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ABSTRACT
Many real-world problems, such as web image analysis, document categorization and product recommendation, often
exhibit dual-heterogeneity: heterogeneous features obtained
in multiple views, and multiple tasks might be related to
each other through one or more shared views. To address
these Multi-Task Multi-View (MTMV) problems, we propose a tensor-based framework for learning the predictive
multilinear structure from the full-order feature interactions
within the heterogeneous data. The usage of tensor structure is to strengthen and capture the complex relationships
between multiple tasks with multiple views. We further develop efficient multilinear factorization machines (MFMs)
that can learn the task-specific feature map and the taskview shared multilinear structures, without physically building the tensor. In the proposed method, a joint factorization is applied to the full-order interactions such that the
consensus representation can be learned. In this manner,
it can deal with the partially incomplete data without difficulty as the learning procedure does not simply rely on
any particular view. Furthermore, the complexity of MFMs
is linear in the number of parameters, which makes MFMs
suitable to large-scale real-world problems. Extensive experiments on four real-world datasets demonstrate that the
proposed method significantly outperforms several state-ofthe-art methods in a wide variety of MTMV problems.

CCS Concepts
•Computing methodologies → Multi-task learning;
Factorization methods;
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In the era of big data, it is becoming common to have
heterogeneous data obtained in multiple views or extracted
from multiple sources, known as “multi-view data”. For example, in web image retrieval, the visual information of images and their textual descriptions can be regarded as two
views; for scientific document categorization, each paper
has word features and its citations. Multi-View Learning
(MVL) was proposed to combine different views to obtain
better performance than relying on just one single view [4,
25, 27, 26]. In addition, different learning tasks might be
related with each other through shared features. For example, for product recommendation systems, different product
domains can be viewed as different tasks and they might
share certain word features in product reviews, e.g., good,
great and bad. Multi-Task Learning (MTL) was developed
to learn multiple related tasks together so as to improve
the performance of each task relative to learning them separately [1, 2, 7, 8, 11, 12, 13].
Existing MVL or MTL approaches only capture one type
of heterogeneity, while real-world problems exhibit dualheterogeneity (both feature heterogeneity and task heterogeneity) [14, 15, 28]. Consider the multi-task recommendation problem, reviews may also contain multi-view data
such as words, emotion icons, images and web links to other
products. Such type of problem is Multi-Task Multi-View
(MTMV) learning. Though there are a wide variety of applications of MTMV learning, only a few works have addressed this problem. Recently, a graph-based iterative algorithm, IteM2 [14], was first introduced for MTMV learning with applications to text classification, while it can only
deal with nonnegative feature values. Assuming the predictive models should be consistent among different views, coregularization based algorithms, such as regMVMT [28] and
CSL-MTMV [15], imposed a regularization term to enforce
the difference of the predictive functions among different
views to be small.
Nonetheless, different views might not be consistent with
each other especially for heterogeneous data; instead, they
provide complementary information. For example, textual
view (e.g., bag-of-words) and topological view (e.g., citations
in the document categorization or web links in the product
recommendation) usually provide complementary information. In contrast to building a distinct model for each view
or each task, another direction is to mine the hidden interactions/correlations among MTMV features.
In this paper, we propose a general framework for learning the predictive multilinear structure from the complex
relationships within the heterogeneous data. Specifically,

we model the multimodal interactions among multiple tasks
and multiple views as a tensor structure, by taking the tensor product of their respective feature spaces. As the interactions with different orders can reflect different but complementary insights [4, 22], in the proposed framework, the
full-order interactions1 observed in the heterogeneous data
are used collectively to learn the consensus representation.
In this manner, it can also deal with the partially incomplete
data without difficulty because the learning procedure does
not simply rely on any particular view.
Constructing the full-order tensor may not be realistic
for real-world applications, as the model parameters can
be exponential growth. We further propose multilinear factorization machines (MFMs) that can efficiently learn the
task-specific feature map and the task-view shared multilinear structures, without physically building the tensor. A
joint factorization is applied for the model parameters which
makes parameter estimation more accurate under sparsity
and renders the model with the capacity to avoid overfitting. Furthermore, the model complexity of the proposed
MFMs is linear in the feature dimensionality, making it applicable to large-scale real-world applications.
The contributions of this paper are summarized as follows:
• The proposed framework is widely applicable to multiple types of heterogeneous machine learning problems,
by learning predictive multilinear structures from the
complex relationships within the heterogeneous data.
• We propose multilinear factorization machines (MFMs)
that can efficiently learn the task-specific feature map
and the task-view shared multilinear structures from
full-order interactions.
• Extensive experiments on four real-world datasets demonstrate that the proposed MFM methods outperform
several state-of-the-art methods in a wide variety of
MTMV problems, including classification tasks and regression tasks.
The rest of this paper is organized as follows. We introduce the problem definition and some preliminary works in
Section 2. We then propose the framework for learning predictive multilinear structures to address the MTMV problems, and develop the multilinear factorization machines
(MFMs) in Section 3. The experimental results and parameter analysis are reported in Section 4. In Section 5,
we briefly review related work on MVL, MTL and MTMV
learning. Section 6 concludes this paper.

2.

PRELIMINARIES

The key to this work is to apply the tensor structure to
fuse all possible dependence relationships among different
views and different tasks. We begin by introducing some
related concepts and notation about tensor, and then state
the problem of multi-task multi-view learning. Table 1 lists
basic symbols that will be used throughout the paper.
1
Full-order interactions range from the first-order interactions (i.e., contributions of single features in each task) to
the highest-order interactions (i.e., contributions of the tensor product of features from each view and each task).

Table 1: List of basic symbols.
Symbol

Definition and description

x
x
X
X
[1 : M ]
h·, ·i
◦
∗

each lowercase letter represents a scale
each boldface lowercase letter represents a vector
each boldface uppercase letter represents a matrix
each calligraphic letter represents a tensor, set or space
a set of integers in the range of 1 to M inclusively.
denotes inner product
denotes tensor product (outer product)
denotes Hadamard (element-wise) product

2.1

Tensor Basics and Notation

Tensors are higher order arrays that generalize the notion
of vectors (first order) and matrices (second order). Following [16], an M -th order tensor is denoted by X ∈ RI1 ×···×IM
and its elements by xi1 ,··· ,iM . An index is denoted by a
lowercase letter, spanning the range from 1 to the uppercase letter of the index, e.g., i = 1, 2, · · · , I. All vectors
are column vectors unless otherwise specified. For an arbitrary matrix X ∈ RI×J , its i-th row and j-th column
vector are denoted by xi and xj , respectively. The inI1 ×···×IM
ner product of two same-sized
PI1 tensors
PIM X , Y ∈ R
is defined by X , Y =
·
·
·
x
y
i
,···
,i
1
M i1 ,··· ,iM .
i1 =1
i1 =1
The outer product of M vectors x(m) ∈ RIm for m ∈ [1 :
M ] is an M -th order tensor and defined elementwise by

(1)
(M )
x(1) ◦ · · · ◦ x(M ) i ,··· ,i = xi1 · · · xiM for all values of
1

M

the indices. In particular, for X = x(1) ◦ · · · ◦ x(M ) and
Y = y(1) ◦ · · · ◦ y(M ) , it holds that
X,Y =

M
Y

x(m) , y(m) =

m=1

M
Y

T

x(m) y(m)

(1)

m=1

For a general tensor X ∈ RI1 ×···×IM , its CANDECOMP
/ PARAFAC (CP) factorization is
X =

R
X
r=1

(M )
x(1)
= JX(1) , . . . , X(M ) K
r ◦ · · · ◦ xr
(m)

(2)

(m)

where for m ∈ [1 : M ], X(m) = [x1 , · · · , xR ] are factor
matrices of size Im × R, R is the number of factors, and J·K
is used for shorthand.

2.2

Problem Formulation

Suppose that the problem includes T tasks and V views.
Let Nt be the number of labeled
instances in the task t ∈
P
[1 : T ], thus we have N = t Nt labeled instances in total.
Let Iv be the
P dimensionality of the view v ∈ [1 : V ] and
denote I = v Iv . Assuming the problem is associated with
 (1)
(V )
training data D = (Xt , . . . , Xt , yt ) | t ∈ [1 : T ] , where
(v)
Xt ∈ RIv ×Nt is the feature matrix in the t-th task for the
v-th view; yt is the vector of the responses of the t-th task.
Our goal is to leverage the label information from all the
tasks to help predict the unlabeled instances in each task,
as well as to use the complementary among different views
of a single task to improve the performance. Specifically,
for the t-th task, we are interested in finding a predictive
function ft : Xt → Yt that minimizes the expected loss,
where Xt is the input space and Yt is the output space.
Following the traditional supervised learning framework,
we learn T functions {ft }Tt=1 from the data that minimize

Task 1

the following regularized empirical risk:
!
Nt

X
1 
(v)
T
R({ft }t=1 ) =
` ft ({xt,n }), yt,n ) + λΩ(ft )
Nt
t=1
n=1
(3)
where ` is a prescribed loss function, Ω is the regularizer
encoding the prior knowledge of ft , and λ > 0 is the regularization hyperparameter that controls the trade-off between the empirical loss and the prior knowledge. In this
formulation, we weight each task equally (by dividing the
number of instances Nt ) so that no task will dominate the
others. One may also choose other weighting schemes. The
empirical loss of the training data in the t-th task is
T
X

(v)

Lt (ft ({Xt }), y) =

Nt

1 X 
(v)
` ft ({xt,n }), yt,n
Nt n=1

(4)

The choice of the loss function ` depends on learning tasks.
To conduct regression, for example, one can use the squared
loss, and for classification problems, one can use the logistic
loss or the hinge loss. The regularizer is chosen based on our
prior knowledge about the model parameters.
For solving MTMV problems, a straightforward approach
is to concatenate feature vectors from different views and apply the multi-task learning algorithms. However, transforming a multi-view data into a single-view data would fail to
leverage the underlying correlations between different views,
wherein complementary information is contained. Through
the employment of a nonlinear kernel, one can implicitly
project data from the feature space into a more complex
high-dimensional space, which allows modeling higher order
interactions between features. However, as discussed in [22],
all interaction parameters of nonlinear are completely independent. Besides, for multiple kernel learning [9, 26], the
coefficients are learned based on the informativeness of the
corresponding views, and thus inter-view correlations are
only considered at the view-level. These approaches, however, fail to explore the explicit correlations between features
across multiple views.
Currently, there are only a few researches on MTMV learning. The IteM2 algorithm [14] projects any two tasks to a
new RKHS based on the common views shared by the given
two tasks, and has been shown empirically outperforming
multiple kernel approaches. Assuming the predictive models
should be consistent among different views, co-regularization
based methods were later developed [15, 28]. These methods assume that all the views are similar to each other,
while such assumption may not be appropriate especially for
heterogeneous data. Furthermore, the co-regularization approaches involve pairwise comparison of the prediction from
different views, which leads to high model complexity (the
space and time complexity are quadratic and cubic in the
total number of features, respectively) [15, 28]. Thus, they
can hardly be applied to high-dimensional data.
In the following, we will introduce a general framework
that intrinsically models the complex relationships in multimodal interactions among multiple tasks and multiple views
as a tensor structure.

3.

MULTILINEAR STRUCTURE LEARNING
FOR MTMV PROBLEMS

In this section, we first discuss how to design the multilinear predictive models for learning the full-order interactions
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Figure 1: Multilinear Predictive Models. The feature interactions in multi-task multi-view data are
modeled in a full-order tensor. The prediction is
learned from the task-specific feature space and the
task-view shared multilinear feature space.
among MTMV data. We then derive efficient Multilinear
Factorization Machines (MFMs) that can learn the shared
multilinear structure in linear complexity.

3.1

Multilinear Predictive Models

Given an input vector x ∈ RI , the linear model for the
t-th task is given by
ft (x) =

I
X

w t xi = x T w t

(5)

i=1

where wt ∈ RI is the weight vector for linear effects. Let
W ∈ RI×T denote the weight matrix to be learned, whose
columns are the vector wt . Most of the MTL algorithms
aim at solving the regularized problem
min

T
X



Lt XT
t wt , yt + λΩ(W)

(6)

t=1

Many different assumptions about how tasks are related
have been proposed for MTL, leading to different regularization terms (e.g., `1 /`q -norm regularization, trace norm
regularization, and composite regularization) in the formulation [1, 2, 7, 8, 13].
In fact, the joint learning of multiple linear models for
multiple tasks is essentially to learn the bilinear map for
modeling the second-order interactions between input features and tasks. Let et ∈ RT denote the task indicator
vector
et = [0, · · · , 0, 1, 0, · · · , 0]T
| {z }
t-1

We then have that
ft (x) = xT wt = xT Wet = hW, x ◦ et i = f ({x, et })

(7)

Similarly, we can form a multilinear function for modeling
the higher-order interactions in MTMV data. Assume we
are given two views, for example, we can learn the thirdorder interactions by
D
E
T
ft ({x(1) , x(2) }) = x(1) Wt x(2) = W, x(1) ◦ x(2) ◦ et (8)
where W ∈ RI1 ×I2 ×T is the weight tensor to be learned.
However, only the highest-order interactions are explored
in this way, and such interactions are limited in sparse data,

especially when one or more views are missing in some instances. In contrast, the lower-order (e.g., pairwise) interactions can usually explain the data sufficiently [24, 22], and
incorporating the lower-order interactions in the predictive
models can further improve the performance [4, 22]. Hence,
we consider nesting all interactions up to full-order:
ft ({x

(1)

,x

(2)

}) = wt +

2
X

hW, Zt i =

I1
T X
X
s=1 i1 =0

=

R
T
X
X
r=1

x

(v)T

(v)
wt

+x

(1)T

Wt x

(2)

···

(9)

=

v=1

iV =0

R
X

φs,r et,s

φs,r

r=1

!

s=1

R D
X

IV
X

V
Y

!
(v)

θiv ,r

v=1

I1
X

···

i1 =0

et,s

V
Y

!
(v)

zi v

v=1

IV
X

V
Y

iV =0

v=1

!
(v) (v)
θiv ,r ziv

θr(1) ◦ · · · ◦ θr(V ) ◦ φr , z(1) ◦ · · · z(V ) ◦ et

E

r=1

This can be done by adding an extra feature with constant
(v)
(v)
(v)
value 1 to the vector xt , i.e., zt = [1; xt ] ∈ R1+Iv .
Then Eq. (9) can be rewritten as
D
E
ft ({x(1) , x(2) }) = W, z(1) ◦ z(2) ◦ et = hW, Zt i

(13)
Because et,s = 1 only when t = s and according to Eq. (1),
we can further rewrite Eq. (13) into

(10)

hW, Zt i =

R 
X




T
T
z(1) θr(1) · · · z(V ) θr(V ) φt,r

r=1

We can easily extend Eq. (10) to the MTMV problems
with more views. Formally, let Zt = z(1) ◦ · · · ◦ z(V ) ◦ et ∈
R(1+I1 )×···×(1+IV )×T be the full-order tensor, and let W =
{wi1 ,...,iV ,t } ∈ R(1+I1 )×···×(1+IV )×T be the weight tensor to
be learned. The multilinear map function can be defined as
ft ({x(v) }) = hW, Zt i =

I1
T X
X
s=1 i1 =0

···

IV
X

wi1 ,...,iV ,s

iV =0

et,s

V
Y

!
(v)

zi v

v=1

(11)
It is worth noting that wi1 ,...,iV ,s with some indexes satisfying iv = 0 encodes lower-order interactions between views
whose iv0 > 0.
So far, multiple tasks with multi-view features are able to
be incorporated into an elegant tensor formulation, where
the complex multiple relationships among tasks and views
are embedded within the tensor structures. However, it
could be too restrictive to constrain all tasks to share a common set of features [8, 13]. Thus, following the structural
learning framework for MTL [1, 7], we consider learning a
predictive function from both the original feature spaces and
the multilinear feature interaction space:
ft ({x(v) }) = xT ut + hW, Zt i

(12)

where x = [x(1) ; . . . ; x(V ) ] ∈ RI is the concatenated feature
vector from multiple views, and ut ∈ RI is the task-specific
weight vector. Figure 1 illustrates the proposed multilinear
predictive model with two views.

3.2

Multilinear Factorization Machines

Directly learning the weight tensor W leads to two drawbacks. First, transfer learning is not possible straight from
the model since the weight parameters are learned independently for different tasks and differentQviews. Second, the
number of parameters in Eq. (11) is T Vv=1 (1 + Iv ), which
can make the model prone to overfitting and ineffective on
sparse data. Hence, we assume that the effect of interactions
has a low rank and W can be factorized as
W = JΘ(1) , . . . , Θ(V ) , ΦK
by CP factorization. The factor matrix Θ(v) ∈ R(1+Iv )×R is
the shared structure matrix for the v-th view and the t-th
row φt within Φ is the task specific weight vector for the
t-th task. Then Eq. (11) is transformed into

= φt




T
T
T
z(1) Θ(1) ∗ · · · ∗ z(V ) Θ(V )

= φt

V

T
Y
T
∗ z(v) Θ(v)

(14)

v=1

where ∗ is the Hadamard (elementwise) product. It should
be noted that the first row θ (v),0 within Θ(v) is always as(v)
sociated with z0 = 1 and represents the bias factors of the
v-th view. Through the bias factors, the lower-order interactions are explored in the predictive function.
By replacing the tensor inner product in Eq. (12) using
Eq. (14), we then have that
ft ({x(v) }) = xT ut + φt

V

T
Y
T
∗ z(v) Θ(v)

(15)

v=1

We name this model as multilinear factorization machines
(MFMs). Clearly, the parameters of the interactions between multiple tasks with multiple views are jointly factorized. The joint factorization benefits parameter estimation
under sparsity, since dependencies exist when the interactions share the same features. Therefore, the model parameters can be effectively learned without direct observations of
such interactions especially in highly sparse data. Further,
since the lower-order interactions are modeled with the bias
factors, this joint factorization model can easily deal with
missing views and even incomplete views for multiple tasks.
Another appealing property of MFMs comes from the
main characteristics of multilinear analysis. After factorizing the weight tensor W, there is no need to construct the input tensor physically. Instead, we can find that the common
subspace shared by multiple views can be discovered through
the Hadamard product of the low-dimensional projection of
each view, and its contribution to the t-th task is controlled
by the weight vector φt . Moreover, the model complexity
is linear in the number of original features.PIn particular,
the model complexity is O(R(V + I + T ) + Tt=1 It ), where
It is the number of features in the t-th task. This multilinear property can help save memory and also speed up the
learning procedure.

3.3

Learning Multilinear Factorization Machines

Following the regularization formulation in Eq. (3), we
propose to estimate the model parameters by minimizing

Algorithm 1 Learning Multilinear Factorization Machines

the following regularized empirical risk:
(v)

min R(Φ, {Θ

}, U) =

T
X

(v)
Lt (ft ({Xt }), yt )

t=1

+ λΩλ (Φ, {Θ(v) }) + γΩγ (U)

(16)

I×T

where U = [u1 , . . . , uT ] ∈ R
. The regularization Ωλ
and Ωγ can be Forbenius norm, `2,1 norm, or other structural regularization. To optimize the objective function, we
present the alternating block coordinate descent approach
in the rest of this section.
With all other parameters fixed, the minimization over
Θ(v) simply consists of learning the parameters Θ(v) by a
regularization method, and the partial derivative of R w.r.t.
Θ(v) is given by
T

X ∂Lt ∂ft
∂Ωλ (Θ(v) )
∂R
=
+λ
(v)
(v)
∂ft ∂Θ
∂Θ
∂Θ(v)
t=1
∂Lt
∂ft

h

∂`t,1
,···
∂ft

∂`t,Nt
∂ft

(17)

iT

∈ R Nt .
T

Q
T
For convenience, we let π ∈ RR denote Vv=1 ∗ z(v) Θ(v)
T
 0T
Q
0
and π (−v) ∈ RR denote Vv0 =1,v0 6=v ∗ z(v ) Θ(v ) . Let
where

=

1
Nt

,

(−v)

Π = [π1 , · · · , πN ]T and Π(−v) = [π1
then have that

(−v) T

, · · · , πN

] . We

Nt
∂Lt ∂ft
1 X ∂`t,n ∂ft,n
=
∂ft ∂Θ(v)
Nt n=1 ∂ft,n ∂Θ(v)



Nt
X
1 ∂`t,n t
(−v)
(v)
φ ∗ πt,n
=
zt,n
Nt ∂ft,n
n=1



∂Lt t
(v)
(−v)
= Zt
(18)
φ ∗ Πt
∂ft

With all other variables fixed, the minimization over Φ
w.r.t the empirical loss simply consists of learning the parameters φt independently. The partial derivative of R
w.r.t. Φ is given by
h
i
∂Ωλ (Φ)
∂R
1 ∂f1
T ∂fT
; · · · ; ∂L
= ∂L
+λ
(19)
∂f1 ∂φ1
∂fT ∂φT
∂Φ
∂Φ
Following the derivation in Eq. (18), we have that

T
∂Lt ∂ft
∂Lt
=
Πt
∂ft ∂φt
∂ft

(20)

With all other variables fixed, the partial derivative of R
w.r.t. U is given by
i
h
∂Ωγ (U)
∂R
t
T
, · · · , XT ∂L
= X1 ∂L
+γ
(21)
∂ft
∂fT
∂U
∂U
(1)

(V )

where Xt = [Xt ; . . . ; Xt ] ∈ RI×Nt is the concatenated
feature matrix for the t-th task.
The optimization procedure is summarized in Algorithm
1. In the experiment, we apply AdaGrad [10], an adaptive gradient-based optimization approach that automatically determines a per-parameter learning rate, for parameter updates. The speed bottleneck of this algorithm is
in computing the predicted values of all the training instances. The time complexity of computing Eq. (15) for
an instance is O(RV + (R + 1)It )), while the computation
can be done in parallel. It can be further reduced under

Input: Training data D, number of factors R, regularization parameter λ, γ and standard deviation σ
Output: Model parameters {Θ(v) }, Φ, U
1: Initialize {Θ(v) }, Φ, U ∼ N (0, σ)
2: repeat
3: for v := 1 to V0 do
4:
Fixing {Θ(v ) }v0 6=v , Φ and U, update Θ(v)
5: end for
6: Fixing {Θ(v) } and U, update Φ
7: Fixing {Θ(v) } and Φ, update U
8: until convergence

sparsity, where most of the elements in xt,n are 0 and the
sums have only to be computed over the non-zero elements.
Let Nz (xt,n ) denote the number of non-zero elements, then
the time complexity of the computation for each instance is
O(RV + (R + 1)Nz (xt,n )).

4.
4.1

EXPERIMENTS
Datasets

To evaluate the performance of the proposed MFMs, we
conduct extensive experiments on the following four datasets
(two of them are for classification tasks, and two of them are
for regression tasks):
FOX2 : This dataset was crawled from FOX web news
[21]. The category for each news article can be viewed as
the class label. For each task (category), the documents
from one category are regarded as positive samples. Each
instance can be represented in two views, the text view and
image view. The text view consists of `2 -normalized TFIDF vector representation extracted from titles, abstracts,
and text body contents3 . The image view consists of seven
groups of color features and five textural features.
DBLP4 : This dataset was extracted from the DBLP [17].
The research areas (DB, DM, AI, IR, CV, and ML) that
an author has published papers in can be viewed as class
labels. For each task (research area), the authors who have
published papers in that research area are regarded as positive samples. Each instance is represented in two views, the
text view and the linkage view. The `2 -normalized TF-IDF
vector representation of all the paper titles published by the
author is used as the text view data. Since each instance
represents an author, the linkage feature of an instance is
the binary vector of the co-authors’ ids.
MovieLens5 : Regression tasks for rating prediction are
studied on this MovieLens dataset. We select the top 10
genres with the most movies as tasks. Each rating in this
dataset has three views, i.e., users, movies and tags. The
user view consists of binary feature vectors for user ids, and
thus for each rating there is only one non-zero feature in the
user view, i.e., the associated user id; the same for the movie
view. The tags of the movies are used for the tag view.
Amazon6 : This dataset contains item reviews from Amazon [19]. We select ratings from the Clothing, Jewelry, Nov2

https://sites.google.com/site/qianmingjie/home/datasets/
Stemming, lemmatization, removing stop-words and words
with frequency less than 1%, etc., are handled beforehand
for all the text view mentioned in this paper
4
http://dblp.uni-trier.de/db/
5
http://grouplens.org/datasets/movielens/
6
http://jmcauley.ucsd.edu/data/amazon/
3

Table 2: The statistics for each dataset.
Classification
FOX
DBLP
Regression
MovieLens
Amazon

#Feature
image(996), text(2,711)
linkage(4,638), text(687)
#Feature
users(943), movies(1,599), tags(1,065)
users(1,805,364), items(192,978), text(83,143)

T
4
6
T
10
5

Np
178∼635
635∼1,950
N
758∼39,895
349,038∼1,015,189

Nn
888∼1,345
2,688∼3,985
Density
6.3%
0.001%

Partial View Missing?
No
No
Partial View Missing?
No
Yes

Table 3: Performance comparison on the FOX dataset. The best two results are listed in bold.
Training
Ratio
10%

20%

30%

Measure

rMTFL

FM

TF

IteM2

CSL-MTMV

MFM-T

MFM-F

MFM-F-S

ACC
F1
AUC
ACC
F1
AUC
ACC
F1
AUC

0.8816±0.011
0.6911±0.035
0.9109±0.013
0.9039±0.013
0.7654±0.026
0.9353±0.016
0.9314±0.005
0.8051±0.015
0.9709±0.005

0.7883±0.011
0.2930±0.046
0.7764±0.018
0.8087±0.011
0.3764±0.050
0.8260±0.012
0.8255±0.007
0.4448±0.026
0.8393±0.012

0.8460±0.035
0.6362±0.044
0.8681±0.038
0.8546±0.025
0.6632±0.051
0.8751±0.029
0.8767±0.082
0.7302±0.132
0.9010±0.091

0.4052±0.076
0.3598±0.030
0.5326±0.036
0.5091±0.078
0.3306±0.068
0.4954±0.043
0.4289±0.134
0.3314±0.056
0.5365±0.039

0.8986±0.011
0.7335±0.029
0.9342±0.011
0.9264±0.005
0.8004±0.012
0.9705±0.003
0.9390±0.004
0.8341±0.012
0.9812±0.003

0.9259±0.019
0.7799±0.053
0.9678±0.015
0.9551±0.005
0.8721±0.012
0.9883±0.003
0.9641±0.007
0.9000±0.018
0.9916±0.003

0.9343±0.012
0.8076±0.038
0.9763±0.008
0.9569±0.010
0.8769±0.027
0.9885±0.006
0.9709±0.003
0.9185±0.010
0.9949±0.001

0.9364±0.011
0.8119±0.027
0.9777±0.009
0.9612±0.005
0.8882±0.014
0.9922±0.002
0.9697±0.004
0.9149±0.010
0.9949±0.001

elty, Accessories and Shoes item categories for the study of
large-scale regression tasks, where each category is viewed
as a task. Users and items with less than 5 ratings are filtered. Each rating in this dataset has three views, i.e., users,
items and text. The user view and item view are constructed
using the same way as in the MovieLens dataset. The `2 normalized TF-IDF vector representation of all summaries
of the item is used as the text view.
The statistics for each dataset is summarized in Table 2,
where T denotes the number of tasks, Np , Nn and N denote
the number of positive, negative and all the samples in each
task, respectively. The density in Table 2 means the density of the user-item matrix in the dataset. Note that the
text view is partially missing in the Amazon dataset, where
0.62% reviews have no text.

4.2

Comparisons

We compare the proposed MFM method with five state-ofthe-art methods. Factorization Machine (FM) explores
pairwise interactions between all features. We apply the FM
in the setting of MTMV learning by concatenating the task
indicator and all the feature vectors from multiple views
as the input feature vector. The preliminary study shows it
performs better than training each task separately. Robust
Multi-Task Feature Learning (rMTFL) is a representative MTL algorithm that uses composite regularization for
joint feature learning [13]. Tensor Factorization (TF)
is a generalization of matrix factorization to higher orders.
Since TF only considers the highest-order of the given tensor, we use Eq. (8) to model the MTMV data for TF and
factorize the weight tensor. IteM2 is a transductive MTMV
learning algorithm with applications to classification problems [14]. Since IteM2 can only handle nonnegative feature
values, we add a positive constant to the feature values to
guarantee its nonnegativity. CSL-MTMV is an inductive
MTMV learning algorithm [15] that assumes the predictions
of different views within a single task are consistent.
Multilinear Factorization Machine (MFM) is the
proposed model that learns the predictive multilinear structure. We compare three variations of MFM for studying the
effects of each component in the model. Forbenius norm
regularizers are used as the default for all the parameters to

avoid overfitting, if not specified. MFM-F and MFM-F-S
both denote the variations that use the proposed predictive
model in Eq. (15), while MFM-F-S uses `2,1 norm regularization on U for joint feature selection. MFM-T denotes
the variation that uses only the tensor inner product as the
predictive function, i.e., the task-specific weight vector ut is
always set to be zeros. For all three MFM methods, we use
squared loss for regression tasks and logistic loss for classification tasks.

4.3

Model Construction and Evaluation

For each dataset we randomly select n%, 10%, and 40%
of labeled samples for each task as training set, validation
set, and testing set, respectively, where n is varying in the
range [10, 30] with the increment of 10. Validation sets are
used for hyperparameter tuning for each model. Each of the
validation and testing sets does not overlap with any other
set so as to ensure the sanity of our experiment. For all
the methods, the dimension of latent factors R = 20, the
learning rate η = 0.1, the initialization σ = 1, the maximum number of iterations are all set as 200. We apply grid
searching to identify optimal values for each regularization
hyperparameter from {10−5 , 10−4 , · · · , 105 } for all the
comparison methods.
To investigate the performance of comparison methods,
we adopt accuracy (ACC), F1-score, and the area under
the receiver-operator characteristic curve (AUC) on the test
data as the evaluation metrics [4, 14, 15]. Overall accuracy,
F1-score and AUC are averaged over all tasks. The larger
value of each metric indicates the better performance. For
regression tasks, we adopt the mean absolute error (MAE)
and root mean squared error (RMSE) on the test data as
the evaluation metrics [23]. Overall MAE and RMSE are
the averaged over all tasks. The smaller value of each metric indicates the better performance. Each experiment was
repeated for 10 times, and the mean and standard deviation
of each metric in each data set were reported. All experiments are conducted on machines with Intel Xeon 6-Core
CPUs of 2.4 GHz and 64 GB RAM.

4.4

Classification Tasks

Table 3 and Table 4 show the performance of all the com-

Table 4: Performance comparison on the DBLP dataset. The best two results are listed in bold.
Training
Ratio

Measure

rMTFL

FM

TF

IteM2

CSL-MTMV

MFM-T

MFM-F

MFM-F-S

ACC
F1
AUC
ACC
F1
AUC
ACC
F1
AUC

0.8057±0.004
0.5395±0.015
0.7888±0.007
0.8319±0.004
0.6447±0.008
0.8374±0.005
0.8412±0.004
0.6796±0.010
0.8590±0.005

0.7264±0.004
0.0732±0.019
0.6264±0.023
0.7628±0.007
0.2680±0.038
0.7548±0.022
0.7978±0.005
0.4312±0.021
0.8351±0.010

0.7471±0.011
0.5606±0.011
0.7723±0.009
0.7878±0.007
0.6247±0.014
0.8200±0.010
0.8191±0.008
0.6670±0.021
0.8498±0.009

0.6223±0.004
0.3176±0.007
0.5310±0.007
0.6309±0.003
0.3494±0.006
0.5550±0.006
0.6256±0.003
0.3569±0.009
0.5563±0.006

0.7290±0.005
0.4402±0.004
0.6890±0.006
0.7760±0.002
0.5295±0.007
0.7655±0.005
0.8037±0.003
0.5869±0.007
0.8083±0.006

0.8008±0.004
0.5278±0.018
0.8039±0.010
0.8346±0.004
0.6274±0.013
0.8531±0.006
0.8501±0.004
0.6800±0.013
0.8757±0.005

0.8058±0.004
0.5469±0.014
0.8113±0.010
0.8374±0.004
0.6499±0.012
0.8658±0.005
0.8527±0.004
0.6891±0.012
0.8866±0.006

0.8062±0.005
0.5471±0.015
0.8120±0.009
0.8371±0.004
0.6508±0.012
0.8632±0.005
0.8535±0.004
0.6892±0.009
0.8866±0.006

10%

20%

30%

Table 5: Performance comparison on the MovieLens dataset. The best two results are listed in bold.
Training
Ratio
10%
20%
30%

Measure

rMTFL

FM

TF

CSL-MTMV

MFM-T

MFM-F

MFM-F-S

RMSE
MAE
RMSE
MAE
RMSE
MAE

1.1861±0.008
0.8516±0.004
1.0631±0.005
0.8539±0.005
0.9917±0.003
0.8159±0.003

1.0251±0.003
0.8422±0.004
0.9898±0.003
0.7997±0.004
0.9765±0.003
0.7815±0.003

1.5679±0.099
1.2497±0.088
1.2519±0.069
0.9801±0.053
1.2066±0.061
0.9380±0.045

1.05013±0.005
0.8516±0.004
1.0214±0.004
0.8294±0.004
1.0082±0.003
0.8189±0.003

1.0078±0.005
0.8142±0.005
0.9877±0.003
0.7987±0.003
0.9795±0.003
0.7885±0.002

1.0069±0.005
0.8082±0.005
0.9977±0.003
0.8023±0.003
0.9887±0.004
0.7823±0.004

0.9976±0.004
0.8022±0.004
0.9857±0.003
0.7927±0.004
0.9785±0.003
0.7789±0.004

parison methods on the FOX and DBLP datasets. From
these results, we have the several observations. First, most
of the methods achieve better performance when the training size increases, and the proposed MFM methods consistently outperform all the other methods on both datasets.
This is mainly because MFM can effectively learn the predictive multilinear structure from the full-order interactions
of MTMV data. Moreover, by combining the task-specific
feature map with the task-view shared multilinear feature
map, MFM-F and MFM-F-S can further improve the performance. Further, it can be found that MFM-F-S almost always perform better than MFM-F, which empirically shows
the effectiveness of learning features with sparse constraints.
Besides, among all the factorization based methods (i.e.,
FM, TF and MFM), FM performs the worst. Such poor performance indicates that FM cannot discriminate important
features (e.g., the task indicators) for different tasks. Because all the pairwise interactions between all the features
are considered in FM, the interactions between the task indicators and important features are buried by many redundant intra-view feature interactions. The ability to distinguish different tasks is critical for multi-task classification
problems, since the labels of a classification task are usually dissimilar or even opposite to other classification tasks.
On the other hand, by fusing multi-view information into
tensor structures, the tensor-based methods can achieve relatively better performance. In addition, we find that TF
performs much worse than the MFM-T. This confirms that
learning only from the highest-order interactions is limited
and incorporating the lower-order interactions in the predictive models can help provide more information [4, 22].
In addition, the rMTFL method, which learns important
features for all the tasks but does not distinguish features
from different views, can achieve comparative or even better performance than the state-of-the-art MTMV learning
methods, i.e., CSL-MTMV. This is mainly because CSLMTMV enforces the prediction results of each view to be
consistent with each other, while the text view and the image
view (or the linkage view) are not similar. In contrast, the
proposed MFM methods can achieve better performance by
exploring the complementary information of multiple views.

4.5

Regression Tasks

Table 5 and Table 6 report the performance comparison
on the MovieLens and Amazon datasets. Note that IteM2 is
not compared since it can only work for classification tasks.
Besides, due to the high memory complexity CSL-MTMV
and rMTFL cannot be applied to the large-scale Amazon
dataset. From these results, we can observe that the proposed MFM methods outperform most of the comparison
methods on both datasets, especially when the training data
is limited. This is because when less instances are available,
some users and items may hardly appear during training,
making it harder to learn the model parameters for the user
view and the item view. By incorporating the bias terms for
each view in the full-order tensor, the proposed MFM models can explore the information from other complementary
views (e.g., the tag view or the text view) to alleviate the
issue and to improve the performance. We also notice that
FM achieves much more competitive performance in regression tasks than in classification tasks. This is due to the
fact that the regression tasks in the experiments are more
similar and thus it is less important to learn task-specific features. Furthermore, we observe that the performance of TF
on the Amazon dataset is unacceptably low, which is due to
the fact that some instances do not have any text features.
Because TF can only learn from the highest-order interactions, its performance is significantly impacted by the existence of the partially missing view. In contrast, by taking
the full-order interactions into consideration, MFM methods
can easily deal with the partially missing view.

4.6

Hyperparameter Analysis

The dimension of latent factors R is an important hyperparameter for the CP factorization involved in the proposed
MFM method. We analyze different values of R and report
the results in Fig. 2. Due to space limit, we only report AUC
for classification tasks and RMSE for regression tasks using
20% of instances as training set. Compared with the other
tensor-based method (TF), the performance of MFM methods is much more stable when R ≥ 20 for all four datasets.
It validates the importance of including lower-order interac-

Table 6: Performance comparison on the Amazon dataset. The best two results are listed in bold. Due to
the memory overhead, rMTFL and CSL-MTMV are not compared.
Training
Ratio
10%
20%
30%

Measure

FM

TF

MFM-T

MFM-F

MFM-F-S

RMSE
MAE
RMSE
MAE
RMSE
MAE

0.9834±0.001
0.7420±0.001
0.9814±0.001
0.7343±0.002
0.9782±0.002
0.7257±0.002

3.6044±0.003
3.4574±0.005
3.5611±0.018
3.3965±0.030
3.4962±0.018
3.2945±0.034

0.9775±0.001
0.7249±0.001
0.9764±0.001
0.7255±0.001
0.9705±0.002
0.7001±0.001

0.9857±0.001
0.7158±0.002
0.9845±0.001
0.7112±0.001
0.9841±0.001
0.7115±0.001

0.9825±0.002
0.7129±0.001
0.9775±0.001
0.7086±0.001
0.9733±0.001
0.7078±0.001

0.88

1

0.86

0.95

AUC

AUC

0.84
0.9

0.82

0.85
0.8
TF
MFM−T
MFM−F
MFM−F−S

0.8

0.75

5

10

20

30

40

TF
MFM−T
MFM−F
MFM−F−S

0.78

0.76

50

5

10

20

30

40

50

R

R

(a) FOX

(b) DBLP

stable for most cases. However, when λ and γ are both
large, the model parameters can be very small, which decreases the value of AUC. From Fig. 3(c) and Fig. 3(d), we
can observe that for regression tasks, the RMSE is much
lower when the value of γ is large and the value of λ is in
the range from 10−3 to 10−1 . This could indicate that the
task-specific weight vector ut is less important for the prediction. This confirms that the tasks in the regression tasks
are much similar than in the classification tasks.

1
1.27

RMSE

RMSE

0.99

1.17

TF
MFM−T
MFM−F
MFM−F−S
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Figure 2: Sensitivity analysis of dimention of latent
factor.

(b) DBLP

RMSE

RMSE

(a) FOX

(c) MovieLens

(d) Amazon

Figure 3: Sensitivity analysis of regularization hyperparameters.

tions in the predictive model.
To explore the effects of the regularization hyperparameters λ and γ on the performance, we run with different values
for λ ∈ {10−5 , 10−4 , · · · , 100 } and γ ∈ {10−5 , 10−4 , · · · , 105 }.
Since there are no much differences between the results of
MFM-F-S and that of the MFM-F, we only report the result using MFM-F-S. From Fig. 3(a) and Fig. 3(b), we can
clearly see that the performance for classification is fairly

Multi-Task Learning: MTL aims to improve the performance of related tasks by learning a model which is able
to capture intrinsic relatedness across tasks [5]. The current
work mainly focuses on joint feature selection and feature
learning, where the task relatedness is explicitly expressed
as a shared part of the tasks [1, 2, 11, 12, 20]. Most of these
methods make the assumption that different tasks share a
common representation/structure. However, in practical applications it is too restrictive to constrain all tasks to share
a common set of features, due to the heterogeneity of tasks.
Some recent methods proposed to capture different types
of relationships using a composite regularization [8, 13]. In
particular, the alternating structure optimization (ASO) algorithm [1] and its convex version cASO algorithm [7] decompose the predictive model into the task-specific and taskshared feature mapping, which can be cast as special cases
of our framework when V = 1.
Multi-View Learning: MVL concerns about exploiting
different views on the same object to make a more accurate
learning. In essence, MVL utilizes experiential inputs to explore diverse representations so that an increasingly variety
of problems may be recognized, formulated and solved [6].
In this fashion, the strengths of each view are amplified and
the weaknesses are alleviated. There are currently a plethora
of studies available for MVL. Interested readers are referred
to [27] for a comprehensive survey of these techniques and
applications. The most related work to ours is that of [3,
4] who introduced and explored the tensor product operator to integrate different views together in a joint tensor.
The advantage of tensor representation is that it enables not
only to record the information from multiple views, but also
strengthen and capture the relationships between them [18].
In addition, various tensor factorizations [16] can be modelled to learn dependencies between variables, each of which
imply different hypotheses about the data. In this study, we
employ the CP factorization to facilitate the learning process, but it can be easily extended also to other types of
factorizations.
Multi-Task Multi-View Learning: The IteM2 algorithm [14] was first proposed by He et al. for MTMV learn-

ing. Since IteM2 is a transductive learning method, it is
unable to generate predictive models on independent, unknown testing samples. Besides, it can only deal with classification problems with nonnegative feature values. Assuming the predictive models should be consistent among different views, co-regularization based methods were later developed [15, 28]. Specifically, Zhang et al. proposed regMVMT
algorithm [28] that minimizes the difference of the predictive models for different tasks on the same view; Jin et al.
proposed a more generalized algorithm, CSL-MTMV [15],
which assumes a low-dimensional subspace is shared among
multiple related tasks that have common views. These methods assume that all the views are similar to each other, while
such assumption may not be appropriate especially for heterogeneous data. It also makes these methods have difficulty
in learning from partially observed views.

6.

CONCLUSIONS

In this paper, we present efficient multilinear factorization machines (MFMs) for MTMV problems. The proposed
MFMs can learn the task-specific features and the common
latent spaces embedded within the multimodal interactions
among the multiple tasks and the multiple views. Because
full-order interactions are collectively used during learning
procedure, MFMs can deal with the partially incomplete
data without difficulty. Moreover, the complexity of MFMs
is linear in the number of features, which make MFMs suitable to large-scale real-world problems. Extensive experiments on four real-world datasets demonstrate that our proposed MFMs outperform several state-of-the-art methods in
a wide variety of MTMV learning problems.
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