Midterm (CS201)

Your Name: ___________________   



Univ. ID: _________________
Instructions
· This is a closed-book midterm.

· The quiz has 10 questions, and the full mark is 100.

· Write the answer for each question in the space provided below the question.

1. (10 marks) Write the contrapositive, the converse, and the inverse of the following statement:
If today is Easter, then tomorrow is Monday.
Contrapositive: ______________________________________________________

Converse: __________________________________________________________

Inverse: ____________________________________________________________

Answer:
Contrapositive: If tomorrow is not Monday, then today is not Easter.

Converse: If tomorrow is Monday, then today is Easter.

Inverse: If today is not Easter, then tomorrow is not Monday.

2. (10 marks) Write the meaning of each statement in English. State whether it is true or false. The universe of discourse in each case (for both x and y) is the set of all integers greater than or equal to 0. 
a. 
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Answer
There is a positive integer x such that for every positive integer y, x is greater than y. This is false: there is no positive x that is greater than every positive integer y.
b. 
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Answer
For some positive integer x, there is a positive integer y such that the sum of the two is five. This is true: e.g. x = 1 and y = 4.

c. 
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Answer
For every positive integer x, there is a positive integer y such that x is less than (y - 5). This is true: For any integer x, let y = x + 6, then x < y - 5.
3. (10 marks) Given the following argument form, 
If interest rates are going up, stock market prices will go down.

Interest rates are not going up.

(Stock market prices will not go down.

Assume

p: interest rates are going up

q: stock market prices will go down

a. Write the argument form in propositional logic.
b. Is the following argument form valid or invalid? Explain your answer using a truth table. Indicate which columns represent the premises and which the conclusion. 

Answer:
Note that this argument has the following form:
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The third row shows that it is possible for an argument of this form to have true premises and a false conclusion. Thus this argument form is invalid. (The fallacy underlying this invalid argument form is called the inverse error because the conclusion of the argument would follow from the premises if the premises p(q were replaced by its inverse, ~p(~q. Such a replacement is not allowed, however, because a conditional statement is not logically equivalent to its inverse.)
4.
(10 marks) Answer whether the following statements are true or false:

a. (True
False) 
A conditional statement is not logically equivalent to its contrapositive.
b. (True
False) 
A conditional statement and its converse are logically equivalent.
c. (True
False) 
“(x, r(x) is a sufficient condition for s(x)” means “(x, if s(x) then r(x)”. 

d. (True
False) 
“(x, r(x) is a necessary condition for s(x)” means “(x, if ~r(x) then ~s(x).”

e. (True
False)
“(x, r(x) only if s(x)” means “(x, if ~s(x) then ~r(x).”

Answer:



a. False

b. False

c. False

d. True

e. True

Correct statements:

a. A conditional statement is not logically equivalent to its contrapositive.

b. A conditional statement and its converse are not logically equivalent.

c. “(x, r(x) is a sufficient condition for s(x)” means “(x, if r(x) then s(x).”
d. “(x, r(x) is a necessary condition for s(x)” means “(x, if ~r(x) then ~s(x).”

e. “(x, r(x) only if s(x)” means “(x, if ~s(x) then ~r(x).”

5. (10 marks) If n is an integer, then

n is even 
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 (an integer k such that n = 2k.

n is odd 
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 (an integer k such that n = 2k+1.

Prove the following proposition using the method of proof by contraposition:

For all integers n, if n2 is even then n is even.

Answer:


Proof by contraposition

Suppose n is any odd integer. [We must show that n2 is odd.] By definition of odd, n=2k+1 for some integer k. By substitution and algebra, n2 = (2k+1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1. But 2k2+2k is an integer because products and sums of integers are integers. So n2 = 2((an integer) + 1, and thus, by definition of odd, n2 is odd. Q.E.D.
6. (10 marks) 
a. Order the following functions by growth rate. Indicate the functions that grow at the same rate:
n3,  n2log(n),  n2,  2n,  64,  n2 + log(n). 

Answer:

       
64, n2, n2+log(n), n2log(n), n3, 2n
         
n2 and n2+log n have the same growth rate

b. Give the complexity of the following functions in big-O (the bounds should be tight)

i. f(n) = n3 + 2n + 5n4 + 36 + 1/n
ii. f(n) = (3n)1000 + n3000 + n2000(log n)1000 + 2n
Answer:
i. O(n4)

ii. O(2n)
7.  (8 marks) What does the following algorithm do? Analyze its worst-case running time, and express it using “Big-Oh" notation (we want a tight bound).
Algorithm Foo (a, n):

k = 0

b = 1

while k < n do

    k = k + 1

    b = b * a

return b

Answer: 
This algorithm computes an. The running time of this algorithm is O(n)

because

· the initial assignments take constant time

· each iteration of the while loop takes constant time

· there are exactly n iterations

8. 
(12 marks) For each of the following loops, give the tightest upper bound using big O notation.

a.  for ( int i = 0; i < n*n; i++)

sum++;

for ( int j = 0; j < n; j++)

sum++;
b.
for ( int i = 0; i < n; i++)

for ( int j = 0; j < i; j ++)

sum++;
c.
for ( int i = 0; i < n; i ++)

for ( int j = 1; j < n; 2*j)

sum++;

Answer:

a. O(n3) // (outer loop iterates n2 times) * (inner loop iterates n times)
b. O(n2) // The number of iterations: 0 + 1 + 2 + 3 + … + (n-1) = n(n-1)/2
c. O(nlog n) // (outer loop iterates n times) * (inner loop iterates log(n) times)
9. 
(10 marks) A collection M of numbers is defined recursively by 
a. 3 belongs to T
b. If x belongs to T, so does x+5 and 3*x
Which of the following belong to T?

11 
12
13
14    19
Answer:

13, 14, 19


T ={3} // Initially.

T={3, 8, 9} // 3+5=8, 3*3=9.


T={3, 8, 9, 13, 14, 24, 27} // 8+5=13, 3*8=24, 9+5=14, 3*9=27.


T={3, 8, 9, 13, 14, 18, 19, 24, 27, 39, 42} // 13+5=18, 3*13=39, 14+5=19, 3*14=42

…
10.
(10 marks) A sequence s0, s1, s2, s3, … is defined by 



s0=1 and for n > 0, sn = 2sn-1 
a. Write the first 5 terms in the sequence

b. Prove the following formula for the sum of the first n terms (n ( 0) using induction:



s0+s1+s2…+sn = 2n+1 - 1
Answer:

a. 1, 2, 4, 8, 16

b. Proof:
Let the property P(n) be the equation
[image: image7.wmf]1

2

2

1

0

-

=

+

=

å

n

n

i

i

.
We must show that for all integers n ( 0,
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We show this by mathematical induction on n.
Show that the property is true for n = 0: For n = 0 we must show that
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The left-hand side of this equation is 20 = 1. The right-hand side is
20+1 – 1 = 1

So the property is true for n = 0.

Show that for all integer k ( 0, if the property is true for n = k then it is true for n = k + 1:

Suppose 
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, for k ( 0. [This is the inductive hypothesis.]

We must show that 
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but the left-hand side of equation is 
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which is the right-hand side of equation [as was to be shown]. Q.E.D.
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