵



Key Trick: 4 multiplies at the price of 3

Theorem [Karatsuba-Ofman, 1962]  Can multiply two n-digit 

integers in O(n1.585…) bit operations.

𝑥 = 2𝑛/2 ⋅ 𝑥1 + 𝑥0 ⇒ 𝛼 = 𝑥1 + 𝑥0
 𝑦 = 2𝑛/2 ⋅ 𝑦1 + 𝑦0 ⇒ 𝛽 = 𝑦1 + 𝑦0
 𝑥𝑦 = 2𝑛/2 ⋅ 𝑥1 +𝑥0 2𝑛/2 ⋅ 𝑦1 + 𝑦0
      = 2𝑛 ⋅ 𝑥1𝑦1 + 2 Τ𝑛 2 ⋅ 𝑥1𝑦0 + 𝑥0𝑦1 + 𝑥0𝑦0

A B𝛼𝛽 − 𝐴 − 𝐵



Integer Multiplication (Summary)

• Amusing exercise: generalize Karatsuba to do 5 size 
𝑛/3 subproblems 

This gives Θ 𝑛1.46…  time algorithm

Still open problem.



Matrix Multiplication
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Multiplying Matrices

Let 𝐴 be an 𝑛 ×𝑚 matrix, 𝐵 be an 𝑚 × 𝑝 matrix.

Then, 𝐶 = 𝐴𝐵 is an 𝑛 × 𝑝 matrix

such that
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Multiplying Matrices
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Multiplying Matrices



13



















•



















44434241

34333231

24232221

14131211

44434241

34333231

24232221

14131211

bbbb

bbbb

bbbb

bbbb

aaaa

aaaa

aaaa

aaaa



















+++++++++

+++++++++

+++++++++

+++++++++

=

444434432442144142443243224212414144314321421141

443434332432143142343233223212314134313321321131

442434232422142142243223222212214124312321221121

441434132412141142143213221212114114311321121111

babababababababababababa

babababababababababababa

babababababababababababa

babababababababababababa









A11 A12

A21

A11B12+A12B22

A22

A11B11+A12B21

B11 B12

B21 B22

A21B12+A22B22
A21B11+A22B21

Multiplying Matrices
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Simple Divide and Conquer



Naive Strassen
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Strassen’s Divide and Conquer Algorithm
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• Strassen’s algorithm
Multiply 𝟐 × 𝟐 matrices using 𝟕 instead of 𝟖 

multiplications (and 18 additions)

𝑇 𝑛 = 7𝑇
𝑛

2
+ 18𝑛2

Hence, we have 𝑇 𝑛 = 𝑂 𝑛log2 7 .

Strassen’s Divide and Conquer Algorithm

Useful when 𝑛~500.

I am curious how large 𝑛 need?

One of the most important open problem:

Solve matrix multiplication in O(𝑛2log𝑂 1 𝑛) time



Divide and Conquer 

Divide: We reduce a problem to several subproblems.

Typically, each sub-problem is 

   at most a constant c < 1 fraction of 

   the size of the original problem

Conquer: Recursively solve each 

  subproblem

Combine: Merge the solutions

Key point:

• Solutions to subproblems can speed up the computation 

of the solution to the original problem
Lo
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