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Integer Multiplication



Integer Arithmetic

Add: Given two n-bit integers
a and b, compute a + b. Add

[ O (n) bit operations. ]

Multiply: Given two n-bit
Integers a and b, compute a X b.
The “grade school” method:

[ 0(n?) bit operations. ]

1 1 1 1 1 1 O 1
1 1 O 1 O 1 O
+ 0 1 1 1 1 1 O
1 O 1 O 1 0 O 1
1/1/0{1({0|1|0
*1011|1{1{1(1(0
1/1/0{1({0|1|0
Multiply 0/{0({0|0|0(0|0]|0O
1/1/0{1/0|1|0|1
1{1/0/1|0|1|0|1
1/1|{0{1/0|1|0|1
1/1|{0{1/0|1|0(1
1{1(0/1|0|1|0|1
0/0({0|0|0[0|0]|0
1/1|/0{1/0/0|0{0(0|0[|0(0|0]|O




Divide and Conquer

Let x, y be two n-bit integers
Write x = 2™2x,; + x, and y = 22y, + y,
where x,, x1, Yo, y; are all n/2-bit integers.

X = 271/2 ‘X1+x0
y =22y, +y,
xy = (2% - xy +x0) (2% - yy + y,)
= 2" x19; + 2™2 - (150 + XoV1) + XoYo

Therefore, We only need 3 values
X1Y1,X0Y0, X1Yo + XoY1

n
T(n) = 4T (E) + O(n) |cCan we find all 3 by only

3 multiplication?

So,
T(n) = 0(n?).



Key Trick: 4 multiplies at the price of 3

x =2M2% . x; +x,

y =22y +
xy = (2M2 - x; +xq) (22 ,

= Jn. X1Y1 + 27’1/2 @ + XoYo

a =xq,+ Xy
B =y1+ Yo
af = (x; + x0)(y1 + yo)
= x1y1 + (10 + X0¥1) + X0
- (x1Y0 + x0¥1) = af — x1y1 — %Yo



Key Trick: 4 multiplies at the price of 3

ldea

x =22 x; +xy 2 a =x; + x,
y=2"2.y; +y,=>B =y + ¥
xy = (2M2 - x; +x0)(2V2% - y; + y,)

= 2" xyy1 + 2% - (X1 + XoV1) + XoVo
A af —A—B B

To multiply two n-bit integers:
Add two n/2 bit integers.
Multiply three n/2-bit integers.
Add, subtract, and shift n/2-bit integers to obtain result.

T(n) = 3T (g) +0(n)



Key Trick: 4 multiplies at the price of 3

Theorem [Karatsuba-Ofman, 1962] Can multiply two n-digit
integers in O(n'°%%) bit operations.

x=2"/2-x1+x0$a=x1+x0
y=2™2.y, +y,= B =y + ¥,
xy = (22 - x; 4+x0)(2™% - y1 + o)
= 2" xyy; + 22 - (1Y + Xo¥1) + XoVo
A af —A—B B



Integer Multiplication (Summary)

- Amusing exercise: generalize Karatsuba to do 5 size
n/3 subproblems
This gives ©(n*°+) time algorithm

Date Authors Time complexity

<3000 BC | Unknown O(n?)

1962 Karatsuba O(nloe3/los2)

1963 Toom O(n 25VIosn/log2)

1966 Schonhage O(n gV/2logn/log?2 (logn)3/?)
1969 Knuth O(n2V?08n/1082 50 )
1971 Schonhage—Strassen O(nlognloglogn)

2007 Fiirer O(nlogn20Uee™ )

2014 Harvey-Hoeven-Lecerf O(nlogn 8'°8" ™)

Still open problem.



Matrix Multiplication



Multiplying Matrices

Let A be an n X m matrix, B be an m X p matrix.

a1 Gl - Qi bu bia o by

az;r a2 - Qm byy byy - b2p
A= . B=

ap1  Qp2 Tt Opm bml bm? e bmp

Then, C = AB Is an n X p matrix

I R
such that
m
Cij = @itbij + -+ 4 Qimbmy = Zaikbkj:
k=1

10



Multiplying Matrices

all a12 a13 a14 bll b12 b13 b14
a'21 a'22 a23 a'24 ° b21 b22 b23 b24
a31 a32 a33 a'34 b31 b32 b33 b34
a'41 a'42 a'43 a'44 _ b41 b42 b 43 b44

(@)

8,0, + a0y, +a,by, +ab, |
a‘21bl4 + a22bZ4 + a23b34 + a24b44
a31bl4 + a32b24 + a33b34 + a‘34b44
a‘41bl4 + a42b24 + a‘43b34 + a44b44_

ailbll T a12b21 u a13b31 T a14b41 a11b12 + a12b22 u a13b32 T a14b42
a‘21bll + a‘22'321 u a23b31 + a24b41 a‘21I:)12 + a22b22 i a23b32 + a‘24b42
a31b11 + a32b21 T a33b31 + a‘34b41 a31b12 + a32b22 T a33b32 + a'34b42
_a41b11 + a‘42'2)21 T a43b31 + a44b41 a‘41blZ + a42b22 T a43b32 + a‘44b42

(@)

(@)

(@)
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Multiplying Matrices

(a, a, [a, a,| by b, by by,
a21 a22 a23 a24 ° b21 l:)22 b23 b24
a31 a32 a33 a'34 b31 ij b33 b34
| dy1 8y By3 Gy b4; b42 b43 b44_

(@)

8,0, + a0y, +a,by, +ab, |
a‘21bl4 + a22bZ4 + a23b34 + a24b44
a31bl4 + a32b24 + a33b34 + a‘34b44
a‘41bl4 + a42b24 + a‘43b34 + a44b44_

(@)

a b, +anh, +hby, ra b, | ab,+ab, +|?3b32 +a,0,
a‘21bll + a‘22'321 + a23b31 + a24b41 a‘21'312 + a22b22 + 23b32 + a‘24b42
a31b11 + a32b21 + a33b31 + a‘34b41 a‘31b12 + a32b22 + a33b32 + a'34b42

_a41b11 + a42b21 + a‘43b31 + a44b41 a‘41b12 + a42b22 + a43b32 + a‘44b42

(@)

(@)

12



Multiplying Matrices

'a, a,]| a, a,| b, b,[lb, b,
A A blBlbzz blBlBZAr

22 24 ° 21 23
a a 0 0 0 0
BA 32 33 34 % 32 SB 34
a41 2é'42 a£{36\ 2244 b 2 @ b43 2844 |

(@)

ailbll + a12b21 + a13€\ ié 41 A;L -Iéﬂbﬂ + a13b32 + a14 42
a‘21bll + a‘22'321 + a23 31 24 41 21712 ZI_ B' + a23b32 + a‘24 42
a,0, +a,,0, +a, b + ag%4 3 D, + 84,05, + 8405, + 35,0,
_a41b11 + a b + a‘431:)31 -23‘-44 4}1 a‘41b1222 a42%2:|§ + a43b32 + a‘44b42

'%14 §2b24_:_ b34 * a14 44
B.1\2242,
31b14 + a32b24 + a33b34 + a‘34b44

b2t F A Bag,,

(@)

(@)

(@)
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Simple Divide and Conquer

A | A B | Bo
Axi | A, By, | Bx

ApnBi+tA1By | AnBioatALB),

AZlBll+A22821 A21B]_2+A22822
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Strassen’s Divide and Conquer Algorithm

Naive

Cii1=A11B11 +A19By;
Ci2o=A11B12+A12Bso>
Co1 =A21B11 +A2Bs;
Co2=A21B12 +A22Bs>

Strassen

M; := (A11 + Az2)(B11 + Bays)
M; = (Az,l + A2,2)B1,1
M; := A1,1(B1,2 - B2,2)
M,y = A2,2(B2,1 — B1,1)
M; = (A1,1 + A1,2)B2,2
M := (Az; — A11)(By1 + Bip)
M7 := (A2 — Az2)(Ba; + Bap)

Cii=M; +My —M; + My
Ci2 = Mj3 + M5
Ca1 = M, + My
Cio =M; — My + M3 + Mg

15



Strassen’s Divide and Conquer Algorithm

« Strassen’s algorithm

Multiply 2 X 2 matrices using 7 instead of 8
multiplications (and 18 additions)

n
T(n) = 7T (5) + 18n?
Hence, we have T(n) = 0(n'°827).

T — Useful when n~500.

i ve

|
StnEsen l——_EE
e One of the most important open problem:
| Solve matrix multiplication in 0(n%log®®n) time

et g / | am curious how large n need?
\;\ FI=SEn
y

mith, Winogrd Y Stothers
Willinms 16

1950 1960 1970 1980 1990 2000




Divide and Conqguer

Divide: We reduce a problem to several subproblems.
Typically, each sub-problem is
at most a constant ¢ < 1 fraction of
the size of the original problem

n

n/2 n/2

Log n levels

Conquer: Recursively solve each
subproblem @ /4
Combine: Merge the solutions :

Key point:

« Solutions to subproblems can speed up the computation
of the solution to the original problem
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