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Questions

Nobody has responded yet.

Hang tight! Responses are coming in.

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app




Lambda Calculus: Types

* The basic (“untyped”) lambda calculus has no
meaningful types — everything is a function, and any
function can be applied to anything as an argument

 But what if we add other kinds of values?

* Next language: lambda calculus with numbers
Ax.x + 1 Ax.(Ay.x + y) Ax.x 5



Lambda Calculus + Ints

L :=<ident> | A<ident>. L | LL | <#>|L+L

Values are either functions or ints:

4 Ax.3 Ax. (Ay. x) Ax. (Ay.(x y))
Exercise: What type should each of these expressions have?



Lambda Calculus + Ints

L :=<ident> | A<ident>. L | LL | <#>|L+L

Values are either functions or ints:

4 Ax.3 Ax. (Ay. x) Ax. (Ay. (x y))
int  int—int int— (int = int) (int = int) = (int = int)



Lambda Calculus + Ints

L::

<ident> | A<ident>. L | LL | <#>|L+L
int | T>T

Values are either functions or ints:

4 Ax.3 Ax. (Ay.x) Ax.(Ay.x y)

int int—=int int— (int = int) (int = int) = (int = int)



Simply Typed Lambda Calculus

L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

Values are either functions or ints:

4  Ax:int.3 Ax:int. (Ay:int.x) A(x:int — int). (dy:int.x y)
int int—=int int— (int = int) (int = int) = (int = int)



Simply Typed Lambda Calculus

L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

* A function with type A — B takes type A as input and
vields B as output

bool f(int x){ .. } would have type int = bool



Simply Typed Lambda Calculus

L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

* A function with type A — B takes type A as input and
vields B as output

let £ (x : int) : bool = ..
would have type int = bool



Simply Typed Lambda Calculus

L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

* A function with type A — B takes type A as input and
vields B as output

fun (x : int) -> .. : bool
would have type int = bool



Simply Typed Lambda Calculus

L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

Values are either functions or ints:

4  Ax:int.3 Ax:int. (Ay:int.x) A(x:int — int). (dy:int.x y)
int int—=int int— (int = int) (int = int) = (int = int)



L ::=<ident> | A(<ident>:T).L|LL|<#>|L+L
To=int| T—>T

(i is a number literal) I'(x) =1)
['1i:int [Fx:7
r'-li:ty->1, THL 1 Mx 1| FIL:T,

-1 1, : 1, ' (A(x:1).) 111 2 Ty



['[x — int] - (Ay:int.x) : int — int S
' - (Ax:int. (Ay:int. x)) : int - (int > int) -t

[ - (Ax:int. (Ly:int. x)) 4 : (int = int)

— T

F"llle_)Tz F|_l2:T1
Fl—lllZ:Tz
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Limitations of Simple Types

* Not every lambda-term is well typed

4 (Ax.x) (Ax.x x) (Ax. x x)

' Ax.xx) (Ax.xx): 7T



* Not every lambda-term is well typed

4 (Ax.x) (Ax.x x) (Ax.x x)

' Ax.xx):1y>7 TTFHFAx.xx): 74

' Ax.xx) Ax.xx): T



* Not every lambda-term is well typed

4 (Ax.x) (Ax.x x) (Ax.x x)

[Mx 1] Fxx:T
' (Ax.xx):17{>1

' (Ax.xx) : 174

' Ax.xx) (Ax.xx): 7T



* Not every lambda-term is well typed

4 (Ax.x) (Ax.x x) (Ax.x x)

[MNxP1kFx:1,>7T Txe 1] kFx:T1,
MNxP 1 Fxx:1

' (Ax.xx):1y o1 ['F (Ax.xx): 7y

' Ax.xx) (Ax.xx): 7T



* Not every lambda-term is well typed
4 (Ax.x) (Ax.x x) (Ax.x x)

T, can’t be the same as 71 — 7!

MNxP1kFx:ty>7T Txe1]Fx:1y
MNxP 1 Fxx:1

' (Ax.xx):1y o1 ['F (Ax.xx): 7y

' Ax.xx) (Ax.xx): 7T



Limitations of Simple Types

* Not every lambda-term is well typed
4 (Ax.x) (Ax.x x) (Ax. x x)

* Untyped lambda terms can run forever, but simply-typed
lambda terms always terminate!
— This means simply-typed lambda calculus is not Turing-complete

— Many interesting programs (ones that require loops or recursion)
can’t be written in STLC
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Limitations of Simple Types

* Not every lambda-term is well typed

* Untyped lambda terms can run forever, but simply-typed
lambda terms always terminate!

— This means simply-typed lambda calculus is not Turing-complete

— Many interesting programs (ones that require loops or recursion)
can’t be written in STLC

* Typed languages don’t automatically include loops/recursion
* But we can add it in as a separate feature



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec ¥ : 1Int -> 1int =
AX : int. ifzero x then 1 else x * £ (x - 1)
in

f 5



L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroLthenlelsel | let rec<ident>:T=LinlL

(i is a number literal) (I'(x) = 1)
[ -1:Int 'Fx:T
Mx 1| FL:T, ?
Fl_;t(x:Tl).l:Tl_)Tz Fl—(letr‘ecx:l_=llinl2):fz

e Exercise: How would you typecheck a 1let rec?



L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroLthenlelsel | let rec<ident>:T=LinlL

(i is a number literal) I'(x) =1)
[ -1:Int 'Fx:T
F[XHTl]Fl:TZ F[XHT]FZZ:TZ

' A(x:t).l:1{ > T, ' (letrecx:t=1;inl,) : 1,



L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzerolL thenlLelsel | let rec<ident>:T=L1inlL

(i is a number literal) (I'(x) = 1)
' -1:int 'Fx:1
Mx 1| FL:T, MNxetlFlL:T Txe kLT

' A(x:t).l:1{ > T, '+ (letrecx:t=1;inl,) : 1,
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L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroLthenlelsel | let rec<ident>:T=LinlL

[ = 1]

ll lz — li lz (A(XT)I)U_) [X Hv]l

vi, - vl letrecx:7=1[;inl, -7



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1) in
f 5-

(Ax. ifzero x then 1 else x * £ (x-1)) 5



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzerolL thenlLelsel | let rec<ident>:T=L1inlL

le; rec f = Ax. ifzero x then 1 else x*f (x-1) in
5 -

(Ax. ifzero x then 1 else x * f (x-1)) 5—>..—-
5 * f 4

But what is 7



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in £ 5 -

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in (Ax. ifzero x then 1 else x*f (x-1)) 5



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in (Ax. ifzero x then 1 else x*f (x-1)) 5



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in 5 * £ 4



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in 5 * (Ax. ifzero x then 1 else x*f (x-1)) 4



Typed Lambda Calculus with Recursion

L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzeroL thenlelsel | let rec<ident>:T=L1inlL

let rec f = Ax. ifzero x then 1 else x*f (x-1)
in (* after many steps *) 120

— 120



L :=<ident> | A(<ident>:T).L | LL|<#>|L+L|L-1L
| ifzerolL thenlLelsel | let rec<ident>:T=L1inlL

let recx:7=1;inl, » let recx:7t=1[;in [x » [{][,

[, - 1

let recx:7=1l;inl, = let recx:t=1[;inl,

let recx:t=l{inv->v
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