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Pigeonhole Principle
then some hole must have at least two pigeons!

Example
Question: Let A = {1,2,3,4,5,6,7,8}
If five integers are selected from A,
must a pair of integers have a sum of 9?
Consider the pairs {1,8}, {2,7}, {3,6}, {4,5}.
Among them, they contain all the numbers in A
The sum of each pair is equal to 9.

Pigeonhole principle

The pairs are the holes.

A function from a larger set to a smaller set cannot be injective.

If we choose 5 numbers from the set A,

(There must be at least two elements in the domain that have

(those numbers are the pigeons)

the same image in the codomain.)

then by the pigeonhole principle,
both elements of some pair will be chosen,
and their sum is equal to 9.
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Birthday Paradox
In a group of 366 people, there must be two people having the same birthday.
Suppose n <= 365, what is the probability that in a random set of n people,
some pair of them will have the same birthday?

Generalized Pigeonhole Principle
Generalized Pigeonhole Principle
If n pigeons and h holes,
then some hole has at least

We can think of it as picking n random numbers from 1 to 365 without repetition.

⎡ n ⎤
⎢⎢ h ⎥⎥

pigeons.

There are 365n ways of picking n numbers from 1 to 365.
There are 365·364·363·…·(365-n+1) ways of
picking n numbers from 1 to 365 without repetition.
So the probability that no pairs have the same birthday is
equal to

365·364·363·…·(365-n+1) / 365n

This is smaller than 50% for 23 people, smaller than 1% for 57 people.

Subset Sum

♠

♥

♣

♦

Cannot have < 3 cards in every hole.

Subset Sum
90 numbers, each with at most 25 digits.
So the total sum is at most 90x1025
Let A be the set of all subsets of the 90 numbers.

(pigeons)

Let B be the set of integers from 0 to 90x1025.

(pigeonholes)

By pigeonhole principle, there are two different subsets with the same sum.
Two different subsets of the 90 25-digit numbers shown above have the same sum.

This is an example of a non-constructive proof.
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Cardinality
Functions are useful to compare the sizes of two different sets.

Question: Are all infinite sets having the same cardinality?

Two sets A and B have the same cardinality if and only if
there is a bijection between A and B.

Integers vs Positive Integers
Is the set of integers countable?
Define a bijection between the positive integers and all integers
1 2 3 4 5 6 7 8...
0 1 −1 2 −2 3 −3 4 . . .

f(n) =

n/2, if n is even;
−(n − 1)/2, if n is odd.

So, the set of integers is countable.
A set is countable if it has the same cardinality
as the set of positive integers.

Rational Numbers vs Positive Integers
Question: Is the set of rational number countable?
The set of “pair of integers” (a,b) is not smaller than the set of rational number.
We want to show that the set of “pair of integers”
is countable, by defining a bijection to the set of positive integers.
This would then imply the set of rational is countable.

Rational Numbers vs Positive Integers
(0, 0), (0, 1), (0,−1), (0, 2), (0,−2), (0, 3), (0,−3), . . ."
(1, 0), (1, 1), (1,−1), (1, 2), (1,−2), (1, 3), (1,−3), . . ."
(−1, 0),(−1, 1),(−1,−1),(−1, 2),(−1,−2),(−1, 3), (−1,−3), . . . "
(2, 0), (2, 1), (2,−1), (2, 2), (2,−2), (2, 3), (2,−3), . . ."
(−2, 0),(−2, 1),(−2,−1),(−2, 2),(−2,−2), (−2, 3),(−2,−3), . . ."

If you map the set of positive integers to the top row first,
then you will not be able to reach the second row.
The trick is to visit the rational numbers diagonal by diagonal.
Each diagonal is finite, so eventually every pair will be visited.
Therefore, there is a bijection from the set of positive integers,
to the set of pair of integers, and so the set of rational numbers is countable.
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