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Abstract—We consider a three user multiple access channel
where transmitter m has access to the linear equation um =
P
3
k1
k2
l=1 fml wl of independent messages w1 ∈ Fp , w2 ∈ Fp , w3 ∈
k3
Fp (and fml ∈ Fp ), and the destination wishes to recover all
three messages. This problem is motivated as the last hop in a
network where relay nodes employ the Compute-and-Forward
strategy and decode linear equations of messages; we seek to do
the reverse and extract messages from sums over a multiple access
channel. An achievable rate region for the two user problem
was previously derived; here we extend and strengthen this
work to show capacity for the two and three user Gaussian
channel models subject to invertability conditions on the matrix
of coefficients describing the given linear equations of messages.
The optimal transmission scheme is not to independently send
the three equations um over the MAC but rather to exploit their
special correlation structure.

I. I NTRODUCTION AND OUTLINE
The recently proposed Compute-and-Forward (CF) framework [1] enables the decoding of linear combinations of messages at relays over Gaussian channels. That is, the decoding
of integer combinations of lattice codewords is shown to
correspond to decoding linear combinations of the underlying
messages w assumed to be vectors of length k of elements
over a finite field of size p, Fp , or w ∈ Fkp . When decoding
sums of messages suffices for one’s communication needs, this
may sometimes be done at higher rates using the CF rates than
decoding individual messages as in a multiple access channel.
The CF model seeks to decode linear combinations of
messages when individual messages are transmitted over a
multiple access channel (MAC)1 ; the inverse compute-andforward (ICF) channel model studied here seeks to do the
reverse, and extract or decode individual messages over a
MAC from relays which possess linear combinations of messages, previously obtained through CF. In a larger network one
may envision source nodes having messages, destination nodes
wanting to decode these messages, and intermediate relay
nodes decoding individual or linear equations of messages
according to the CF framework. In this paper we determine the
rates at which we may extract individual messages from linear
message equations known at relays over a Gaussian multiple
access channel. This may then be combined with CF rates in
deriving overall achievable rates in larger networks.
1 The CF framework may handle more general cases when combinations of
messages are transmitted as well, but our statement was made for the sake of
argument / intuitive definition of the ICF model.
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We focus on the three user ICF problem (contains the
two user problem) where there are three relay nodes which
possess linear combinations of three messages obtained using
the CF framework. These relays then transmit over a Gaussian
MAC to a single destination which seeks to decode the three
individual messages. The relays have linear combinations, or
equations, of independent messages. In order for the destination to even be able to obtain the individual messages,
the matrix relating the messages to the equations must be
invertible2 . One might then initially consider sending the three
equations to the destination using independent codebooks as
in a classical MAC, and having the destination invert the
message equations to obtain the original messages. However,
the message equations are generally correlated when the rates
of the messages are unequal, and a region larger than the MAC
channel capacity region is in fact achievable.
Intuitively, there are two ways of improving upon the MAC
region: 1) the equations are correlated, so if one equation is
correct/wrong at the destination this will impact the number
of possible choices of values the others may take, thereby
reducing the rates on the left-hand side (LHS) of capacity
expressions; and 2) Common messages may be extracted from
the equations which may be coherently sent over the Gaussian
MAC, intuitively lifting the right-hand side (RHS) of the
capacity region expressions.
Past Work. This work, and in particular the problem
statement builds upon the compute-and-forward framework
[1]: it is assumed that message equations have been previously
decoded at the relays, and that messages are length k vectors
of elements over a finite field Fp . The ICF problem was first
considered for the two user case in [2], where an achievable
rate region was presented – we extend and improve upon this
work by showing the capacity region for the three user case.
One may show that the two user ICF problem is equivalent
to sending one common message and two private messages
over a MAC (as in the Slepian-Wolf MAC), whose capacity
is known for both the discrete and Gaussian channels [3], [4],
[5]. The three user problem is related to an extension of the
two user problem (which may be mapped to the Slepian-Wolf
MAC) which has a new ingredient – the equations may be
shown to not only have common and independent components,
but also pairwise independent components. To the best of our
knowledge this cannot be mapped onto a solved problem.
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impose additional constraints; see Section II and footnote 3.

2013 IEEE International Symposium on Information Theory

and further define the equation sections um,c := fm · W,c .
The matrix of cth equation section is U,c whose l-th row is
ul,c . In matrix form,



U,1 U,2 U,3 = F · W,1 W,2 W,3

Relays:
⊕3l=1 f1l wl

1

u2 = ⊕3l=1 f2l wl

2

u1 =

X1n
X2n

Destination
Y n → (ŵ1 , ŵ2 , ŵ3 )

or, breaking this into message sections and equation
as shown in Fig. 2

 
 
u1,1 u1,2 u1,3
w1,1 w1,2
u2,1 u2,2 u2,3  =  F  ·  0
w2,2
u3,1 u3,2 u3,3
0
0

Y n = X1n + X2n + X3n + Z n

u3 = ⊕3l=1 f3l wl

3

X3n

Fig. 1. Three user Gaussian ICF channel model. REPLACE

Contribution and Outline. Our main contribution is the
derivation of the capacity region for decoding three messages
over a Gaussian multiple access channel when the three
transmitters each have a linear equation of the three messages,
subject to invertibility conditions. We define this three user ICF
channel in Section II, derive two key lemmas in Section III;
present an achievable rate region for the discrete memoryless
ICF in Section IV and the main capacity result in Section V.
Notation. Row vectors and matrices are written in bold font
in lower and upper case, respectively, e.g., u and U. In the
context of coding and decoding, the length-n, n ∈ N, vector
codewords are represented by X n or Y n . Define C(x) as
1
2 log2 (1 + x), E[·] as the expectation operator, and Pr{A}
the probability of event A. Let A ⊗ B denote the Cartesian
product of the sets A and B, and |A| denote the cardinality
of set A. For p prime, let Fkp ∼
= {0, 1, · · · , p − 1}k (“∼
=”
denotes isomorphism) denote the field of length k vectors of
elements in the field Fp ∼
= {0, 1, · · · , p − 1}, under elementwise addition / multiplication modulo p. Let var(X) denote
the variance of X.
II. C HANNEL MODEL
The three user ICF problem considers the decoding of three
messages wl which are uniformly distributed over Fkpl (l =
1, 2, 3) where we assume k1 ≥ k2 ≥ k3 ; all messages are
zero-padded at the head to a common length k := maxl kl .
Let W denote the 3 × k matrix whose l-th row is message
wl . The message rate Rl of message wl at source node l
is Rl := n1 log2 (pkl ) where n is the blocklength. Note that
R1 ≥ R2 ≥ R3 . Because the messages may have different
lengths, we may sub-divide the message into three portions:
let wl,c denote a message section of length sc := kc −kc+1 (for
k4 := 0) which corresponds to the c-th segment of message
wl for c ∈ {1, 2, 3} as shown in Fig. 2. Let W,c be the matrix
of dimension 3 × sc whose l-th row is wl,c .
Three transmitters (which in a larger network would be relay
nodes) are assumed to have recovered a linear combination of
the messages (as in the CF framework [1]):
um =

3
M

fml wl

l=1

= (um,1 , um,2 , um,3 ) m = 1, 2, 3
Fkp

which lies in
for some given fml ∈ Fp . Let matrix F have
m-th row fm = (fm1 , fm2 , fm3 ). Then define um = fm · W,

sections,

w1,3
w2,3  .
w3,3

n
Each relay is equipped with an encoder, Em : Fkp → Xm
,
that maps the decoded equation um , a length-k vector, to a
n
length-n codeword in the input alphabet Xm , i.e, Xm
(um ) =
n
Em (um ). Codewords Xm
are inputs to a multiple access
channel with input alphabets Xm , output alphabet Y and
memoryless transition probabilities p(y|x1 , x2 , x3 ). We will
consider achievable rate regions for this general class of
channels and will show capacity for the Gaussian multiple
access channel where input and output alphabets are the real
line, and channel outputs Y n are related to inputs as

Yn =

3
X

n
Xm
+ Z n,

(1)

m=1

where Z n is i.i.d. Gaussian noise, Z n ∼ N (0n×1 ,In×n ), and
n 2
k ≤
inputs are further subject to power constraints E kXm
nPm (which have absorbed any channel gains). The Gaussian
channel model is shown in Fig. 1.
The single decoder wishes to decode w1 , w2 , w3 . Since the
relays have U = F · W, this is only feasible if F is invertible,
which we assume. We furthermore assume that F and all of its
square sub-matrices are non-singular.3 The decoder consists
of a function D which takes received signals Y n and computes
estimates {ŵ1 , ŵ2 , ŵ3 } of the messages. We note that since
F is invertible, it is equivalent to obtain estimates of the
equations {û1 , û2 , û3 } and then invert to obtain the messages.
We say that messages {w1 , w
 with average
S23, w3 } are decoded
probability of error  if Pr l=1 {ŵl 6= wl } < .
Rates (R1 , R2 , R3 ), for R1 ≥ R2 ≥ R3 are said to be
achievable if for any  > 0 and n large enough, there exist
encoders E1 , E2 , E3 and a decoder D such that the probability
of error in decoding the messages of message rates R1 , R2 , R3
is bounded by . The capacity region for the ICF problem is
defined as the closure of the set of all achievable rates.
Remark 1: Each equation um takes on values in Fkp , but
the different equation values are not independent (over m).
In particular, when the value(s) of one or several equations
are given, the actual supports of the remaining equations
are constrained. While each um may take on 2nR1 values,
the number of choices for the (u1 , u2 , u3 ) is smaller than
(2nR1 )3 = 2n3R1 except for the special case when R1 =
3 While the invertibility constraint is necessary for feasibility, that all square
sub-matrices are non-singular is for ease of exposition only; the extension to
arbitrary invertible F poses no major technical issues, but the expressions are
not succinct; deriving succinct expressions is current investigation [6].
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k1
k3

u1,2

u1,3

u2 :

u2,1

u2,2

u2,3

u3 :

u3,1

u3,2

u3,3

k2

k2

k3

k3

{

u1,1

k1

{

{
u1 :

k3

{{ { {

k2

{

k2

{

k1

=

[ ]
F

w1 :

w1,1

w1,2

w1,3

k2

w2 :

0

w2,2

w2,3

w3 :

0

0

w3,3

k3

Fig. 2. Three user ICF message / equation structure. The grey color indicates
that these equation sections (u∗,1 ) are fully correlated; shading indicates that
these three equation sections (u∗,2 ) are pairwise independent, while different
solid colors indicate that these three equation sections (u∗,3 ) are mutually
independent. All message sections wi,j are mutually independent.

R2 = R3 , i.e., k1 = k2 = k3 . This is exactly what we seek to
exploit / characterize in deriving our achievable rate regions
and capacity results, using the following two lemmas.
III. C ARDINALITY LEMMA AND EQUATION STRUCTURE
The messages w1 , w2 , w3 are uniformly distributed over
Fkp1 , Fkp2 , Fkp3 , respectively. We now seek to characterize the
distributions of the equations um conditioned on other equations. This is useful for counting the error events in the
achievability proof as well as for relating the entropies of
messages to equations in the converse.
Lemma 1 (Cardinality Lemma): The
N triples
N k(u1 , u2 , u2 )
Fp uniformly.
take on 2n(R1 +R2 +R3 ) values in Fkp
Fkp
N k
Fp
The pairs (u1 , u2 ) take on 2n(R2 +R3 ) values in Fkp
uniformly for every fixed u3 (and likewise for the permutations
(u1 , u3 ) given fixed u2 , and (u2 , u3 ) given fixed u1 ). Finally,
u1 takes on 2nR3 values in Fkp uniformly for each given pair
(u2 , u3 ) (and likewise for the permutations u2 given (u1 , u3 )
and u3 given (u1 , u2 ).
Proof: |(u1 , u2 , u3 )| = 2n(R1 +R2 +R3 ) since matrix F is
of full rank and there is a one-to-one mapping between
(u1 , u2 , u3 ) and (w1 , w2 , w3 ). Given one equation, say u3 ,
we can eliminate the highest rate message, say w1 , from
both remaining equations u1 , u2 to get two new equations
that only depend on w2 and w3 . The resulting two equations
have 2n(R2 +R3 ) solutions for (w2 , w3 ), because every 2by-2 sub-matrix of F is assumed to be non-singular. Thus,
|(u1 , u2 )| given a fixed u3 is 2n(R2 +R3 ) . Similarly arguments
follow by eliminating all but the lowest rate message to obtain
|u1 | = 2nR3 for fixed (u2 , u3 ). All values are taken on
uniformly as wl takes on all possible values in Fkpl uniformly.
From the relationship between the messages and the equations as shown in Fig. 2, we may state the following Lemma,
which follows easily from the decomposition of the messages
into message sections and the fact that F and all its square
sub-matrices are full rank:
Lemma 2 (Properties of equation sections): The message
and equation sections satisfy the following properties:
(I) U,1 , or u1,1 , u2,1 , u3,1 are completely correlated, and
may be used to reconstruct w1,1 , a common message
known to all relays.
(II) u1,2 , u2,2 , u3,2 are pairwise independent. That is, any
two of these are pairwise independent and the third is

a deterministic function of the other two. The three are
not mutually independent.
(III) u1,3 , u2,3 , u3,3 are mutually independent.
This presence of pairwise independent (but not mutually
independent) equation sections is the new ingredient in moving
from the two [2] to the three user ICF problem.
IV. ACHIEVABLE RATE REGION FOR THE THREE USER ICF
Using Lemmas 1 (count the error events) and 2 (dictate the
form of the input distribution, and later on, used in converse),
we may show the following achievable rate region.
Theorem 3 (DM 3-user ICF achievability): The messages
(w1 , w2 , w3 ) at rates (R1 ≥ R2 ≥ R3 ) may be recovered
from (u1 , u2 , u3 ) (where U = F · W) sent over a MAC,
assuming F and all of its square sub-matrices are non-singular,
if the rates lie in
[
RIN :=
R
(2)
p(q)p(x1 |q)p(x2 |q)p(x3 |q)

for |Q| ≤ min{|X1 | · |X2 | · |X3 |, |Y|}, where R is defined as
the set of (R1 , R2 , R3 ) with (R1 ≥ R2 ≥ R3 ) and
R1 + R2 + R3 ≤ I(X1 , X2 , X3 ; Y )

(3a)

2R2 + R3 ≤ I(X1 , X2 , X3 ; Y |Q)

(3b)

R2 + R3 ≤ I(X1 , X3 ; Y |X2 , Q)

(3d)

R3 ≤ I(X1 ; Y |X2 , X3 , Q)

(3f)

R2 + R3 ≤ I(X1 , X2 ; Y |X3 , Q)

(3c)

R2 + R3 ≤ I(X2 , X3 ; Y |X1 , Q)

(3e)

R3 ≤ I(X2 ; Y |X1 , X3 , Q)

(3g)

R3 ≤ I(X3 ; Y |X1 , X2 , Q)

(3h)

Proof: The proof follows from standard random coding
arguments similar to the proof of the Slepian Wolf MAC [3],
[5]. We extract the common message section w1,1 of rate
R1 − R2 known to all relays by Lemma 2 (I) which we
encode using a codebook i.i.d. distributed according to p(q).
For every q n , we superpose codebooks for xn1 , xn2 and xn3 of
rates R2 which are created i.i.d. according to p(x1 |q), p(x2 |q)
and p(x3 |q) and indexed by u1 , u2 , u3 , resp. The decoder searches for unique indices of (u1 , u2 , u3 ) such that
(Qn (U,1 ), X1n (u1 ), X2n (u2 ), X3n (u3 ), Y n ) are jointly typical.
The error analysis proceeds as usual, where the only difference
is the number of error events, which may be obtained from
Lemma 1. This affects the LHS of the expressions; the RHS
follow as in a MAC with a common message. A full proof is
omitted due to space constraints, will be in [6]. The cardinality
bound on Q follows from [7] and may likely be tightened.
Remark 2: To understand the form of the LHS, consider
for example (3b). This results from the error event that all
message sections except the common message (w1,1 or U,1 )
are incorrect. The rate of these incorrect message sections
is 2(R2 − R3 ) + 3(R3 ) = 2R2 + R3 . Similarly, (3c)–(3e)
correspond to when the common message portion and one
of the codewords is correct (or [u1 = u01 , u2 6= u02 , u3 6=
u03 ]), and thus the rates of the incorrect message portions is
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1(R2 −R3 )+2(R3 ) = R2 +R3 (or by Lemma 1). Finally, (3f)–
(3h) correspond to when the common message and two entire
codewords are correct, meaning that only the third independent
message section of rate R3 is wrong.
Remark 3: We note that the above theorem holds for
R1 ≥ R2 ≥ R3 . One may obtain other regions for other
relative sizes of R1 , R2 , R3 analogously. The ICF problem is
motivated as the final hop in a network where intermediate
relays employ CF, leading to the special message structure
at the relays. When deriving an achievable rate region for
the entire network of CF and ICF links, one would take the
intersection of the rate regions for the CF and ICF portions,
and take the convex hull after taking this intersection. For this
reason, we do not claim the convex hull of the rate regions
for different orderings of R1 , R2 , R3 to be achievable.

yields RG (b1 , b2 , b3 ) for fixed b1 , b2 , b3 ∈ [0, 1]. Let
[T0 , T1 , T2 , T3 ] ∼ N (04×1 , I4×4 ), for i = 1, 2, 3 and select
p p
p
p
(6)
Q = T0 , Xi = bi Pi T0 + 1 − bi Pi Ti .
Converse. We first show that the form of the right hand
sides of the outer bound follows those of (3) and discuss
over which distributions this must be taken. Notice from the
problem statement that the following Markov chain holds:
(w1 , w2 , w3 ) → (u1 , u2 , u3 ) → (X1n , X2n , X3n ) → Y n →
(û1 , û2 , û3 ). Eq. (3a) follows by MAC arguments. For (3b):
(a)

n(2R2 + R3 ) = H(W,3 , W,2 ) = H(U|U,1 )
≤ I(u1 , u2 , u3 ; Y n |U,1 ) + n · n
n
(b) X
≤
I(X1i , X2i , X3i ; Yi |U,1 ) + n · n

(7)

i=1

V. C APACITY REGION FOR THREE USER G AUSSIAN ICF

For bounds (3c) (and (3d) and (3e)), the following holds:

We now present our main result: the capacity region of
the three user Gaussian ICF. Achievability follows by selecting Gaussian inputs in Theorem 3: we decompose the
message equations into common, pairwise independent, and
independent components,and coherently combine the common
components by generating the same Gaussian codewords for
the common parts. For both the pairwise independent and
independent components, we use independent Gaussian codewords. The subtlety (and subtle difference with an extension of
the Slepian-Wolf MAC) lies in the converse. There, besides the
derivation of matching outer bound inequalities which follow
by the properties in Lemma 1 and 2, the key idea is to exploit
the linearity and second moment constraints of the AWGN
channel and note that the conditional pairwise independence
of the input distributions is sufficient to demonstrate Gaussian
optimality of our new derived outer bound region.
Theorem 4 (3-user Gaussian ICF capacity): The capacity
region for recovering messages (w1 , w2 , w3 ) at rates R1 ≥
R2 ≥ R3 from the equations (u1 , u2 , u3 ) (where U = F · W)
sent over an AWGN-MAC in (1), assuming F and all of its
square sub-matrices are non-singular, is
[
RG (b1 , b2 , b3 )
(4)
0≤b1 ,b2 ,b3 ≤1

where
n
RG (b1 , b2 , b3 ) = (R1 , R2 , R3 ) : R1 ≥ R2 ≥ R3
p
R1 + R2 + R3 ≤ C(P1 + P2 + P3 + 2 b1 b2 P1 P2 +
p
p
2 b1 b3 P1 P3 + 2 b2 b3 P2 P3 )
2R2 + R3 ≤ C((1 − b1 )P1 + (1 − b2 )P2 + (1 − b3 )P3 )

R2 + R3 ≤
R3 ≤

C((1 − bi )Pi + (1 − bj )Pj )
o
min C((1 − bi )Pi ) .
min

i6=j∈{1,2,3}

i∈{1,2,3}

(5)
Proof: Achievability. Evaluating the region in Theorem 3 for the following choice of input distributions

(a)

n(R2 + R3 ) = H(w1,3 , w2,3 , w1,2 ) = H(u1 , u2 |u3 )

≤ I(u1 , u2 ; Y n |u3 ) + n · n
n
(b) X
=
I(u1 , u2 , X1i , X2i ; Yi |Y i−1 , u3 , X3i , U,1 ) + n n
i=1

n
(b) X
=
I(X1i , X2i ; Yi |X3i , U,1 ) + n · n
i=1

(8)
Finally, for the single rate bounds (3f) (and (3g) and (3h))
(a)

n(R3 ) = H(w1,3 ) = H(u1 |u2 , u3 ) ≤ I(u1 ; Y n |u2 , u3 ) + n n
n
(b) X
I(u1 , X1i ; Yi |Y i−1 , u2 , u3 , X2i , X3i , U,1 ) + n · n
≤
i=1

(b)

≤

n
X
i=1

I(X1i ; Yi |X2i , X3i , U,1 ) + n · n

(9)
The equalities between message rates and equation entropies
in (a) all follow by definitions, and Lemma 1 and 2. Steps
(b) follow from the encoding functions, Markov chain and
the memoryless channel properties. Now, in all bounds set
Qi = U,1 and further combine this into a time-sharing
random variable Q; we then notice that since um ’s are pairwise
conditionally independent given U,1 (Lemma 2) and since
n
n
Xm
is a function of um , then Xm
(and hence also Xm ) are
conditionally pairwise independent given Q, or the following
Markov chains hold X1 → Q → X2 , and X1 → Q → X3
and X2 → Q → X3 . By further time-sharing arguments and
Jensens’ inequality we obtain the form in (3).
Let P := {p(q, x1 , x2 , x3 ) : X1 → Q → X2 , X2 → Q →
2
X3 , X2 → Q → X3 , E[Xm
] ≤ Pm , m = 1, 2, 3}. Our outer
bound may thus be expressed as follows
[
Rout =
R
(10)
p(x1 ,x2 ,x3 ,q)∈P

We now essentially mimic the steps of [4, Proposition 3.14,
Lemma 3.15, Appendix B.2] to show optimality of Gaussian
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distributions in Rout . The key difference is that we have three
inputs X1 , X2 , X3 satisfying Markov relationships rather than
two. First, for any fixed distribution in P, the region R for
this distribution may be further outer bounded as R ⊆ R0 , for
n
R0 := (R1 , R2 , R3 ) : R1 ≥ R2 ≥ R3
R1 + R2 + R3 ≤ C(E[X12 ] + E[X22 ] + E[X32 ]

+ 2E[X1 X2 ] + 2E[X1 X3 ] + 2E[X2 X3 ])

2R2 + R3 ≤ C(var(X1 |Q) + var(X2 |Q) + var(X3 |Q))

R2 + R3 ≤ C(var(X1 |Q) + var(X2 |Q))
R2 + R3 ≤ C(var(X1 |Q) + var(X3 |Q))
R2 + R3 ≤ C(var(X2 |Q) + var(X3 |Q))
o
R3 ≤ min C(var(Xi |Q)) .
i∈{1,2,3}

(11)
This may be shown as in [4, Lemma B.4]. The key is to first
apply the Max-Entropy Theorem [8] conditional on Q = q,
∀q ∈ Q, to upper bound the conditional mutual information
terms. Jensen’s inequality is then applied to obtain (11). The
proof of the third inequality is shown as an example.
I(X1 , X2 ; Y |X3 , Q) = EQ [I(X1 , X2 ; Y |X3 , Q = q)]

(a)

= EQ [h(X1 + X2 + Z|Q = q) − h(Z)]



(b)
var(X1 + X2 + Z|Q = q)
1
log
≤ EQ
2
var(Z)


1
(c)
= EQ
log(1 + var(X1 |Q = q) + var(X2 |Q = q))
2
(d) 1
≤ log(1 + var(X1 |Q) + var(X2 |Q))
2
(12)
(a) follows since X1 , X3 are independent given Q, as are X2
and X3 , and hence X1 +X2 is conditionally independent of X3
given Q. The inequality in (b) is achieved when X1 +X2 +Z is
Gaussian conditioned on Q = q; (c) follows from the additive
form of the channel and since X1 and X2 are conditionally
independent given Q (arguably the key step in this converse);
finally (d) follows by Jensen’s inequality.
Using [4, Lemma B.3] and the definitions for i = 1, 2, 3:
ρi =

E[Xi2 ] − var(Xi |Q)
E[Xi2 ]

R3 ≤

min C((1 − ρi )E[Xi2 ])

i∈{1,2,3}

o

(15)

Consider the distributions in (6) with bi replaced by ρi .
Substitution into the region R00 yields the Theorem.
Remark 4: The key differences with the two-user SlepianWolf MAC are the (i) different message structure which led
to different rate bounds (or rates on the LHS), and (ii) the
key step in showing Gaussian optimality was in step (c)
above (and the analogous step for other inequalities) – using
the fact that our channel is linear and that the second moment
or variance is the quantity of interest (due to the power constraints). All that is needed is pairwise independence between
the inputs conditioned on Q (and not mutual independence),
which is exactly what we have.
VI. C ONCLUSION AND F UTURE WORK
We have obtained the capacity region for the three user
ICF problem in which one destination node wishes to extract
three messages w1 , w2 , w3 ∈ Fkp over a MAC from three
transmitting nodes which have linear combinations of these
messages. This differs from a MAC in two ways: the equations
may be correlated and hence knowledge of one equation
affects the possible number of values of the others and also
enables correlation between the transmitted signals when the
message rates are not equal. While the three user case was
presented, we conjecture that this proof may be extended to L
users [6], where the key to showing Gaussian optimality is that
the equations will remain pairwise independent conditioned
on the common message section. The capacity region here
may be used as a building block for the “last hop” in relay
networks where CF is employed at relay nodes, besides
being of independent interest. Whether the achievable rate
region presented for a discrete memoryless channel is capacity
remains an interesting open question.
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