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Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

    | ifzero L then L else L | let rec <ident> : T = L in L

T ::= int | T → T

Exercise: What features of OCaml does this language not 
have yet?



From Typed Lambda Calculus to OCaml

• User-friendly syntax

• Basic types, tuples, records

• Inductive datatypes and pattern-matching 

• Local declarations

• References

• Type inference

• Generics/polymorphism



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

    | ifzero L then L else L | let rec <ident> : T = L in L

T ::= int | T → T



Simple OCaml

L ::= <ident> | fun (<ident> : T) -> L | L L | <#> | L + L

    | ifzero L then L else L | let rec <ident> : T = L in L 

T ::= int | T → T



Simple OCaml: Tuples

L ::= … | (L, L) | fst L | snd L

T ::= … | T * T

Γ ⊢ 𝑙1 ∶ 𝜏1 Γ ⊢ 𝑙2 ∶ 𝜏2

Γ ⊢ 𝑙1, 𝑙2 ∶ 𝜏1 ∗ 𝜏2

Γ ⊢ 𝑙 ∶ 𝜏1 ∗ 𝜏2

Γ ⊢ fst 𝑙 ∶ 𝜏1

Γ ⊢ 𝑙 ∶ 𝜏1 ∗ 𝜏2

Γ ⊢ snd 𝑙 ∶ 𝜏2



Simple OCaml: Tuples

L ::= … | (L, L) | fst L | snd L

T ::= … | T * T   

(𝑣1, 𝑣2) is a value  

𝑙1 → 𝑙1
′

𝑙1, 𝑙2 → (𝑙1
′ , 𝑙2)

𝑙2 → 𝑙2
′

𝑙1, 𝑙2 → (𝑙1, 𝑙2
′ )

fst 𝑣1, 𝑣2 → 𝑣1 snd 𝑣1, 𝑣2 → 𝑣2





Simple OCaml: Records

type person = { name : string; age : int; id : int };;

let a = { name = “Alice”; age = 22; id = 123456 };;

•Nominal (“named”) type: the type of a is person

• Structural type: the type of a is 
{ name : string; age : int; id : int }



Simple OCaml: Records

L ::= … | { <ident> = L; …; <ident> = L } | L.<ident>

T ::= … | { <ident> : T; …; <ident> : T }

Γ ⊢ 𝑙1 ∶ 𝜏1  …  Γ ⊢ 𝑙𝑛 ∶ 𝜏𝑛

Γ ⊢ 𝑓1 = 𝑙1; … ; 𝑓𝑛 = 𝑙𝑛 ∶ {𝑓1 ∶ 𝜏1, … , 𝑓𝑛 ∶ 𝜏𝑛}

Γ ⊢ 𝑙 ∶ {𝑓1 ∶ 𝜏1, … , 𝑓𝑛 ∶ 𝜏𝑛}

Γ ⊢ 𝑙. 𝑓𝑖 ∶ 𝜏𝑖



Simple OCaml: Records

L ::= … | { <ident> = L; …; <ident> = L } | L.<ident>

T ::= … | { <ident> : T; …; <ident> : T }

𝑓1 = 𝑣1; … ; 𝑓𝑛 = 𝑣𝑛  is a value

𝑙𝑖 → 𝑙𝑖
′

𝑓1 = 𝑙1; … ; 𝑓𝑖 = 𝑙𝑖; … ; 𝑓𝑛 = 𝑙𝑛 → 𝑓1 = 𝑙1; … ; 𝑓𝑖 = 𝑙𝑖
′; … ; 𝑓𝑛 = 𝑙𝑛

𝑓1 = 𝑣1; … ; 𝑓𝑖 = 𝑣𝑖; … ; 𝑓𝑛 = 𝑣𝑛 . 𝑓𝑖 → 𝑣𝑖





From Typed Lambda Calculus to OCaml

• User-friendly syntax

• Basic types, tuples, records

➢Inductive datatypes and pattern-matching 

• Local declarations

• References

• Type inference

• Generics/polymorphism



OCaml*: Sum Types

int + bool
(* like type int+bool = inl int | inr bool *)

inl 3 : int + bool
inr true : int + bool

match (a : int + bool) with
| inl i -> i + 1
| inr b -> if b then 1 else 0



OCaml*: Sum Types

L ::= … | inl L | inr L

     | (match L with inl <ident> -> L | inr <ident> -> L)

T ::= … | T + T



OCaml*: Sum Types

Exercise: How should we typecheck a match statement?

Γ ⊢ 𝑙 ∶ 𝜏1

Γ ⊢ inl 𝑙 ∶ 𝜏1 + 𝜏2

?

Γ ⊢ (match 𝑙 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) ∶ 𝜏

Γ ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ inr 𝑙 ∶ 𝜏1 + 𝜏2



OCaml*: Sum Types

Γ ⊢ 𝑙 ∶ 𝜏1

Γ ⊢ inl 𝑙 ∶ 𝜏1 + 𝜏2

Γ ⊢ 𝑙 ∶ 𝜏1 + 𝜏2 Γ[𝑥1 ↦ 𝜏1] ⊢ 𝑙1 ∶ 𝜏 Γ[𝑥2 ↦ 𝜏2] ⊢ 𝑙2 ∶ 𝜏

Γ ⊢ (match 𝑙 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) ∶ 𝜏

Γ ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ inr 𝑙 ∶ 𝜏1 + 𝜏2



OCaml*: Sum Types

inl 𝑣 and inr 𝑣 are values

𝑙 → 𝑙′

inl 𝑙 → inl 𝑙′

(match 𝑙 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → ?

𝑙 → 𝑙′

inr 𝑙 → inr 𝑙′



OCaml*: Sum Types

𝑙 → 𝑙′

(match 𝑙 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 

(match 𝑙′ with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2)

(match inl 𝑣 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 𝑙1

(match inr 𝑣 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 𝑙2



OCaml*: Sum Types

𝑙 → 𝑙′

(match 𝑙 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 

(match 𝑙′ with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2)

(match inl 𝑣 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 𝑥1 ↦ 𝑣 𝑙1

(match inr 𝑣 with inl 𝑥1 −> 𝑙1 | inr 𝑥2 −> 𝑙2) → 𝑥2 ↦ 𝑣 𝑙2





HW6 Overview

• Interpreter for a simple functional language

• Ignore the definition of substitution: it’s complicated, but for 
our purposes it just works
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