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Questions

Nobody has responded yet.

Hang tight! Responses are coming in.

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app




From Typed Lambda Calculus to OCaml

e User-friendly syntax

e Basic types, tuples, records

* Inductive datatypes and pattern-matching
* Local declarations

* References
»Type inference
* Generics/polymorphism



Type Inference

* Typed lambda calculus has type annotations on arguments:
Ax:int. Ay:int. x Ax:int - int. Ay:int. x y

* But OCaml doesn’t always need them:
let f Xy =Xx+y
let g f x=Ffx + f 3

* How does it figure out the types?



* Our typing rules have the form:
Fr'lL:t1->1 TTHIL :1q (n is a number literal)

Fl—lll2:T2 ' - n:int

* First-pass inference algorithm: mark literals with their types,
then pass types down through the proof tree

— Like the type_of function for imperative/OO expressions



Direct Type Inference

['-1if 24+43=5 then 1 else 2:7?



[[F24+3=5:?7 T'+1:?2 T'F2:7?
['-1f 2+3=5 then 1 else 2:7?




'F2+3:?7 T'F-5:7
. 7 . 7

['1f 2+3=5 then 1 else 2:?




['F243:? T'F5:int . .
I~ 9+3=E 17 'F1:int T'F2:Iint

['1f 2+3=5 then 1 else 2:?




[[F2+3:int T'F5:iInt . .
FF 9+3=E 7 'F1:int ' 2:int

['-1f 2+3=5 then 1 else 2:7?




'F2+3:int I'F5:iInt | |
I - 24+3=5 : bool 'HF1:int T'F2:int

['1f 2+3=5 then 1 else 2:7?




'F2+43:int I' 5 :1Int | |
I - 24+3=5 : bool 'HF1:int T'F2:int

['1f 243=5 then 1 else 2:int




'F2+43:int ' 5:iInt _ |
[' - 2+3=5 : bool 'F1l:int T'F 2:int

['-1f 24+3=5 then 1 else 2:int

let type of (e : exp) : typ option =
match e with
| Num i -> Some IntTy
| Add (el, e2) -> (match type of el, type of e2 with
| Some IntTy, Some IntTy -> Some IntTy
| ->None)
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Direct Type Inference

let type of (gamma : context) (e : exp) : typ option =
match e with
Num i ->Some IntTy

Add (el, e2) -> (match type_of el, type of e2 with
Some IntTy, Some IntTy -> Some IntTy

~ ->None)

| Var x -> lookup gamma x



Type Inference

'fun f -> fun x -> f x + £ 3 : ?

* Exercise: What type does this term have? How would you
figure it out?



[MNf-?2,x?]f x + f 3:7

['fun £ => fun x -=> f x + £+ 3:7?



f:7 x:7 £:7 3:7?

[MNfF-?2,xp?]Hf X + F 3:7?

['fun £ => fun x -=> f x + £ 3:7?



f:?7 x:?7 f:int->?7 3:int

[MNfF-?2,xp?]Hf X + F 3:7?

['fun £ => fun x -=> f x + £ 3:7?



f:int—>? x:? f:int—>?7 3:int

[[f-int>?2,x>?]Ff x + £ 3:7?

-fun £ => fun x -> £ x + £ 3:7?



f:int—»>? x:int f:int—>? 3:int

[Nf-int->?,xeint] Hf x + £ 3:7?

['fun £ => fun x -=> f x + £ 3:7?



f:int—»>? x:int f:int—>? 3:int

[f - int->int,x—int] - f x + £ 3:int

['fun £ => fun x -=> f x + £ 3:?



f:int—->? x:int f:int—>? 3:int

[f - int->int,x—int] - f x + £ 3:int

'Ffun £ -> fun x => f x + ¥ 3 :(int — int) » int — int



Type Inference

* With bound variables, type inference goes both ways:
— From top to bottom, as we learn the types of literals
— From bottom to top, as we see how variables are used

* More powerful algorithm: start with some unknown variable T
for the type of the expression, and gather constraints on what t
must be
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Type Inference

* With bound variables, type inference goes both ways:
— From top to bottom, as we learn the types of literals
— From bottom to top, as we see how variables are used

fun f -> fun x -=> f x + ¥ 3

* More powerful algorithm: start with some unknown variable T
for the type of the expression, and gather constraints on what t
must be



Constraint-Based Type Inference

* We can do this in two steps:

— First, introduce type variables and gather constraints on them
— Second, find a solution to the constraints and fill in the variables

e For step 1, we need constraints for each typing rule:

=)

Fl—llle_)Tz Fl_l2:T1
Fl—lllz:Tz

F|_l1:T1 Fl‘lZ:Tz
Fl—lllzle{leTz_)T}

' =1:7]S5 means “l hastype T in context I', as long as
constraints S are satisfied”



Constraint-Based Type Inference

e For step 1, we need constraints for each typing rule:

=)

Fl—llle_)Tz Fl‘lZ:Tl
F"lllzsz

F|_11:T1 Fl_l2:T2
'L L :Tt|{ty =1, > 1}

*I'1:7|S means “l hastype T in context I', as long as constraints
S are satisfied”

let get constraints (gamma : context) (e : exp) : (typ * constraints) =



(n is a number literal) [(x) =1
['-n:int|{} F'Fx:7|{}

Fl_l1:T1|51 Fl_l2:T2|SZ
Fl—l1+l2=int|{T1=int,T2=int}U51U52

F[XHTl]l_l:T2|S F[XHTl]l_l:Tzls TlfreSh
' (funx:ty->D:1y->17|S THFHEunx->D:11->17,]|S




Fl—l]_:TllSl Fl_l2:T2|52
F|—l1+l2:intl{T1=int,T2=int}U51U52

x> 1| FL:7,|S MNx+—t|FLl:7,|S 71, fresh
FI—(funx:Tl—>l)2T1—>T2|S Fl‘('FUhX‘)l):Tl_)Tzls

F|_11:T1|51 FI_IZ:T2|SZ T fresh
Fr'-LL:t|{t;=1,>7T}US;US,
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Constraint-Based Type Inference: Example

fun £ -> fun x -> f x + ¥ 3

31



Constraint-Based Type Inference: Example

MNxe—1]Fl:1,|S 714 fresh
'-funx->l:11->17,]|S

{}Ffun £ -> fun x -> £ x + £ 3:7]|?



Mx+—1]F1l:7,|S 714 fresh

Fl_'Funx—>l:T1_)T2|S

(fr1l-fun x => f x + £ 3:7]7?
}Ffun £ -> fun x > f x + f 3:171 -7?|?




F[XI—>T1] Fl:1,|S 74 fresh
FI—'FunX—>l:1'1—>1-2|S

(for,xor}rf x + f3:7]2
fFotdkFfun x > F x + f3:1,-7?]7?

Jrfun f -=> fun x > f x + f 3:171 >71,->7]|?




F[XI—>T1] Fl:1,|S 74 fresh
FI—'FunX—>l:1'1—>1-2|S

' x + £ 3:7?|?
Ferulrfun x > fx+ f3:7,57]?

Jrfun f -=> fun x > f x + f 3:171 571, >7]|?

F={-FI_)T1)X|_)T2}



Exercise: Which rule would we apply next?

' x + £ 3:7?|?
Ferulrfun x > fx+ f3:7,57]?

Jrfun f -=> fun x > f x + f 3:171 571, >7]|?

F={-FI_)T1)X|_)T2}



Fl—l1:T1|51 Fl‘lZ:T2|SZ
Fl—l1+l2=int|{T1=int,T2=int}U51U52

' x + £ 3:7?|?
Ferulrfun x > fx+ f3:7,57]?

Jrfun f -=> fun x > f x + f 3:171 571, >7]|?

F={-FI_)T1)X|_)T2}



Fl—l1:T1|51 Fl‘lZ:T2|SZ
Fl—l1+l2=int|{T1=int,T2=int}U51U52

-f x:?|? THFf 3:7|7
'HFf x + f 3:int|{?=int,?=int,?}
(fe1tyFfun x > f x + £ 3:7,-7]|?
}Ffun £ -> fun x > f x + f 3:7y>1, 7|7

Fz{'FHTl,XHTz}



Fl_l1:T1|51 Fl‘lZ:T2|SZ T fresh
r'-4LL:t|{ty=1,2>7T}US{US,

-f x:?|? THFf 3:7|7
'HFf x + f 3:int|{?=int,?=int,?}
(fe1tyFfun x > f x + £ 3:7,-7]|?
}Ffun £ -> fun x > f x + f 3:7y>1, 7|7

Fz{'FHTl,XHTz}



FT'F:?72]?7 TEXx:?|?

FHlit|S TRl 1|5, tiresh
FI_lllZ:Tl{Tl:TZ_)T}Uslusz

I

« 21 7?
-f x:13 | {?=7> 13,7} '-f 3:7]"

' x + f 3:int|{?=int,?=int,?}

for}lrfun x > f x + f 3:7,57?]?

Jrfun £ -> fun x > f x + f 3:7y>1, >7?]|?

F={-FI_)T1)X|_)T2}



F'-f:1 FX:7T
[Ff X1:|T{3}|{?=?—>T§,|?{}} FEr 3000
HFf x + £ 3:int|{r3 =int,?=int,?}
(feptjr-fun x -> f x + f3:7,-57]|7?
}Ffun £ -> fun x > f x + f 3:7y>1, 7|7

Fz{'FHTl,XHTz}



'f:1 FFX:7T
[+ f Xli![3{>}|{T1=T2—f’|[3{}}> -+ 3:7]7
HFf x + £ 3:int|{r3 =int,?=int,?}
(fetdkFfun x > f x + f 3:1,-07]|7?
}Ffun £ -> fun x > f x + f 3:7y>1, 7|7

Fz{'FHTl,XHTz}



F-f:7|{} TrEx:|{} TrHF:71|{} T'F3:int|{}
Fl—'F X:T3|{T1:T2_)T3} -‘l—'F 3:T4|{T1:int_)1-4}
Ff x + f 3:int|{?=int,?7=int,?}

(forJrFfun x -> f x + f 3:7, >7]?

Jrfun f => fun x > f x + f 3:71 o7, 7|7

F={-FI_)T1)X|_)T2}



F'-f:7|{} TreEx:|{} THFf:71|{} T'F3:int|{}
R X:T3|{T1:T2_)T3} ['+-f 3:T4|{T1:int_)T4}
HFf x + f 3:int|{r3=int, 74, =int, 71y =17, - 73,71 = Int - 74}

(fe1tdkFfun x > f x + f 3:1,-7]|7?

}Ffun £ -> fun x > f x + f 3:7y>1, 7|7

Fz{'FHTl,XHTz}



FEf:7|{} TEx:|{} THF:7|{} TE3:int|{}
R X:T3|{T1=T2_)T3} R 3:T4|{T1=int_>T4}
'Hf x + £ 3:int|S;

(Frtlrfun x > F x + f 3:7, 57|72

1-fun £ => fun x > f x + f 3:1;->1,-7]|?

' = {-F |_)T1,X '_)Tz}
Sy = {13 =it 14 = Nt 7y = 75 > 13,73 = int = 7,)



FEf:7|{} TEx:|{} THF:7|{} TE3:int|{}
R X:T3|{T1=T2_)T3} R 3:T4|{T1=int_>T4}
'Hf x + £ 3:int|S;

(fo1l-fun x => f x + f 3:17, > int| S,

Jrfun £ -> fun x -> f x + f 3:7y > 17, - int|$;

[ = {'F |_)T1,X |_)T2}
Sl — {T3 — int, Ty = int, T1 =Ty 2 T3,T1 = Int — T4}
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HW / Overview

* Implement type inference
e get constraints function implements inference rules
* There’s also a “constraint solving” section; for now, it just works
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