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Abstract

This paper presents the core algorithm for a tool implement-
ing a declarative approach to web form development. Instead
of writing Javascript to implement error detection and implied
value computation, web developers write an ontology in clas-
sical logic that describes the relationships between web form
fields, and the Javascript is generated automatically. To meet
performance demands, the compilation of classical logic into
Javascript uses relational databases as an intermediary; and,
to address the well-known explosiveness problem of logical
implication in the presence of contradictions (web form er-
rors), our algorithm employs a paraconsistent form of logical
implication.

Introduction
Modern web forms collect data from users on the World
Wide Web using a combination of HTML to display wid-
gets (e.g., textboxes and checkboxes) and browser scripts
(e.g., Javascript, Flash) to identify errors and compute the
values implied by user-provided data. Writing and main-
taining HTML is easy, but writing and maintaining browser
scripts is hard.

Several issues complicate the construction and mainte-
nance of browser scripts for error-detection and implied-
value computation. First, web forms allow users to enter
data in whichever order they please, thereby requiring that
the scripts make no assumption about which widgets have
data at which points in time. Second, many web forms only
highlight errors instead of forcing the user to fix those er-
rors immediately. Because implied values are propagated
through the form, the scripts must carefully control how er-
rors propagate. Third, giving users real-time feedback re-
quires scripts that run fast enough not to be noticed by users.
Finally, even small changes to a form (e.g., adding a wid-
get or changing an error condition) may require substantial
changes in the scripts, thus making the task of web form
maintenance similar in difficulty to the task of construction.

Here we introduce a declarative approach to web form de-
velopment that addresses the problems above. Instead of
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writing browser scripts directly, web developers write log-
ical sentences that capture the constraints on a web form
and invoke a compiler that automatically generates relational
database queries implementing error-detection and implied-
value computation (which can then be compiled into any
browser scripting language). Implementing error-detection
requires implementing logical-inconsistency detection (be-
tween the web form data and the constraints). Implementing
implied-value computation requires implementing a para-
consistent notion of logical entailment, or else a single web
form error causes all values to be implied for all widgets.
Thus, the database queries produced by the compiler im-
plement inconsistency detection and paraconsistent entail-
ment, and because they are fixed for the entire lifetime of
the web form, they enjoy polynomial parameterized com-
plexity, helping meet the real-time performance demands of
the web form domain.

While motivated by a real-world application, the contri-
butions of this paper are theoretical. After discussing an ex-
ample, we present a mathematical formalization of the web
form domain. Then we describe a logical representation of
web forms including complexity results and introduce the
compilation problem studied in this paper. Subsequently,
we describe a simple and easy-to-implement algorithm for
solving the compilation problem and analyze its complexity.
Finally, we report on related work and conclude. Proofs and
additional details can be found in the extended version of
this paper (Anonymous 2009).

Example

On its website, Toyota allows customers to investigate the
various options available for each of its cars using web
forms. Figure 1 shows some of the options available for the
2009 Toyota Sequoia. A Sequoia’s grade represents its base-
level options and can be either SR5, Limited, or Platinum;
its transmission can be either 5 or 6 speed; and the drive can
either be 4x2 or 4x4.

Suppose a user first selects a 5-speed transmission and
then chooses the Limited grade. Because the Limited grade
implies the 4x4 drive, the drive widget is automatically filled
with 4x4. Because the Limited grade also implies the 6
speed transmission, the grade and transmission widgets are
highlighted to indicate an error.



Figure 1: Example web form snippet

To construct this web form, a web developer would pro-
vide our compiler with the following logical constraints.

(grade(limited) ∨ grade(platinum)) ⇒ tran(6speed)
grade(limited) ⇒ drive(4x4)

The compiler then constructs database queries for detect-
ing errors and computing implied values for each widget.
For example, the query for whether or not the grade widget
is an error is given below bygrade-err, and the query for the
implied values of drive is given bydrive-impl. Here we use
DATALOG to represent the database queries.

grade-err :− not tran(6speed), grade(limited)
drive-impl(4x4) :− grade(limited)

Web Form Formalization
The three crucial components of a web form are the wid-
gets, the set of values that widgets can be assigned, and the
ontology defining the set of permitted widget assignments.
The definitions of interest in this paper, errors and implied
values, are based on these building blocks.

Formally,W is a finite set of widgets, andU is a set of
possible values. We usep, q, r for widgets anda, b, c for val-
ues. Awidget assignmentis a partial functionv : W → 2U
mapping a widget to a set of values for some subset of all
widgets1. dom(v) is the set of widgets over which assign-
mentv is defined. Assignmentv1 can be extended tov2,
written v1 ⊆ v2, if v1’s domain is a subset ofv2’s domain
andv1(x) = v2(x) for all x in dom(v1). v1 ⊂ v2 means
thatv1 ⊆ v2 and there is anx in dom(v2) not indom(v1).

An ontologyO, defining the permissible web form com-
pletions, is a non-empty set of total widget assignments,
i.e., a non-empty set of widget assignmentsv such that
dom(v) = W . An assignmentv is consistent(with O) if
there is av′ such thatv ⊆ v′ andv′ ∈ O; otherwisev is
inconsistent. An assignmentv is minimally inconsistentif v
is inconsistent and there is nov′ ⊂ v that is also inconsis-
tent. We say widgetp is anerror for assignmentv if there is
a minimally inconsistentv′ ⊆ v such thatp ∈ dom(v′).

Having provided a definition for a web form error, we now
provide a definition for an implied value. Valuea is posi-
tively impliedfor widgetp by consistent assignmentv (writ-
tenv ⇒ p+(a)) if for everyv′ such thatv ⊆ v′ andv′ ∈ O,
a ∈ v′(p). Value a is negatively impliedfor widget p by
consistent assignmentv (written v ⇒ p−(a)) if for everyv′

such thatv ⊆ v′ andv′ ∈ O, a 6∈ v′(p). Note that these defi-
nitions apply only to consistent widget assignments because

1Widget assignments map a widget to asetof values to reflect
the fact that some HTML widgets can be assigned multiple values.

for inconsistent assignments, all values would be implied for
all widgets.

For inconsistent assignments, appropriate definitions for
implication are not so clear cut. We say valuea is positively
implied for widget p by assignmentv if there is av′ ⊆ v
that is consistent and positively impliesa according to the
definition above. Similarly, valuea is negatively impliedfor
widget p by assignmentv if there is av′ ⊆ v that is con-
sistent and negatively impliesa according to the definition
above. These definitions for implication reduce to the earlier
ones for the case of consistent assignments but in the case of
inconsistency do not always imply all values for all widgets.

Logical Representation
The mathematical objects defined in the previous section
may be too large to conveniently write explicitly; in fact, the
ontologies could be infinite. In this section we describe a
logical representation for compactly describing web forms.

First, consider a logical representation of an ontol-
ogy. Following (Kassoff and Genesereth 2007) we employ
first-order logic with the following restrictions: monadic,
function-free, equality-free, in the∀∗ prefix. More pre-
cisely, the terms in the language are variables and object
constants. Atomic sentences take the formp(t) wherep is
a predicate andt is a term. Sentences are either atomic sen-
tences or one of{∧,∨,¬,⇒,⇐,⇔} applied to sentences
in the usual way. Ground sentences contain no variables,
and all variables in nonground sentences are implicitly uni-
versally quantified. We useMON to denote all such sen-
tences. The semantics are standard (see (Enderton 2000)
for details). The widgets of a web form correspond to the
monadic predicates of the ontology description, and hence
we call a consistent subset ofMON a logical ontology. It is
noteworthy that while an ontology from the previous section
fixes the universe, a logical ontology allows for many dif-
ferent universes—a consequence of first-order model theory.
While seemingly problematic, logical ontologies obviate the
need for web developers to fix ahead of time the set of values
that users are allowed to enter, and as we shall see results in
a version of active domain semantics.

Second, consider a logical representation of a widget as-
signment. Alogical widget assignmentis consistent set of
individual widget assignments. Anindividual widget as-
signmentfor widgetp is a consistent conjunction of ground
literals where for every object constanta either p(a) or
¬p(a) is included in the conjunction. This representation,
while perhaps more complicated than one might expect, sup-
ports the upcoming result that our logical representation is
faithful to the mathematical definition of web forms. In
(Anonymous 2009), we illustrate why three obvious, sim-
pler representations are inadequate. IfΛ is a logical widget
assignment, thenΛP denotes the subset ofΛ consisting of
the individual widget assigments for the set of widgetsP .

The Example section showed a web form and a logical
ontology for that form. The widget assignment for Figure 1
follows.
tran(5speed) ∧ ¬tran(6speed) ∧
¬tran(limited) ∧ ¬tran(sr5) ∧ ¬tran(platinum) ∧
¬tran(4x2) ∧ ¬tran(4x4)



As one would hope, our logical representation implies a
simple, logical definition for a web form error. That defini-
tion is based on inconsistency and utilizes the active domain
semantics,i.e., where the universe is the set of objects ap-
pearing in the logical ontology and widget assignment.

Proposition 1. SupposeΛ represents widget assignment
v, and ∆ represents ontologyO where the universe is
Objs[∆ ∪ Λ]. Widgetp is an error for v underO if and
only if there is a minimal subset ofΛ includingp’s individ-
ual widget assignment that is inconsistent with∆.

Third, consider a logical representation of widget assign-
ment implication. It turns out that implication corresponds
to a paraconsistent notion of entailment—in particular a
variation of the well-known existential entailment relation.
Formally, if ∆ is a logical ontology andΛ is a logical wid-
get assignment, we say thatΛ strictly (existentially) entails
φ with respect to∆, written Λ |=∆

E φ, if and only if there
is a subsetΛ0 of Λ such thatΛ0 ∪ ∆ is consistent and
Λ0 ∪ ∆ |= φ. Strict existential entailment corresponds in
a natural and precise way to widget assignment implication.

Proposition 2. SupposeΛ represents widget assignment
v, and ∆ represents ontologyO where the universe is
Objs[∆ ∪ Λ] ∪ {a}. v ⇒ p±(a) under ontologyO if and
only if Λ |=∆

E ±p(a)2.

Strict entailment iscoNP-hard and is contained in
PSPACE. Restricting the logical ontology to a single vari-
able and no object constants while simultaneously forcing it
to be written in clausal form fails to drop the complexity to
P. Thus even with reasonably strong restrictions the optimal
algorithm for strict entailment runs in exponential time.

Theorem 1 (Strict Entailment Complexity). Suppose∆
is in MON, andΛ is a finite set of ground sentences.Λ |=∆

E
p(a) is Πp

2-hard and included inΣp
3 . If the number of vari-

ables appearing in∆ is bounded by a constant, strict entail-
ment is bothΣp

1 andΠp
1-hard and is included inΣp

2 . If ∆ is
in clausal form, contains a single variable, and includes no
object constants, strict entailment isΠp

1-hard.

Web Form Compilation
Modern web forms detect errors (identify minimal inconsis-
tencies) and calculate implied values (compute strict entail-
ment) as fast as users fill in data. To generate such forms,
we utilize an algorithm for constructing relational database
queries that compute strict entailment. In the process that
algorithm generates database manipulation statements that
identify minimal inconsistencies. Hence, the remainder of
the paper focuses on a compilation problem for strict en-
tailment and includes a discussion of minimal inconsistency
detection in due course.

The compilation problem consists of two transformations.
Theontology transformation, denotedα, starts with an on-
tology and constructs a set of database queries that imple-
ment strict entailment assuming that they are evaluated over

2Here we use+p(a) to meanp(a) and−p(a) to mean¬p(a).
The sign of±p(a) is the same as the sign ofp±(a).

the appropriate database. Thedata transformationopera-
tion, denotedβ, constructs the requisite database from a log-
ical widget assignment and logical ontology. The ontology
transformation operation is run once to construct the web
form, whereas the data transformation operation is run on
the browser each time the widget assignment changes.

We utilize the well-known equivalence of evaluating
database queries on a database and evaluating first-order for-
mulae on an interpretation.
Definition 1 (Web Form Constraint Compiler). A web
form constraint compiler is a pair of functions〈α, β〉 where
α maps a logical ontology to a set of first-order formulae
andβ maps a logical widget assignment and a logical on-
tology to a first-order interpretation.〈α, β〉 is a compiler if
for any finite logical ontology∆ and predicatep, there are
sentencesφ+

p (x) andφ−p (x) in α[∆] such that for any finite
logical widget assignmentΛ and any object constanta,

Λ |=∆
E ±p(a) if and only if |=β[Λ,∆] φ

±
p (a)

Algorithms
Ontology Transformation To transform a given ontology,
our algorithm follows a four-step process: compute the reso-
lution closure, compute the contrapositives of each clause in
the closure, augment each contrapositive with a consistency
check, and invoke predicate completion.

For example, consider a simple logical ontology.

∀x.(p(x) ∨ q(x)) ∧ (¬q(x) ∨ ¬r(x))
The resolution closure adds a single clause:p(x) ∨ ¬r(x).
Computing the contrapositives and appending consistency
checks is straightforward and produces the following rules.
(Here we show just the contrapositives with positive heads.)

p(x) ⇐ ¬q(x) ∧ consistent{q}
q(x) ⇐ ¬p(x) ∧ consistent{p}
r(x) ⇐ p(x) ∧ consistent{p}
p(x) ⇐ r(x) ∧ consistent{r}

The consistency checks ensure that witnesses for entailment
are consistent with the entire ontology and are discussed be-
low. Predicate completion then constructs the first-order for-
mula defining strict entailment for each predicateρ: the dis-
junction of all the rules withρ in the head.

φ+
p (x) ≡ (¬q(x) ∧ consistent{q}) ∨

(r(x) ∧ consistent{r})
φ+
q (x) ≡ ¬p(x) ∧ consistent{p}
φ+
r (x) ≡ p(x) ∧ consistent{p}

The definitions forφ−p , φ−q , andφ−r are constructed simi-
larly from the contrapositives with negative heads. Algo-
rithm 1, named ONTCOMPILE, formalizes the algorithm
outlined here.

In ONTCOMPILE, RES[∆] denotes the resolution and fac-
toring closure of the clausal form of∆, andPREDS[φ(x̄)]
denotes the predicates occurring inφ(x̄). The semantics for
consistent∆

PREDS[φ(x̄,ȳ)] follows.



Algorithm 1 ONTCOMPILE[∆]
Assumes: ∆ is a clause set.
Outputs: A set of first-order equivalences.
1: ∆ := RES[∆]
2: Γsp := ∅ for all predicatesp ands ∈ {+,−}
3: for all contrapositivesd in

⋃
i{pi(x)∨¬pi(x)}∪∆ do

4: write d as±p(x) ⇐ φ(x, ȳ)
5: Γ±p := {∃ȳ.φ(x, ȳ) ∧ consistent∆

PREDS[φ(x,ȳ)]} ∪ Γ±p
6: end for
7: print φsp ≡

∨
Γsp for all predicatesp ands ∈ {+,−}

Definition 2 (consistentΘP ). SupposeΛ is a logical widget
assignment. For the sentence setΘ and predicate setP ,
consistentΘP is true (with respect toΛ) if and only ifΛP ∪Θ
is consistent.

The database queries produced by ONTCOMPILE are
evaluated over the database constructed by the data transfor-
mation operation described in the next section. Given a wid-
get assignmentΛ and an ontology∆, our data transforma-
tion operation, denotedβ, performs two tasks: (1) represent-
ing Λ as a first-order interpretation and (2) extending that
interpretation to include definitions for the necessary consis-
tency checks. Before discussingβ in detail, we analyze the
complexity of ONTCOMPILE as well as the complexity of
its output. The first result ensures that ONTCOMPILE paired
with β is sound and complete.

Theorem 2 (Soundness and Completeness).The pair
〈ONTCOMPILE, β〉 is a web form constraint compiler for
MON ontologies.

The complexity of ONTCOMPILE is polynomial in the
size of the clause set produced by converting to clausal form
and computing the resolution closure.

Proposition 3 (Resolution Complexity). The output com-
plexity for resolution forMON premises isEXPSPACE-
hard and included in2EXPSPACE. When the premises are
in clausal form, contain one variable, and include no object
constants, the output complexity isEXPSPACE-complete.

More important than the performance of the compiler is
the performance of the database queries that compiler pro-
duces for implementing strict entailment. When the ontol-
ogy starts in clausal form, the cost of computing strict entail-
ment is bounded above by doubly exponential time, but it is
unknown if this bound is tight; thus, it is unknown whether
or not our implementation of strict entailment is optimal in
the general case. But for a special case, we have shown the
computation of strict entailment to be singly exponential and
therefore optimal.

Theorem 3 (Optimality). When the logical ontology is in
clausal form, contains one variable, and includes no object
constants, strict entailment computation runs in singly expo-
nential time, an optimal algorithm assumingP 6= coNP.

Additionally, because compilation builds the ontology
into the procedure for computing strict entailment, the only
change from query to query is the widget assignment; thus,

the ontology is fixed and the parameterized complexity of
strict entailment computation is polynomial in the input.

Proposition 4 (Polynomial Parameterized Complexity).
The parameterized complexity of computing strict entail-
ment is polynomial because the ontology is fixed by com-
pilation.

Data Transformation Recall that our data transformation
operationβ performs two tasks when given a widget assign-
mentΛ and an ontology∆: representΛ as a first-order in-
terpretation, and extend that interpretation to include def-
initions for the necessaryconsistent∆P . Our implementa-
tion of β proceeds in three steps. The first step, denotedβ1,
builds an interpretationI that maps each predicatep occur-
ring in Λ to the set of values to whichp is assigned,i.e.,
I(p) = {a | p(a) is a positive conjunct occurring inΛ}.
The second step, denotedβ2, extends the result of step one
to include definitions forinconsistent∆P (whose semantics
is exactly the opposite ofconsistent∆P ). The third step, de-
notedβ3, extends the result of step two to include definitions
for the necessaryconsistent∆P . It is noteworthy that only
the second step,β2, requires information about∆, which
means that our data transformation operation takes the form
β3[β2[β1[Λ],∆]].

The first step is straightforward as illustrated above, but
the next two steps, which jointly construct the needed
consistent∆P definitions, is not as straightforward and oc-
cupy the remainder of this section. This two-step approach
to definingconsistent∆P has two benefits. First, by includ-
ing interpretations forinconsistent∆P , it is straightforward
to identify errors on the web form. A widgetw is an er-
ror exactly when there is a minimalP including w such
thatinconsistent∆P is true. Thus, each time a user changes
the web form, errors can be identified onceβ2 has been
executed. Second, the presence ofinconsistent∆P defini-
tions makes the construction ofconsistent∆P definitions in-
dependent of∆. Thus, of the three steps,β2 (where the
inconsistent∆P definitions are constructed) is the only one
that requires∆. Moreover as shown below, it is possible
to employ compilation to construct aβ2 specialized to any
given∆, thereby avoiding the costs of interpreting∆ during
execution. We denote such aβ2 asβ∆

2 ; thus, our data trans-
formation operation actually takes the formβ3[β∆

2 [β1[Λ]]].
As mentioned above, implementing theβ3 operation is

simple since the result ofβ∆
2 [β1[Λ]] includes truth values

for inconsistent∆Q for at least all thoseQ that are minimally
inconsistent.

β3[I] = {consistent∆P → true | there is noQ such that

Q ⊆ P and|=I inconsistent
∆
Q} ∪ I

More complicated is the compilation algorithm that con-
structsβ∆

2 from a given ontology∆. Algorithm 2, named
DATACOMPILE, includes the core algorithm for compila-
tion and bears strong similarities to our ontology compila-
tion algorithm (ONTCOMPILE found in Algorithm 1). DAT-
ACOMPILE constructs a sentenceσP that implements an
inconsistency check for certain sets of predicatesP . The
definition forβ∆

2 , shown below, defines the truth value for



inconsistent∆P as the truth value ofσP evaluated over the
current widget assignments.

β2[I] = {inconsistentP → true | |=I σP } ∪ I

Algorithm 2 DATACOMPILE[∆]
Assumes: ∆ is a clause set.
Outputs: A set of first-order equivalences.
1: ΓP := ∅ for all predicate setsP
2: for all clausesc in RES[∆] do
3: ΓPREDS[c] := {∃∗.¬c} ∪ ΓPREDS[c]

4: end for
5: print σP ≡

∨
ΓP for all predicate setsP

DATACOMPILE is sound and complete, and its complex-
ity is polynomial in the size of the resolution closure. The
data transformation operationβ3[β∆

2 [β1[Λ]]] is also sound
and complete.

Theorem 4 (Soundness and Completeness of DATA COM -
PILE ). Suppose∆ is a logical ontology,Λ is a logical wid-
get assignment, andP is a predicate set.ΛP ∪ ∆ is in-
consistent if and only if there is someQ ⊆ P such that
σQ ∈ DATACOMPILE[∆] and|=β1[Λ] σQ.

Theorem 5 (Soundness and Completeness ofβ). Suppose
∆ is a logical ontology, andΛ is a logical widget assign-
ment. Ifconsistent∆P occurs inONTCOMPILE[∆] then

|=β3[β∆
2 [β1[Λ]]] consistent

∆
P iff ∆ ∪ ΛP is consistent

Related Work
Related work touches on three topics: web application
frameworks, inconsistency tolerance for classical logic, and
knowledge compilation.

Commercial web application frameworks, designed to al-
leviate some of the more tedious aspects of web devel-
opment (e.g., Ruby On Rails, PhP), allow developers to
declaratively specify relatively simple constraints on indi-
vidual widgets that are then compiled into client-side error-
detection code. For example, a textbox may be specified
to only accept numbers, and frameworks will automatically
construct client-side code that checks that type constraint.
In contrast, frameworks today do not allow developers to
declaratively specify constraints on more than one widget.
For example, a web form soliciting a user’s city and state
would ideally inform the user when the specified city does
not exist in the specified state, but such constraints can only
be implemented imperatively in today’s frameworks. Thus,
the work reported here generalizes the class of declarative
constraints handled by today’s web application frameworks.

Inconsistency tolerance for classical logic has received
significant attention over the last decade (see (Besnard
and Hunter 2008)). In contrast to some of that work,
the problem addressed in this paper involves detecting but
not repairing inconsistencies,e.g., (Everaere, Konieczny,
and Marquis 2008; Benferhat, Lagrue, and Rossit 2007;
Subrahmanian and Amgoud 2007). Second, our work fo-
cuses on a fragment of first-order logic (Besnard and Hunter

2005) that is not propositional,e.g., (Efstathiou and Hunter
2008), yet retains decidability. Third, instead of estab-
lishing the relationships between all possible arguments
with an argument tree,e.g., (Efstathiou and Hunter 2008;
Besnard and Hunter 2008), we find two arguments for each
conclusion: one supporting and one undermining.

For knowledge compilation, our work is differentiated
from most because it addresses inconsistency tolerance. The
other efforts we are aware of addressing both inconsistency
and compilation (Flouris et al. 2006; Huang, van Harmelen,
and ten Teije 2005; Gomez, Chesnevar, and Simari 2008;
Hinrichs, Kao, and Genesereth 2009) fail to address real-
time performance demands or fail to capitalize on the prop-
erties of the web form domain. Ignoring inconsistency toler-
ance, our work differs from the existing knowledge com-
pilation work because we utilize a logical language that
is not propositional logic,e.g., (Darwiche and Marquis
2002; Selman and Kautz 1996; Cadoli and Mancini 2002;
Besnard and Hunter 2006) yet is incomparable to similar
work in the description logic community (because we al-
low non-Horn sentences) (Nagy, Lukacsy, and Szeredi 2006;
Calvanese et al. 2008; 2007; Lutz, Toman, and Wolter 2008;
2009; Kontchakov et al. 2009).

Despite minor technical differences, the line of research
on description logic knowledge compilation is especially
pertinent because it involves the conversion of classical logic
into relational databases as a way of implementing descrip-
tion logic reasoners capable of handling large ABoxes. In
their terminology, the web form’s constraints correspond to
a TBox, the web form data corresponds to an ABox (though
we include negative literals), and we only consider (positive
and negative) instance queries. Our algorithms infuse the
TBox into all possible instance queries at compilation-time,
and our algorithms infuse the TBox into the ABox each time
the web form data changes. In short, our work is a form of
combined FO-rewriting, as opposed to [query] FO-rewriting
(Kontchakov et al. 2009).

Conclusion and Future Work
This paper introduces the web form compilation problem
and algorithms for solving it. Those algorithms construct re-
lational database queries and data manipulation statements
that implement error-detection and implied-value compu-
tation. Because the result of compilation is fixed for the
lifetime of the web form, the parameterized complexity of
detecting errors and computing implied values is polyno-
mial, a near necessity for achieving the required real-time
performance demands. Additionally, we identified a con-
ditions under which our algorithms are optimal for non-
parameterized complexity and leave (sub-) optimality results
for the general case to future work. Our aggressive compi-
lation techniques are appropriate for the web form domain
because the compiler runs once to produce a result that may
be used thousands or millions of times. We have proto-
typed our approach and given it the namePLATO, available
at http://tlh.cs.uchicago.edu:5000/plato/ .

Our long-term goal is to provide web developers with a
practical tool for building and maintaining web forms; thus,
we have begun our investigation with a simple monadic,



first-order language for expressing constraints with strong
compilation properties. In the future we plan to extend this
language, using the compilation approaches developed in the
description logic community as a baseline, adapting them to
paraconsistent entailment. We will also explore languages
that can be compiled into our monadic language.

Additionally, we plan to investigate how to automatically
extract web form constraints from back-end database in-
tegrity constraints, and how to automatically employ AJAX
to check web form constraints that rely on the data con-
tained within those databases. We also plan to integrate
our approach into existing web application frameworks,e.g.,
Ruby on Rails, thereby giving developers the ability to em-
ploy both declarative and imperative styles of development.
Such an integration would allow entire web applications to
be built using declaratively-specified web forms. We ex-
pect that web applications built within such a framework
would have improved security because both server-side and
client-side error-detection could be generated automatically,
thereby eliminating parameter tampering exploits algorith-
mically, one of the most prominent vulnerabilities on the
web today.
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Appendix
Web Form Formalization

There is an alternative formalization for the web form do-
main that requires one simple change to the definitions pre-
sented earlier. The change concerns the definition of a wid-
get assignment’s extension. Originally, assignmentv1 could
be extended tov2, written v1 ⊆ v2, if v1’s domain were
a subset ofv2’s domain andv1(x) = v2(x) for all x in
dom(v1). This assumes that extension is defined at the
level of widgets, but alternatively we can define extension
in terms of widget values. Assignmentv1 can be extended
to v2, written v1 ⊆′ v2, if v1’s domain is a subset ofv2’s
domain and ifb ∈ v1(p) then b ∈ v2(p) for all b. The
original definition was chosen to ensure that our logical rep-
resentation was faithful. (See the next subsection for more
details on that.) As evidenced by the following proposition,
it is arguable, however, that the alternative definition is more
natural.

Proposition 5. Suppose we define widget assignment exten-
sion using⊆′. Widgetp is an error for assignmentv if and
only if there is a valuea such thata ∈ v(p) andv ⇒ p−(a).

Proof. (⇒) Supposep is an error forv. Then there is a
v′ ⊆ v that is minimally inconsistent such thatp ∈ dom(v′).
Becausev′ is minimal, reducing it tov′′ ⊂ v′ results in a
consistent assignment. In particular, letv′′ be identical tov′

except that for somea ∈ v′(p), a 6∈ v′′(p). Becausev′ is
inconsistent butv′′ is consistent, none of the extensions of
v′′ in O can includea in p’s assignment; thus,v′′ ⇒ p−(a).
Sincev′′ ⊆ v′ ⊆ v andv′′ is consistent, by definitionv ⇒
p−(a).

(⇐) Suppose there is ana such thatv ⇒ p−(a). Then
there is a consistentv′ ⊆ v such thatv′ ⇒ p−(a). Con-
sider then the assignmentv′′ identical tov′ except thata is
added tov′′(p). Notice then thatv′′ is inconsistent, and if
it is minimally inconsistent, thenp is an error by definition.
Otherwise,v′′ is inconsistent but not minimal, meaning that
something must be removed to achieve minimality. But be-
causev′ is consistent andv′′ is inconsistent,a cannot be
removed fromv′′(p) to achieve inconsistency; thus, there
must be av′′′ ⊂ v′′ wherea ∈ v′′′(p) that is minimally
inconsistent, makingp an error by definition.

Logical Representation

We use a fragment of first-order logic (function-free,
quantifier-free, equality in obeyance with the unique names
assumption) to represent each ontology (a set of functions
from widgetsW to sets of values from a universeU ). More-
over, we use logic to represent each widget assignment (a
partial function fromW to a set of values fromU ). We
would like it to be the case that our representation is faithful,
i.e., that the logic problems addressed in the body of the pa-
per solve the real mathematical versions of those problems.
Below we define precisely the relationships between ontolo-
gies/logical ontologies and widget assignments/logical wid-
get assignments, and then demonstrate that our representa-
tions are faithful.

We begin by discussing Herbrand interpretations, which
for the quantifier-free fragment of first-order logic obeying
the unique names assumption are sufficient for determining
entailment. Often the universe of the Herbrand interpreta-
tions of a sentence set∆ is exactly the ground terms of∆,
but because here∆ is to be combined with a logical wid-
get assignmentΛ, we understand there to be many different
universes for Herbrand interpretations of∆, all of which in-
clude all ground terms from∆. Formally, a Herbrand inter-
pretation for a function-free languageL is a two-tuple〈U, I〉
whereU is a finite set of object constants including all those
in L andI is a function that maps a predicate of arityn from
L to a subset ofUn.

Herbrand models can be viewed as representations of to-
tal widget assignments. The Herbrand modelM represents
the widget assignment comprised of exactly those assign-
mentsp → {a | |=M p(a)} wherep is defined inM .
We denote this mapping fromM to a widget assignment
asRep[M ]. The ontology described by∆ for universeU
(denotedRepU [∆]) is the set of allRep[M ] whereM is
a Herbrand model of∆ with universeU . Similarly, we use
Rep[Λ] to denote the widget assignment described byΛ: the
set of allp→ {a | p(a) occurs inΛ}.

Notice there is a one-to-one correspondence between log-
ical widget assignments and widget assignments (and be-
tween Herbrand models and total widget assignments). We
useRep−1 to denote the inverse ofRep for these cases. Also
notice that every subset of a logical widget assignment is it-
self a logical widget assignment, a fact used in the proofs
below. Finally, notice also that there is a many-to-many rela-
tionship between logical ontologies and ontologies, but that
given a logical ontology and a universe, there is a unique cor-
responding ontology. The following lemma exploits these
relationships to provide alternative ways for computing the
semantics of widget assignments and logical widget assign-
ments.
Lemma 1. Consider just the class of Herbrand interpre-
tations. Supposev is a widget assignment,∆ is a logical
ontology, andU is a universe.

{v′ | v ⊆ v′ andv′ ∈ RepU [∆]}
= {Rep[M ] | |=M ∆ ∪Rep−1[v] with universeU ]}

SupposeΛ is a logical widget assignment,∆ is a logical
ontology, andU is a universe.

{M | |=M ∆ ∪ Λ andM has universeU}
= {Rep−1[v′] | Rep[Λ] ⊆ v′ andv′ ∈ RepU [∆]}

Proof. For part one, consider anyM with universeU satis-
fying ∆∪Rep−1[v]. SinceM satisfies∆,Rep[M ] belongs
to RepU [∆]; thus, we need only show thatv ⊆ Rep[M ].
M was chosen to satisfyRep−1[v], and hence ifb ∈ v(p),
thenp(b) ∈ Rep−1[v] and |=M p(b). Then by definition
b ∈ Rep[M ](p). Since the argument holds for an arbitraryp
andb, it holds for allp andb; thus,v ⊆ Rep[M ].

Now consider anyv′ such thatv ⊆ v′ andv′ ∈ RepU [∆].
Sincev′ ∈ RepU [∆],Rep−1[v′] is a Herbrand interpretation
with universeU satisfying∆. Sincev ⊆ v′, b ∈ v(p) im-
pliesb ∈ v′(p), and consequently thatp(b) ∈ Rep−1[v] im-
pliesp(b) ∈ Rep−1[v′]. Hence, the interpretationRep−1[v′]



satisfiesRep−1[v]. Since it satisfies∆ andRep−1[v] indi-
vidually, it satisfies their union.

For part two, usev to denoteRep[Λ]. Then we can write
part 1 as

{Rep[M ] | |=M ∆ ∪ Λ with universeU ]}
= {v′ | Rep[Λ] ⊆ v′ andv′ ∈ RepU [∆]}

We can obviously applyRep−1 to both sides of the equality
(specifically toRep[M ] andv′), to produce the equation we
desire. Hence, part two is implied by part one.

Our representation is faithful under the active domain se-
mantics,i.e., when the universe under consideration at any
point in time is the set of object constants occurring in∆∪Λ,
denotedObjs[∆ ∪ Λ].

Proposition 6. Suppose∆ is a logical ontology andΛ is a
logical widget assignment. Widgetp is an error for widget
assignmentRep[Λ] under ontologyRepObjs[∆∪Λ][∆] if and
only if there is a minimal subset ofΛ includingp’s individual
widget assignment that is inconsistent with∆.

Proof. (⇐) Suppose there is a minimalΛ0 ⊆ Λ such that
Λ0 is inconsistent with∆. Because any subset of a logical
widget assignment is a logical widget assignment,Λ0 rep-
resents some logical widget assignmentv. Also note that
Rep[Λ0] ⊆ Rep[Λ]. Since there is noM satisfying∆ ∪Λ0,
there is certainly no satisfying Herbrand interpretation. Con-
sequently, there is no total widget assignmentv′ ⊇ v be-
longing to any of the ontologies described by∆; hence,v is
inconsistent (underRepObjs[∆∪Λ][∆] in particular). More-
over, sinceΛ0 is minimal,v must also be minimally incon-
sistent. Finally, sincep’s individual widget assignment is
included inΛ0, p ∈ dom(v), ensuring thatp is an error for
v = Rep[Λ] and thereforeRep[Λ].

(⇒) Supposep is an error forRep[Λ] under ontology
RepObjs[∆∪Λ][∆]. Then there is a minimally inconsis-
tent v ⊆ Rep[Λ] wherep ∈ dom(v). By construction
Rep−1[v] = Λ0 consists of the individual widget assign-
ments for all widgetsq ∈ dom(v). Sincep ∈ dom(v),
p’s individual widget assignment belongs toΛ0. Moreover,
Λ0 ⊆ Λ again by the definition ofRep. Sincev is minimally
inconsistent underO = RepObjs[∆∪Λ][∆], there is no total
widget assignmentv′ ⊇ v included inO. There is therefore
no Herbrand interpretation over universeObjs[∆ ∪ Λ] sat-
isfying Λ0 ∪ ∆. Herbrand’s theorem applies, ensuring that
there is no interpretation whatsoever satisfyingΛ0 ∪∆. (To
expand the universe to include objects fromΛ not inΛ0, add
tautologies that include those objects.) ThusΛ0 is inconsis-
tent with∆ and includesp’s individual widget assignment.
Further, sincev is minimal, everyΛ1 ⊂ Λ is consistent with
∆; henceΛ0 is minimal.

Proposition 7. Let ∆ be a logical ontology andΛ be a
logical widget assignment.Λ |=∆

E [¬]p(a) if and only
if Rep[Λ] ⇒ p±(a) under ontologyRepU [∆] for U =
Objs[∆ ∪ Λ] ∪ {a}.

Proof. (⇒) SupposeΛ |=∆
E p(a). Then there is aΛ0 ⊆ Λ

that together with∆ is consistent and entailsp(a). Thus all

interpretations that satisfy∆∪Λ0 also satisfyp(a). Because
all subsets of our logical widget assignment language are
themselves widget assignments,Λ0 represents some wid-
get assignment. Usev to denoteRep[Λ0], andU to denote
Objs[∆ ∪ Λ0] ∪ {a}. Notice that it is safe to assumeU
includes all objects inΛ since we can trivially add tautolo-
gies to∆ that include all objects inΛ without changing∆’s
semantics. First we show thatv is consistent with respect
to RepU [∆] and thatv ⊆ Rep[Λ]. Second we show for all
v′ ⊇ v wherev′ ∈ RepU [∆] thata ∈ v′(p). This suffices to
conclude thatRep[Λ] ⇒ p+(a) under ontologyRepU [∆].
The negative case follows similarly.

(1) v is consistent with respect toRepU [∆] if and only
if there is a v′ ⊇ v where v′ ∈ RepU [∆]. By the
lemma, the set of all suchv′ is {Rep[M ] | |=M ∆ ∪
Rep−1[v] with universeU}. Since Λ0 is Rep−1[v] and
∆∪Λ0 is consistent,∆∪Rep−1[v] is also consistent; more-
over, because it is quantifier-free and obeys the UNA, by
Herbrand’s theorem,∆ ∪ Rep−1[v] is satisfied by at least
one Herbrand model where the universe isU . Thus there
is at least onev′ meeting the constraints above and hence
v is consistent. Further, sinceΛ0 ⊆ Λ andv is Rep[Λ0],
for everyb ∈ v(p) corresponding top(b) ∈ Λ0, we know
p(b) ∈ Λ, and henceb ∈ Rep[Λ](p). Thus by definition,
v ⊆ Rep[Λ].

(2) Consider anyv′ in the set{Rep[M ] | |=M ∆ ∪
Rep−1[v] with universeU}. Notice that sinceRep−1[v] is
Λ0, and∆ ∪ Λ0 |= p(a), we know thatRep−1[v′] satis-
fiesp(a). By definitiona ∈ v′(p) if and only if Rep−1[v′]
satisfiesp(a). Thus,a ∈ v′(p) holds for an arbitrary and
therefore allv′.

(⇐) Suppose thatRep[Λ] ⇒ p+(a) under ontology
RepU [∆] for U = Objs[∆ ∪ Λ] ∪ {a}. Then there is a
consistentv ⊆ Rep[Λ] such that for allv′ wherev ⊆ v′

andv′ ∈ RepU [∆], we knowa ∈ v′(p). UseΛ0 to denote
Rep−1[v].

First we show thatΛ0 is consistent with∆ and thatΛ0 ⊆
Λ. Then we show that every interpretation that satisfiesΛ0∪
∆ also satisfiesp(a). This suffices to ensure thatΛ0 is the
witness forΛ |=∆

E p(a).
(1) By the lemma above the models satisfying∆ ∪ Λ0

with universeU is the set{Rep−1[v′] | v ⊆ v′ andv′ ∈
RepU [∆]}. Sincev is consistent, there is at least one such
v′, and hence the set of such models is nonempty, making
∆ ∪ Λ0 consistent. Furthermore, sincev ⊆ Rep[Λ], if b ∈
v(p) thenb ∈ Rep[Λ](p) for everyp andb. Consequently,
we see for allp andb, if p(b) ∈ Λ0 thenp(b) ∈ Λ and hence
Λ0 ⊆ Λ.

(2) By the lemma above, the Herbrand interpretations sat-
isfying ∆ ∪ Λ0 with universeU is the set{Rep−1[v′] |
v ⊆ v′ andv′ ∈ RepU [∆]}. Consider any suchv′. Since
a ∈ v′(p), we know |=Rep−1[v′] p(a), and since the argu-
ment holds for an arbitraryv′, it holds for allv′ and hence all
Herbrand interpretations with universeU satisfying∆ ∪ Λ0

also satisfyp(a). By Herbrand’s theorem, the same holds of
all interpretations.

Recall that a logical widget assignment is a set of com-
plete, consistent ground conjunctions. As mentioned pre-



viously, this representation has two properties used in the
proofs above. First there is a one-to-one correspondence be-
tween logical widget assignments and widget assignments.
Second, every subset of a logical widget assignment is itself
a widget assignment. Here we explain why three simpler
and more obvious representations fail to achieve these prop-
erties.

First, suppose we represent a widget assignmentv as the
set of allp(a) such thata ∈ v(p). This representation sat-
isfies the subset property but not the one-to-one correspon-
dence property. To see why, we demonstrate two widget
assignments that differ but that cannot be represented differ-
ently in this language:v1(p) = ∅ andp 6∈ dom(v2). Both
of these assignments include noa such thata ∈ v(p); thus,
they cannot be differentiated by the representation language.

Second, suppose we represent a widget assignment as a
complete, consistent set of literals,i.e., we use just the set
of literals occurring in the actual representation. This repre-
sentation has a one-to-one correspondence but does not obey
the subset requirement. To see why, just notice that the sub-
set{p(a)} of {p(a),¬p(b)} is not complete, and hence is
not itself a logical widget assignment.

Third, suppose we represent a widget assignment as a set
of conjunctions of ground atoms,i.e., take our representation
and drop out all the negative literals. This representation
satisfies the subset property but not the one-to-one property.
Consider the same two widget assignments:v1(p) = ∅ and
p 6∈ dom(v2). Again, there is no way to differentiate them
because in both cases the conjunction forp would be empty.

While lacking the one-to-one property points to a basic
inadequacy of representation, it is less clear why the sub-
set property is crucial for faithfulness besides the fact that
we use it in the proof. Here we provide a counterexample
illustrating that for the second representation above, where
a logical widget assignment is a complete, consistent set of
literals, strict entailment can produce unsound results,i.e.,
there is a∆, Λ, andp(a) such thatΛ |=∆

E p(a) butRep[Λ]
does not positively implyp(a) underRepU [∆] for any ap-
propriateU .

Consider the following sentences.

¬p(a)
¬p(x) ⇒ q(x)

For Λ, we choose{p(a),¬p(b)}. For the query, we choose
q(b). The witness for strict entailment is¬p(b), which obvi-
ously entailsq(b) and is consistent with∆.

Now we show thatRep[Λ] does not positively implyp(a)
underRepU [∆] for any appropriateU . First notice that we
can assumeU is {a, b} sinceU must contain all constants in
∆ (and thoughb does not appear in∆ we can make it appear
by addingp(b) ∨ ¬p(b) without changing the essence of the
example).

Second, because the subset ofΛ does not represent a sin-
gle widget assignment, we need to argue for all possible
widget assignments represented by¬p(b) that are subsets
of Rep[Λ]. In this regard, notice that there are two possible
definitions forv ⊆ v′: value-based or widget-based. The
value-based version says that for allp ∈ dom(v) and all
c ∈ v(p), c ∈ v′(p). The widget-based version says that

for all p ∈ dom(v), v(p) = v′(p). The value-based ver-
sion allows extra values to be added to widget assignments,
whereas the widget-based version only allows new widgets
to be added. We consider each case separately.

For the value-based version of subset, any widget as-
signmentv represented by{¬p(b)} has the property that
b 6∈ v(p) or thatp 6∈ dom(v). But in either case, one of
the extensions tov includesb in v(p), which can then be ex-
tended consistently so thatb 6∈ q, thus demonstrating that
Rep[Λ] does not positively implyq(b).

For the widget-based version of subset, consider anyv ⊆
Rep[Λ]. Eitherv(p) = Rep[Λ](p) or dom(v) = ∅. For the
former case,v is inconsistent with∆, ensuringv does not
positively implyq(b). For the latter case, one of the exten-
sions forv makesb ∈ v(p), which can be extended consis-
tently so thatb 6∈ v(q), ensuringv again does not positively
imply q(b).

Paraconsistent Entailment Complexity
Here we give complexity results for two notions of paracon-
sistent entailment for quantifier-free, function-free, monadic
first-order logic, denotedMON. The first is the well-known
existential entailment:∆ |=E φ if there is a satisfiable
∆0 ⊆ ∆ such that∆0 |= φ. The second is strict entailment,
where the premisesΓ are restricted to be a set of atoms.
Γ |=∆

E φ if there is aΓ0 ⊆ Γ such thatΓ0 ∪ ∆ is consis-
tent and entailsφ.

For each paraconsistent entailment relation we will con-
sider several variations ofMON that differ in two dimen-
sions: variables and equality. We consider an arbitrary num-
ber of variables (denotedMON∗) and a constant number of
variables (MONk). Orthogonally, we considerMON with and
without equality. When equality is allowed, we superscript
the language with = to produce eitherMON=

k or MON=
∗ .

We show complexity results for atomic queries. None of
our results are tight, but because they place the entailment
relations in the lower levels of the polynomial hierarchy, our
results are sufficient to guarantee that the optimal algorithm
is singly-exponential in time (barring a collapse of the lower
levels of the polynomial hierarchy).

Existential Entailment

Proposition 8 (MON∗ |=E hardness). Suppose∆ is a finite
set of quantifier-free, function-free, equality-free monadic
first-order sentences with two relation constants.∆ |=E

p(a) is Πp
2-hard.

Proof. The following problem isΣp
2-hard. Given a first-

order formula∃∗∀∗φ where φ is quantifier-free with at
most one unary relation constant, no functions, no equal-
ity, determine if∃∗∀∗φ is satisfiable. First we claim that
∃∗∀∗φ |= p(a) is Πp

2-hard even if∃∗∀∗φ is known to be
satisfiable. Second we claim that for satisfiable∃∗∀∗φ,
∃∗∀∗φ |= p(a) if and only if ∃∗∀∗φ |=E p(a). Third we
claim that∃∗∀∗φ |=E p(a) if and only if the skolemization
∀∗φ′ |=E p(a). Thus, we can embed aΠp

2-hard problem
in polynomial time within existential entailment where the
premises are in quantifier-free (equivalently∀∗), function-
free, equality-free monadic first-order logic with two rela-



tion constants: the one appearing inφ andp. Now we prove
the three claims.

Claim 1: ∃∗∀∗φ |= p(a) for a freshp(a) is Πp
2-hard even

if ∃∗∀∗φ is known to be satisfiable. Since satisfiability of
∃∗∀∗φ is Σp

2-hard, unsatisfiability isΠp
2-hard. We show that

∃∗∀∗φ is unsatisfiable if and only if¬∃∗∀∗φ ⇒ p(a) |=
p(a). (⇒) If ∃∗∀∗φ is unsatisfiable,¬∃∗∀∗φ is true in all
models, and every model that satisfies¬∃∗∀∗φ ⇒ p(a) sat-
isfies p(a) and hence entailment holds. (⇐) Suppose en-
tailment holds, then there is a resolution proof of the empty
clause from (the clausal form of)∃∗∀∗φ ∨ p(a) and¬p(a).
If p(a) does not appear in the proof, we have a proof of
the unsatisfiability of∃∗∀∗φ; otherwise, we can reorder the
proof so thatp(a) is eliminated first (using pure literal elim-
ination). The resulting proof includes within it a proof of
the unsatisfiability of∃∗∀∗φ since the elimination ofp(a)
makes no variable bindings.

Claim 2: for satisfiable∃∗∀∗φ, ∃∗∀∗φ |= p(a) if and only
if ∃∗∀∗φ |=E p(a). (⇒) Suppose entailment holds. Then
since the premise is satisfiable, it is the witness required for
existential entailment. (⇐) Suppose existential entailment
holds. Then sincep(a) is not a tautology, the only premise
set that could entail it is{∃∗∀∗φ}, and hence entailment
must hold.

Claim 3: ∃∗∀∗φ |=E p(a) if and only if ∀∗φ′ |=E p(a)
where∀∗φ′ is the skolemization of∃∗∀∗φ. By skolem-
ization, we know that the equivalence holds under tradi-
tional entailment. Moreover, skolemization preserves satis-
fiability; hence the two premises are equally satisfiable and
equally entailp(a); hence, the existential entailment ofp(a)
for the two premises is the same.

Proposition 9 (MONk |=E hardness). Suppose∆ is a finite
set of quantifier-free, function-free, equality-free monadic
first-order sentences with at most a constantk number of
variables.∆ |=E p(a) is Σp

1-hard andΠp
1-hard.

Proof. Here we embed the satisfiability and unsatisfiability
of propositional logic within existential entailment to arrive
at theΣp

1-hardness andΠp
1-hardness bounds, respectively.

Propositional logic can be encoded easily in monadic logic
using no variables, one object constantb, and one monadic
predicate for each propositional constant. For any Herbrand
interpretation, a monadic predicatep is assigned the object
b if and only if the original proposition were true in the cor-
responding propositional interpretation. Below, we ignore
such details.

We know that the satisfiability of a sentenceφ in proposi-
tional logic isNP-hard (Σp

1-hard). We claim thatφ is satisfi-
able if and only if{φ, φ⇒ p} |=E p, wherep is fresh. (⇒)
Supposeφ is satisfiable. Then both the premises are also
satisfiable, and by a single application of modus ponens, the
premises entailp. This ensures the premises existentially
entail p. (⇐) Suppose existential entailment holds. Since
p is fresh and not a tautology, the only premise subset that
could entail it is{φ, φ⇒ p}. Since that premise set is satis-
fiable, so are its members, and henceφ is satisfiable. Since
both directions hold, we can embed propositional satisfiabil-
ity within existential entailment (with a constant number of
variables) and hence we haveΣp

1-hardness.

We also know that the unsatisfiability of a propositional
sentenceφ is coNP-hard (Πp

1-hard). Consequently, entail-
mentφ |= p is coNP-hard, and so is entailment when the
premiseφ is known to be satisfiable. We claim that for sat-
isfiableφ, φ |= p if and only if φ |=E p. (⇒) Suppose
φ |= p. Then sinceφ is satisfiable, it is the witness ensuring
thatφ |=E p. (⇐) Supposeφ |=E p. Then sincep is not a
tautology, the only subset that can entail it is{φ}, and hence
φ |= p.

Now we prove thatφ |= p is coNP-hard even whenφ
is satisfiable. We show thatφ is unsatisfiable if and only if
¬φ ⇒ p |= p for a freshp. (⇒) Supposeφ is unsatisfiable.
Then in every model¬φ is true, and in every model satis-
fying ¬φ ⇒ p, p must be true since¬φ is true; thus,p is
entailed. (⇐) Suppose entailment holds. Then there is a res-
olution proof of the empty clause fromφ∨p and¬p. For any
such proof, ifp does not occur, that proof demonstrates that
φ is unsatisfiable; otherwise, place the removal of thep from
clauses ofφ first, and the result is a proof that demonstrates
the unsatisfiability ofφ.

Proposition 10 (MONk |=E fragment hardness). Suppose
∆ is a finite set of quantifier-free, function-free, equality-
free monadic first-order sentences in clausal form with one
variable and no object constants.∆ |=E p(a) is Πp

1-hard.

Proof. We know that the unsatisfiability of a propositional
sentence setΓ is coNP-hard, even whenΓ is in clausal form.
We claim thatΓ is unsatisfiable if and only if¬Γ ⇒ p |= p
for a freshp. First, notice that¬Γ ⇒ p is satisfied by the
model wherep is true. Second,¬Γ ⇒ p is equivalent to
Γ ∨ p, and sinceΓ is already in clausal form, the conversion
of Γ ∨ p to clausal form requires only addingp to every
element ofΓ. Assuming the claim, this ensures thatΓ |= p
is coNP-hard even ifΓ is satisfiable and in clausal form.

Now we prove the claim. (⇒) SupposeΓ is unsatisfiable.
Then¬Γ is true in all models, and every model satisfying
the premise satisfiesp; hence,p is entailed. (⇐) Suppose
¬Γ ⇒ p |= p. Then the resolution proof of the empty clause
can be arranged so thatp is resolved away first, leaving a
proof of the empty clause fromΓ.

We know Γ |= p in propositional logic iscoNP-hard,
even if Γ is in clausal form and known to be satisfiable;
hence, the unsatisfiability ofΓ ∪ {¬p} is coNP-hard. Let
Γ(x) be the clause setΓ where every propositional literal
has been changed into a monadic literal using the variable
x. We claim thatΓ(x) ∪ {¬p(x)}, whereΓ(x) is satisfiable
is unsatisfiable if and only ifΓ ∪ {¬p} is unsatisfiable. To
see this, consider a resolution proof in the monadic version.
Note that every resolution bindsx to x, and hence we can
ignore all variables during resolution. A proof of the empty
clause in either version allows us to reconstruct a proof of
the empty clause in the other version; moreover, the proofs
are structurally identical. This suffices to conclude that the
unsatisfiability ofΓ(x)∪{¬p(x)}, whereΓ(x) is satisfiable
and in clausal form iscoNP-hard.

The clause setΓ(x)∪{¬p(x)} is unsatisfiable if and only
if Γ(x) ∪ {¬p(a)} is unsatisfiable, by Herbrand’s theorem.
(Each set is unsatisfiable if and only if its grounding is unsat-
isfiable, and in the first case since there is no object constant,



we are free to choose a constant, saya. Then both sets have
exactly the same grounding.) Additionally,Γ(x) ∪ {¬p(a)}
is unsatisfiable if and only ifΓ(x) |= p(a). Putting these
two facts together allows us to embed acoNP-hard problem
within our class of existential entailment queries and hence
guaranteescoNP-hardness (Πp

1-hardness).

Corollary 1 ( MON=
∗ and MON=

k |=E hardness). Suppose
∆ is a finite set of quantifier-free, function-free, monadic
first-order sentences obeying the unique-names assumption.
∆ |=E p(a) is Σp

2-hard. If the number of variables is
bounded by a constantk then∆ |=E p(a) is Σp

1-hard and
Πp

1-hard, and if additionally∆ is restricted to clausal form,
∆ |=E p(a) is Πp

1-hard.

Proof. Trivially MON∗ can be embedded inMON=
∗ ; like-

wise, MONk can be embedded inMON=
k . SinceMON∗ is

Σp
2-hard, so isMON=

∗ . Likewise, sinceMONk is Σp
1-hard

andΠp
1-hard, so isMON=

k , and since the restriction to clausal
form for a fragment ofMONk is Πp

1-hard, so is the restriction
of MON=

k to clausal formΠp
1-hard.

Proposition 11 (MON=
∗ |=E inclusion). Suppose∆ is a fi-

nite set of quantifier-free, function-free first-order sentences
obeying the unique names assumption where every relation
constant has arity at most some constantk. ∆ |=E p(a) is
included inΣp

3 .

Proof. Consider the following alternating time algorithm.
1. (Existential) Guess a subset∆0 of ∆.

// Check satisfiability
2. (Existential) Guess a Herbrand interpretationI

3. (Universal) For all variable assignmentsv
4. Validate that|=I ∆0[v]

// Check entailment
4. (Universal) For all Herbrand interpretationsI

5. (Existential) Guess a variable assignment v.
6. Validate that|=I ¬∆0[v] ∨ p(a)

Here we use the fact that|= ∀x̄.φ(x̄) ⇒ p(a) if and only
if every interpretation satisfies∃x̄.¬φ(x̄) ∨ p(a) or equiv-
alently that for every interpretation there is a variable
assignmentv such that¬φ(v) ∨ p(a) is satisfied.

Because∆ is quantifier-free, obeys the unique names as-
sumption, and the queryp(a) is ground, Herbrand’s theorem
ensures that∆ |= p(a) if and only if every Herbrand model
of ∆ satisfiesp(a). Thus, the algorithm above is sound and
complete. As for complexity, assuming steps (4) and (6) run
in polynomial time, we have an algorithm in the polynomial
hierarchy with quantifier prefix∃∃∀∃. That gives usΣp

3 in-
clusion.

All that remains is showing that steps (4) and (6) run in
polynomial time in the size of∆, which requires showing
that the evaluation of ground subsets of∆ over an interpreta-
tion takes polynomial time. First, note that the size of every
Herbrand model is at most the number of predicates occur-
ring in ∆ times the number of object constants occurring in
∆ to thekth power, which is clearly polynomial in∆ sincek
is a constant. Every ground instance∆′[v] is linear in∆, so
it too is polynomial in∆. Satisfaction of a ground instance

∆′[v] in I (including= checks, which are especially trivial
due to the UNA) is polynomial (at worst|I| ∗ |∆′[v]|).

Proposition 12 (MON=
k |=E inclusion). Suppose∆ is a fi-

nite set of quantifier-free, function-free first-order sentences
obeying the unique names assumption where every relation
constant has arity at most some constantj, and ∆ has at
most some constantk variables.∆ |=E p(a) is included in
Σp

2 .

Proof. Consider the following alternating time algorithm.
1. (Existential) Guess a subset∆0 of ∆.

// Check satisfiability
2. (Existential) Guess a Herbrand interpretationI

3. Validate that|=I ∆0[v]
for every variable assignmentv

// Check entailment
4. (Universal) For all Herbrand interpretationsI

5. Validate that|=I ¬∆0[v] ∨ p(a)
for some variable assignmentv

This algorithm differs from the previous one in that the
search through variable assignments can be folded into the
polynomial-time validation steps. To see why, notice that
because there are at mostk variables in∆, the number of
variable assignments is|objs[∆]|k, which is polynomial in
∆. Thus, both validation steps (3) and (5) run in polynomial
time. The remainder of the proof is the same as the previous
one.

Corollary 2 ( MON∗ and MONk |=E inclusion). Suppose∆
is a finite set of quantifier-free, function-free, equality-free
monadic first-order sentences obeying the unique-names as-
sumption.∆ |=E p(a) is included inΣp

3 , and if the number
of variables is bounded by a constantk then∆ |=E p(a) is
included inΣp

2 .

Proof. Trivially MON∗ can be embedded inMON=
∗ ; like-

wise, MONk can be embedded inMON=
k . SinceMON=

∗ is
included inΣp

3 , so is MON∗; likewise, sinceMON=
k is in-

cluded inΣp
2 , so isMONk.

Strict Entailment The results for existential entailment
are useful because they help us with similar bounds for strict
entailment. In particular, existential entailment can be sim-
ulated by strict entailment, ensuring that strict entailment is
at least as hard as existential entailment.

Proposition 13 (MON=
∗ |=Ω

E inclusion). Suppose∆ is a fi-
nite set of quantifier-free, function-free first-order sentences
obeying the unique names assumption where every relation
constant has arity at most some constantk. Further suppose
Γ is a set of ground sentences.Γ |=∆

E p(a) is included inΣp
3 .

Proof. Consider the following simple varia-
tion on the algorithm for existential entailment.



1. (Existential) Guess a subsetΓ0 of Γ.
// Check satisfiability
2. (Existential) Guess a Herbrand interpretationI

3. (Universal) For all variable assignmentsv
4. Validate that|=I Γ0 ∪∆[v]

// Check entailment
4. (Universal) For all Herbrand interpretationsI

5. (Existential) Guess a variable assignment v.
6. Validate that|=I ¬(Γ0 ∪∆)[v] ∨ p(a)

The soundness, completeness, and complexity arguments
hold just as before, ensuring the sameΣp

3 upper bound.

Proposition 14 (MON=
k |=Ω

E inclusion). Suppose∆ is a fi-
nite set of quantifier-free, function-free first-order sentences
obeying the unique names assumption where every relation
constant has arity at most some constantj, and ∆ has at
most some constantk number of variables. Further suppose
Γ is a set of ground sentences.Γ |=∆

E p(a) is included in
Σp

2 .

Proof. The following simple variation on the previous
algorithm leverages the fact that there are only a poly-
nomial number of variable assignments and therefore
only a polynomial number of instances of∆; thus, the
search through variable assignments can be folded into the
validation routines, eliminating one level of alternating time
splitting. See proof forMON=

k and existential entailment.
1. (Existential) Guess a subsetΓ0 of Γ.

// Check satisfiability
2. (Existential) Guess a Herbrand interpretationI

3. Validate that|=I Γ0 ∪∆[v]
for every variable assignmentv.

// Check entailment
4. (Universal) For all Herbrand interpretationsI

5. Validate that|=I ¬(Γ0 ∪∆)[v] ∨ p(a)
for some variable assignmentv.

Corollary 3 ( MON∗ and MONk |=Ω
E inclusion). Suppose∆

is a finite set of quantifier-free, function-free, equality-free
monadic first-order sentences obeying the unique-names as-
sumption. Further supposeΓ is a set of ground sentences.
Γ |=∆

E p(a) is included inΣp
3 , and if the number of variables

is bounded by a constantk thenΓ |=∆
E p(a) is included in

Σp
2 .

Proof. Trivially MON∗ can be embedded inMON=
∗ ; like-

wise, MONk can be embedded inMON=
k . SinceMON=

∗ is
included inΣp

3 , so is MON∗; likewise, sinceMON=
k is in-

cluded inΣp
2 , so isMONk.

Proposition 15 (|=Ω
E is |=E-hard). Suppose∆ is a finite set

of first-order sentences. Further supposeΓ is a set of ground
atoms.Γ |=∆

E p(a) is as hard as∆ |=E p(a).

Proof. Consider an existential entailment problemΣ |=E

p(a), whereΣ is a finite set of first-order sentences. We
show how to construct a∆ and aΓ such thatΣ |=E p(a) if
and only ifΓ |=∆

E p(a).
∆ is constructed as follows. For each sentenceσ in Σ,

create the sentenceq(a) ⇒ σ, whereq is a new predicate.

(Notice that any universal quantifiers implicitly applied toσ
are still applied in the same way toq(a) ⇒ σ.) Γ is then
the set of allq(a) whereq was introduced during the con-
struction of∆. Now we must show that the strict entailment
queryΓ |=∆

E p(a) exactly whenΣ |=E p(a).
(⇐) If Σ |=E p(a), then there is a satisfiableΣ0 ⊆ Σ that

entailsp(a). Consider the sentencesΣ′
0 constructed from

elements ofΣ0 and placed into∆. Let Q denote the set
of all q(a) in the antecedents of theΣ′

0 implications. Since
Σ0 is satisfiable and all theq are fresh, we can extend any
model satisfyingΣ0 to additionally satisfy all ofQ by forc-
ing q(a) true for exactly those freshq occuring inQ. Since
that model satisfies all ofΣ0, it satisfies all ofΣ′

0 because the
consequent of every rule evaluates to true; moreover, since
the model also satisfiesQ, it satisfiesQ ∪ Σ′

0. Since the
model fails to satisfy the additional freshq’s in ∆, it also
satisfiesQ ∪ ∆. By construction,Q is a subset ofΓ, and
after |Σ0| applications of modus ponens,Q ∪ ∆ produces
each sentence inΣ0, which is known to entailp(a). Q ∪∆
is satisfiable and entailsp(a); thus,Γ |=∆

E p(a).
(⇒) SupposeΓ |=∆

E p(a). Then there is aQ ⊆ Γ that is
consistent with∆ such thatQ ∪ ∆ entailsp(a). Since all
sentences in∆ are of the formq(a) ⇒ φ, and all theq are
fresh,∆ alone cannot entailp(a). (The countermodel makes
p(a) and all theq(a) false, satisfying∆ but notp(a).) SoQ
must be nonempty. Consider just those sentencesS from ∆
whose antecedents belong toQ. We claim that necessarily
Q∪S is both satisfiable (sinceQ∪∆ was) and entailsp(a).

For the purpose of contradiction, suppose some of those
remaining sentencesR in ∆ were necessary for entailing
p(a)—that there were a modelM of Q ∪ S that did not
satisfyp(a) but that all models ofQ ∪ S ∪R satisfiedp(a).
For M to be a model ofQ ∪ S but notQ ∪ S ∪ R, M
must not satisfyR; thus,M must satisfy all theq(a) in the
antecedents ofR. But since all theqs are fresh, there is
another modelM ′ that is the same asM (especially in that
it satisfiesp(a)) except it fails to satisfy theq(a) in R, and
hence satisfies all ofR. M ′ therefore satisfiesQ ∪ S ∪ R
but fails to satisfyp(a), by construction, contradicting the
original premise. Hence, there can be no suchR.
Q∪S is therefore satisfiable and entailsp(a). The models

of Q ∪ S must all (a) satisfyp(a) and (b) satisfy all the
consequentsS′ of S (since they satisfy all ofQ). Because
all theq occurring inQ are fresh, the reducts of the models
satisfyingQ ∪ S to the original language is axiomatized by
S′; hence,S′ is satisfiable and entailsp(a). SinceS′ is a
subset ofΣ, Σ |=E p(a).

Corollary 4. SupposeMON is one ofMON∗, MONk, MON=
∗ ,

or MON=
k . If MON is C-hard for existential entailment,MON

is C-hard for strict entailment.

Proof. The proof above introduces no additional variables
and is ambivalent toward=; thus, the embedding of existen-
tial entailment forMON into strict entailment produces ax-
ioms inMON. Thus, if existential entailment isC-hard, then
the proof above when instantiated withMON demonstrates
that strict entailment is alsoC-hard.



Compilation
Here we prove that our algorithms meet the definition of a
paraconsistent web form compiler and discuss complexity
results. First we address soundness and completeness, start-
ing with the ontology transformation algorithm, followed by
the data transformation algorithm, and then we handle com-
plexity.

Soundness and CompletenessRecall that COMPILE (Al-
gorithm 1) is our ontology transformation operation, which
transforms a logical ontology∆ to a set of first-order equiva-
lences. Complementing COMPILE isβ, our data transforma-
tion operation that constructs an intepretationI from a given
logical widget assignmentΛ. For each predicatep occurring
in Λ, I(p) = {a|p(a) occurs positively inΛ}. Additionally,
β maps eachconsistent∆P , whereP is a set of predicates, to
true if and only if the widget assignment forP is consistent
with ∆.

Theorem 6 (Soundness and Completeness).The pair
〈COMPILATION, β〉 is a paraconsistent web form compiler.

Proof. The soundness and the completeness theorems below
guarantee the result.

Theorem 7 (Soundness). Consider the pair
〈COMPILATION, β〉. For any finite logical widget as-
signmentΛ and any object constanta,

Λ |=∆
E p(a) if |=β[Λ] φ

+
p (a)

Λ |=∆
E ¬p(a) if |=β[Λ] φ

−
p (a)

Proof. The positive and negative cases are analogous, so
here we focus on the positive. Suppose|=β[Λ] φ

+
p (a). Then

there is some contrapositivep(t) ⇐ ψ(t, ȳ) of some clause
in RES[∆] ∪ {p(x) ∨ ¬p(x)} such that

|=β[Λ] t = a ∧ ∃ȳ.ψ(t, ȳ) ∧ consistent∆PREDS[ψ]∪{=}.

Sincet must be syntactically equivalent toa (we make the
unique names assumption for equality),

|=β[Λ] ∃ȳ.ψ(a, ȳ) ∧ consistent∆PREDS[ψ]∪{=}.

SinceI = β[Λ] satisfies the conjunction above, it satisfies
the two components individually. In regard to the latter, we
know that the individual widget assignments for the pred-
icates occurring inψ(a, ȳ) (jointly denotedΛ0) are consis-
tent with∆. Note thatΛ0 ⊆ Λ and that∆∪Λ0 is consistent.
We will now demonstrate that∆ ∪ Λ0 |= p(a), and hence
thatΛ |=∆

E p(a), which completes the proof.
To show that∆ ∪ Λ0 |= p(a), we demonstrate that there

is a unit resolution proof ofp(a) from the clausal form of
p(t) ⇐ ψ(t, ȳ) and the clausal form ofΛ0. If p(t) ⇐ ψ(t, ȳ)
is a member ofRES[∆] then because resolution is sound,
unit resolution is sound, and entailment is transitive and
monotonic, such a unit resolution proof is sufficient to guar-
antee the required entailment. Otherwise,p(t) ⇐ ψ(t, ȳ) is
the sentencep(x) ⇐ p(x), in which caseΛ0 by itself entails
p(a). In both cases, the requisite entailment holds.

SinceI satisfies∃ȳ.ψ(a, ȳ), we know |=I ψ(a, b̄) for
someb-tuple in the model’s universe. By construction, the

universe ofI is the set of objects occurring in∆ ∪ Λ. The
truth of any ground atomq(b) in interpretationI is exactly
b ∈ I(q), and the truth of any negated ground atom¬q(b)
is exactlyb 6∈ I(q). Since the ground conjunctionψ(a, b̄)
is true, all of the positive atoms are true inI, and none of
the negative atoms are. Such anI could only have been
constructed from a logical widget assignment where all the
positive atoms occur positively and all of the negative atoms
occur negatively, ensuring that the clausal formΛ0 includes
that set of positive and negative literals.

Now consider the clausep(t)∨¬ψ(t, ȳ) together with the
clausal form ofΛ0 and the negated conclusion¬p(a). First
resolve¬p(a) with p(t) to produce¬ψ(a, ȳ). (Recall thatt
anda are unifiable, as discussed above.) Now consider the
instanceψ(a, b̄) of ψ(a, ȳ) satisfied byI. The negations of
all literals in this instance are included in the clausal form
of Λ0 (since we are dealing with the negation ofψ(a, ȳ) in-
stead ofψ(a, ȳ) itself). Thus, unit resolution will produce
the empty clause, ensuringp(a) is entailed.

Theorem 8 (Completeness). Consider the pair
〈COMPILATION, β〉. For any finite logical widget as-
signmentΛ and any object constanta,

Λ |=∆
E p(a) only if |=β[Λ] φ

+
p (a)

Λ |=∆
E ¬p(a) only if |=β[Λ] φ

−
p (a)

Proof. The positive and negative cases are analogous, so
here we focus on the positive. SupposeΛ |=∆

E p(a). Then
there is aΛ0 ⊆ Λ that together with∆ is consistent and en-
tailsp(a). SinceΛ0 ∪∆ is quantifier-free, there is a resolu-
tion refutation ofp(a) from the clausal form ofΛ0, denoted
Λc0, and the clausal form of∆, denoted∆c.

Case 1. Supposep(a) ∈ Λc0. Consider the clause
p(x) ∨ ¬p(x). This clause contributes the following dis-
junct to φ+

p (x): p(x) ∧ consistent∆{p}. SinceΛ0 ∪ ∆ is
consistent, andΛ0 contains the individual widget assign-
ment forp, consistent∆{p} is satisfied byI = β[Λ]. Since
p(a) ∈ Λc0, p(a) occurs positively inΛ, I(p) 3 a, and
thus |=I p(a). SinceI satisfies both conjuncts,I satis-
fiesp(a) ∧ consistent∆{p}. SinceI satisfies one of the dis-
juncts ofφ+

p (a) and the disjuncts are independent,I satisfies
φ+
p (a).
Case 2. Supposep(a) 6∈ Λc0. Then there is a resolution

refutation ofp(a) using clauses from∆c andΛc0. Since the
order of resolutions is irrelevant, move all resolutions in-
volving just ∆c and their descendents to the front. After
those resolutions have been performed, the only resolutions
remaining are unit resolutions between the negated conclu-
sion (¬p(a)), the ground literals ofΛc0, and a single clauseδ
in the resolution/factoring closure of∆c.

Note thatδ includes a literal unifiable withp(a); other-
wise, there would be a proof of the empty clause without
using the negated conclusion, making the premise set in-
consistent and violating the choice ofΛ0. Thus, we can
write δ asp(x) ⇐ ψ(x, ȳ). This contrapositive contributes
the disjunct∃ȳ.ψ(x, ȳ) ∧ consistent∆

PREDS[ψ(x,ȳ)] to φ+
p (x).

Since the predicates occurring inψ(x, ȳ) must all occur in



Λ0 (or else unit resolution would fail to produce the empty
clause) andΛ0 ∪ ∆ is consistent,consistent∆

PREDS[ψ(x,ȳ)]

must be true inI. We claim that|=I ∃ȳ.ψ(a, ȳ) and con-
clude |=I ∃ȳ.ψ(a, ȳ) ∧ consistent∆

PREDS[ψ(x,ȳ)]. This en-
sures thatI satisfies one ofφ+

p (a)’s independent disjuncts
and hence that|=I φ

+
p (a).

Now to prove the claim that|=I ∃ȳ.ψ(a, ȳ). During the
unit resolution proof of the empty clause fromδ, written in
clausal form asp(x) ∨ ¬ψ(x, ȳ), suppose the variable bind-
ings for δ are recorded asσ. (There is no need to create
fresh variables since onlyδ is the only clause that contains
variables. Moreover, all variables inδ will be bound inσ
since each resolution binds all variables in the literal ofδ
resolved upon, and all such literals must be resolved upon
to produce the empty clause.) Since all of the literals in the
groundψ(x, ȳ)σ are resolved away, the negation of each of
those literals belongs toΛc0 and appears as the appropriate
truth assignment inI (c ∈ I(q) if q(c) ∈ Λc0 andc 6∈ I(q) if
¬q(c) ∈ Λc0). Thus,|=I ψ(x, ȳ)σ. Without loss of general-
ity we can assumex is bound toa and hence|=I ψ(a, ȳ)σ.
Therefore|=I ∃ȳ.ψ(a, ȳ), concluding the proof.

Having proven soundness and completeness for the core
of the ontology transformation algorithm, we analyze the
core of the data transformation algorithm. Recall that the
data transformation operation operates on a logical widget
assignmentΛ and is denotedβ[Λ] = β3[β2[β1[Λ]]], where
the definition for eachβi can be found below.

The theorems below utilize the following notation.ΛP is
the subset ofΛ consisting of exactly the individual widget
assignments for the predicatesP .

ΛP = {i ∈ Λ | p ∈ P occurs ini}

First we show that DATACOMPILE constructs the appro-
priate set of database queries.

Theorem 9 (Soundness and Completeness of DATA COM -
PILE ). Suppose∆ is a logical ontology,Λ is a logical wid-
get assignment, andP is a predicate set.ΛP ∪ ∆ is in-
consistent if and only if there is someQ ⊆ P such that
σQ ∈ DATACOMPILE[∆] and|=β1[Λ] σQ.

Proof. (⇐) UseI to denoteβ1[Λ]. Suppose there is some
Q ⊆ P such thatσQ ∈ DATACOMPILE[∆] and|=β1[Λ] σQ.
Then by the construction ofσQ there is some clausec ∈
RES[∆] such thatPREDS[c] = Q and|=I ∃∗.¬c. Thus, there
is some variable bindingγ from variables inc to the ele-
ments of the universe ofI such that|=I ¬cγ. By construc-
tion, the universe ofI is the set of object constants occurring
in ∆∪Λ; thus, there is some ground instance of¬c satisfied
byI. Suppose we write¬c so that¬ is only applied to atoms
and call the resultρ. Then every positive literal appearing in
ρ is satisfied byI and thus occurs positively inΛ, and every
atom from a negative literal appearing inρ is falsified byI
ensuring that the atom appears negatively inΛ.

Consider the clausal form of∆ ∪ ΛQ. Sincec belongs
to the resolution closure of∆, it belongs to the resolution
closure of∆ ∪ ΛQ. Additionally, the clausal form ofΛQ
includes the literals described above. The variable bindingγ

above witnesses a resolution proof of the empty clause from
c and the literals so described. Since the predicates occurring
in c are exactlyQ, the necessary literals are drawn fromΛQ.
Thus, the resolution proof that∆∪ΛQ is inconsistent begins
with the resolution proof ofc from ∆ and continues with
a sequence of unit resolutions onc using literals fromΛQ.
Since every superset of an inconsistent set is inconsistent,
andP ⊇ Q, we knowΛP ⊇ ΛQ and therefore that∆ ∪ ΛP
is a superset of the inconsistent∆ ∪ ΛQ. Ergo∆ ∪ ΛP is
inconsistent.

(⇐) SupposeΛP ∪∆ is inconsistent. Then there is a res-
olution proof of the empty clause from the clausal form of
ΛP ∪ ∆. Reorder the proof so that all resolutions between
clauses from∆ and their resolvents come first, thus leav-
ing a sequence of unit resolutions between some clausec
in the resolution closure of∆ and the literals appearing in
ΛP at the end of the proof. Since the proof produces the
empty clause, all of the predicates occurring inc must be-
long toP or else they could not be resolved away. There-
fore, PREDS[c] = Q ⊆ P . Consequently, when DATACOM-
PILE constructsσQ, one of the disjuncts is∃∗.¬c. Similar to
the soundness proof, the existence of literals fromΛP par-
ticipating in the proof of the empty clause guarantees that
β1[Λ] satisfies∃∗.¬c; thus,|=β1[Λ] σQ. SinceQ ⊆ P , this
concludes the proof.

Next we prove thatβ = β3◦β2◦β1 is sound and complete.

β1[Λ] = {p→ {a | p(a) is a positive conjunct inΛ}
| p is a widget}

β2[I] = {inconsistentP → true | |=I σP and

σP ∈ DATACOMPILE[∆]} ∪ I
β3[I] = {consistent∆P → true |

consistent∆P occurs in COMPILE[∆] and

there is noQ such thatQ ⊆ P and

|=I inconsistent
∆
Q} ∪ I

Theorem 10 (Soundness and Completeness ofβ). Sup-
pose∆ is a logical ontology, andΛ is a logical widget as-
signment. Ifconsistent∆P occurs inCOMPILE[∆] then

|=β3[β2[β1[Λ]]] consistent
∆
P iff ∆ ∪ ΛP is consistent

Proof. UseΣ to denote the results of DATACOMPILE[∆].



(⇒) Suppose|=β3[β2[β1[Λ]]] consistent
∆
P .

|=β3[β2[β1[Λ]]] consistent
∆
P

(by defn ofβ3)
⇒6 ∃Q.Q ⊆ P and |=β2[β1[Λ]] inconsistent

∆
Q

(by logical equivalence)
⇒ ∀Q. if |=β2[β1[Λ]] inconsistent

∆
Q then¬(Q ⊆ P )

(by defn ofβ2)
⇒ ∀Q. if (σQ ∈ Σ and |=β1[Λ] σQ) then¬(Q ⊆ P )

(by above theorem)
⇒ ∀Q. if (σQ ∈ Σ andΛQ ∪∆ is inconsistent)

then¬(Q ⊆ P )
(by defn of DATACOMPILE)

⇒ ∀Q. if (∃c ∈ RES[∆] ∧ PREDS[c] = Q andΛQ ∪∆
is inconsistent) then¬(Q ⊆ P )

(by logical equivalence)
⇒ ∀Q. if (∃c ∈ RES[∆] ∧ PREDS[c] = Q andQ ⊆ P

thenΛQ ∪∆ is consistent)

Suppose that substitutingP for Q satisfies the antecedent of
the above implication. Then clearlyΛP ∪∆ is consistent.

Now suppose thatP does not satisfy the antecedent (be-
cause there is noc ∈ RES[∆] such thatPREDS[c] = P ) and
thus for allQ ⊂ P for which there is ac ∈ RES[∆] such that
PREDS[c] = Q, we knowΛQ ∪∆ is consistent. Suppose for
the purpose of contradiction thatΛP ∪∆ were inconsistent.
Then there would be a resolution proof of the empty clause
from ΛP ∪ ∆, and we can reorder that proof so all resolu-
tions between clauses in∆ come first, followed by a series
of unit resolutions between some claused ∈ RES[∆] and the
literals ofΛP . Sinced belongs to the closure and no clause
in the closure includes exactly the predicatesP , dmust con-
tain a subsetR of the predicatesP . Thus, the proof of the
empty clause fromd guarantees thatΛR ∪∆ is inconsistent,
but that contradicts the fact that for allQ ⊆ P where there
is some clause in the closure with predicatesQ, ΛQ ∪∆ is
consistent.

(⇐) Suppose∆ ∪ ΛP is consistent.

∆ ∪ ΛP is consistent
(by defn of consistency)

⇒ for all Q ⊆ P.∆ ∪ ΛQ is consistent
(by above theorem)

⇒ for all Q ⊆ P. 6 ∃R ⊆ Q.(σR ∈ Σ and |=β1[Λ] σR)
(by logical equivalence)

⇒ for all Q ⊆ P.∀R ⊆ Q.σR ∈ Σ implies 6|=β1[Λ] σR)
(since everyR is aQ and vice versa)

⇒ for all Q ⊆ P.σQ ∈ Σ implies 6|=β1[Λ] σQ)
(by defn ofβ2)

⇒ (1) for allQ ⊆ P.σQ ∈ Σ implies 6|=β2[β1[Λ]] incons
∆
Q

and
(2) for allQ ⊆ P.σQ 6∈ Σ implies 6|=β2[β1[Λ]] incons

∆
Q

(by (1) and (2))
⇒ for all Q ⊆ P. 6|=β2[β1[Λ]] incons

∆
Q

(by defn ofβ3, and theorem’s assumption)
⇒|=β3[β2[β1[Λ]]] consistent

∆
P

Complexity First we describe results on the complexity
of the resolution closure, in particular the size of the resolu-

tion closure. For quantifier-free, function-free, equality-free
monadic logic in clausal form, the size of the resolution clo-
sure in the worst case is bounded from below by a single
exponential and is bounded from above by a double expo-
nential.

Proposition 16. The output complexity of the resolution
closure with subsumption and tautology elimination is
EXPSPACE-hard and belongs to2EXPSPACE.

Proof. The single exponential result comes from the fact
that in propositional clausal logic, proofs can be exponen-
tially long. All steps in such proofs belong to the resolution
closure and hence the size of the resolution closure in propo-
sitional logic (and hence clausal monadic logic) is singly ex-
ponential,i.e., is EXPSPACE-hard.

The doubly exponential upper bound arises by counting
the number of logically distinct monadic clauses. Each
monadic clause is a disjunction of separable components,
where each component includes all those literals with the
same argument,e.g., p(x) ∨ q(x) ∨ p(y) ∨ q(a) contains
three components. The number of distinct possible compo-
nents is the same as the number of propositional clauses:3p,
wherep is the number of predicates. Each monadic clause
can include any subset of components built using variables,
giving 23p

distinct object-free monadic clauses. Each such
clause can then be augmented with any one component for
each of theo distinct object constants, giving a total of
23p

(3p)o = 23p

3po logically distinct monadic clauses. This
ensures that the computation of the resolution closure be-
longs to2EXPSPACE.

In the case of one variable and no object constants,
the resolution closure is bounded from above by a single
exponential, and hence the output complexity is exactly
EXPSPACE.

Proposition 17. If the number of variables appearing in the
given clause set is one and there are no object constants,
the output complexity of resolution belongs toEXPSPACE.
Moreover, the length of each clause in that closure is linear
in the number of predicates.

Proof. By straightforward induction we show below that the
number of variables in any clause in the closure is exactly
one. The number of clauses with a single variable is the
same as the number of propositional clauses:3p, wherep is
the number of predicates. The length of each clause is linear
in p. Thus, the maximal size of the closure is linear inp3p,
ensuring theEXPSPACE output complexity.

The induction to show that each clause in the closure
contains one variable is done on the number of resolu-
tions used to produce a clause. The base case is obvi-
ous: that each clause in the original clause set contains one
variable. For the inductive step, consider any resolution:
p(x) ∨ Φ(x) ¬p(x) ∨Ψ(x)

Φ(x) ∨Ψ(x)
Because there are no ob-

ject constants, the literals resolved upon must both contain
variables, and those variables must be unified together. By
the inductive hypothesis there is a single variable in each



clause, and because those variables are unified together, the
resulting clause has a single variable.

We know that in order to produce doubly exponential res-
olution closures, there must clauses with many variables in
that closure. For if all clauses have no more thank vari-
ables, the number of distinct clauses is singly exponential,
each of which is at most singly exponential long, resulting
in a singly exponential output size.

Proposition 18. If there is some polynomialpoly(o, p) de-
pendent on the number of predicatesp and number of ob-
ject constantso, and a clause set S has no more than
poly(o, p) variables, then the size ofS is singly exponential
in poly(o, p).

Proof. Once the number of predicates is fixed,poly(p) is
simply a constantk. Fork variables, the number of clauses
without object constants is(3p)k. Each such clause can be
augmented with one of(3p)o clauses with just object con-
stants, whereo is the number of object constants. Thus the
total number of clauses is3pk3po, which is singly exponen-
tial in poly(o, p).

The complexity of Algorithms 1 and 2 are both polyno-
mial in the size of the resolution closure of the logical on-
tology. These are the compilation algorithms run once to
generate a web form.

Proposition 19. The complexity and output complexity of
Algorithm 1 is the same as the complexity of converting the
input to clausal form and then computing the resolution clo-
sure.

Proof. After converting to clausal form and computing the
resolution closure, Algorithm 1 computes all contraposi-
tives, which produces a sentence set no larger than quadratic
in the size of the closure. Adjoining consistency checks
increases the sentence set size by at most a linear factor.
Predicate completion does not appreciably affect the size.
Thus, the complexity and output-complexity of Algorithm 1
is a polynomial over the complexity of the resolution clo-
sure.

Proposition 20. The complexity and output complexity of
Algorithm 2 is the same as the complexity of converting the
input to clausal form and then computing the resolution clo-
sure.

Proof. Algorithm 2 effectively performs predicate comple-
tion on the result of resolution, ensuring the same complex-
ity as the clausal form and closure computation.

More importantly, the output of Algorithms 1 and 2 is
used to compute strict entailment on the browser. That com-
putation is in the worst case doubly exponential. To make
the bound tight, we need a tight bound on the output com-
plexity of Algorithm 1.

Proposition 21. Assuming the logical ontology was writ-
ten in clausal form, strict entailment computation on the
browser runs in at worse doubly exponential time in the size
of the logical ontology and the size of the logical widget as-
signment.

Proof. Computing strict entailment amounts to evaluating
the database queries produced by Algorithm 1 over the
database constructed by Algorithm 2. The number of
database queries constructed by Algorithm 1 is either singly
or doubly exponential, and the length of each query is at
most singly exponential in the number of predicatesp and
object constantso. The evaluation of each database query
requires evaluating over the web form data plus a single con-
sistency check. The consistency check can be indexed so
that lookup is linear in the number of predicates; thus, the
cost of evaluating a single query is at worst an exponential
where the base depends on the size of the current widget
assignment, and the exponent depends on the length of the
query. Since the length of the query is at most singly expo-
nential, evaluating a single query is at most doubly exponen-
tial. Full evaluation then requires evaluating at most doubly
exponentially many such queries; hence, database evalua-
tion and strict entailment computation is no worse than dou-
bly exponential time.

Proposition 22. Assuming the logical ontology was written
in clausal form, includes one variable and contains no ob-
ject constants, strict entailment computation on the browser
runs in at worst singly exponential time in the size of the log-
ical ontology and the size of the logical widget assignment.

Proof. The run-time is the cost of evaluating the database
queries produced by Algorithm 1 over the database con-
structed by Algorithm 2. The resolution closure in this case
produces a singly-exponential number of clauses of length
linear in p, the number of predicates in the ontology. Just
as in the previous proof, the cost of looking up the consis-
tency check is negligible; thus, the cost of evaluating a single
database query is at worst an exponential where the base de-
pends on the size of the current widget assignment, and the
exponent depends on the length of the query,p. Thus, eval-
uating a single query is at most singly exponential, and full
evaluation requires evaluating at most singly exponentially
many such queries; hence, database evaluation and strict en-
tailment computation is no worse than single exponential
time.

These run-time results ensure that for the case of a sin-
gle variable and no objects, the browser-side computation of
strict entailment runs in optimal time, unlessP = coNP.
Corollary 5. When the logical ontology is in clausal form,
contains one variable, and includes no object constants,
browser-side strict entailment computation runs in optimal
time, as long asP 6= coNP.

Proof. The complexity of strict entailment iscoNP-hard
when the ontology is in clausal form and includes a sin-
gle variable but no object constants. Thus, as long as
P 6= coNP, the optimal algorithm for computing strict en-
tailment is singly exponential. The proposition above en-
sures that our strict entailment computation runs in singly
exponential time; hence, it runs in optimal time.

Proposition 23 (Polynomial Parameterized Complexity).
The parameterized complexity of computing strict entail-
ment is polynomial when the ontology is fixed.



Proof. By fixing the ontology, the size of both the database
queries and the data manipulation statements for extending
a logical widget assignment are fixed; thus, the only variable
size parameter is the web form data, and the polynomial data
complexity of database evaluation is well-known.


