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Lambda Calculus: Types

•The basic (“untyped”) lambda calculus has no 
meaningful types – everything is a function, and any 
function can be applied to anything as an argument

•But what if we add other kinds of values?

•Next language: lambda calculus with numbers

𝜆𝑥. 𝑥 + 1   𝜆𝑥. (𝜆𝑦. 𝑥 + 𝑦)  𝜆𝑥. 𝑥 5



Lambda Calculus + Ints

L ::= <ident> | 𝜆<ident>. L | L L | <#> | L + L

Values are either functions or ints:

4 𝜆𝑥. 3  𝜆𝑥. (𝜆𝑦. 𝑥)   𝜆𝑥. (𝜆𝑦. 𝑥 𝑦 )

Exercise: What type should each of these expressions have?



Lambda Calculus + Ints

L ::= <ident> | 𝜆<ident>. L | L L | <#> | L + L

Values are either functions or ints:

4 𝜆𝑥. 3  𝜆𝑥. (𝜆𝑦. 𝑥)   𝜆𝑥. 𝜆𝑦. 𝑥 𝑦

int int → int int → (int → int)  (int → int) → (int → int)



Lambda Calculus + Ints

L ::= <ident> | 𝜆<ident>. L | L L | <#> | L + L

T ::= int | T → T

Values are either functions or ints:

4 𝜆𝑥. 3  𝜆𝑥. (𝜆𝑦. 𝑥)   𝜆𝑥. (𝜆𝑦. 𝑥 𝑦)

int int → int int → (int → int)  (int → int) → (int → int)



Simply Typed Lambda Calculus

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

Values are either functions or ints:

4 𝜆𝑥: int. 3 𝜆𝑥: int. 𝜆𝑦: int. 𝑥  𝜆(𝑥: int → int). (𝜆𝑦: int. 𝑥 𝑦)

int int → int int → (int → int)  (int → int) → (int → int)



Simply Typed Lambda Calculus

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

•A function with type A → B takes type A as input and 
yields B as output

bool f(int x){ … } would have type int → bool



Simply Typed Lambda Calculus

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

•A function with type A → B takes type A as input and 
yields B as output

let f (x : int) : bool = … 
would have type int → bool



Simply Typed Lambda Calculus

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

•A function with type A → B takes type A as input and 
yields B as output

fun (x : int) -> … : bool 
would have type int → bool



Simply Typed Lambda Calculus

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

Values are either functions or ints:

4 𝜆𝑥: int. 3 𝜆𝑥: int. 𝜆𝑦: int. 𝑥  𝜆(𝑥: int → int). (𝜆𝑦: int. 𝑥 𝑦)

int int → int int → (int → int)  (int → int) → (int → int)



Simply Typed Lambda Calculus: Types

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L

T ::= int | T → T

(𝑖 is a number literal)

Γ ⊢ 𝑖 ∶ int

(Γ 𝑥 = 𝜏)

Γ ⊢ 𝑥 ∶ 𝜏

Γ ⊢ 𝑙1 ∶ 𝜏1 → 𝜏2 Γ ⊢ 𝑙2 ∶ 𝜏1

Γ ⊢ 𝑙1 𝑙2 ∶ 𝜏2

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ 𝜆 𝑥: 𝜏1 . 𝑙 ∶ 𝜏1 → 𝜏2



Simply Typed Lambda Calculus: Types

Γ ⊢ 𝑙1 ∶ 𝜏1 → 𝜏2 Γ ⊢ 𝑙2 ∶ 𝜏1

Γ ⊢ 𝑙1 𝑙2 ∶ 𝜏2

Γ 𝑥 ↦ int ⊢ 𝜆𝑦: int. 𝑥 ∶ int → int
Γ ⊢ 𝜆𝑥: int. (𝜆𝑦: int. 𝑥) ∶ int → (int → int)

 Γ ⊢ 4 ∶ int

Γ ⊢ 𝜆𝑥: int. (𝜆𝑦: int. 𝑥)  4 ∶ (int → int)





Limitations of Simple Types

• Not every lambda-term is well typed

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏



Limitations of Simple Types

• Not every lambda-term is well typed

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1 → 𝜏 Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏



Limitations of Simple Types

• Not every lambda-term is well typed

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 𝑥 ∶ 𝜏
Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1 → 𝜏

 Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏



Limitations of Simple Types

• Not every lambda-term is well typed

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 ∶ 𝜏2 → 𝜏 Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 ∶ 𝜏2

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 𝑥 ∶ 𝜏
Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1 → 𝜏

 Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏



Limitations of Simple Types

• Not every lambda-term is well typed

𝜏1 can’t be the same as 𝜏1 → 𝜏!

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 ∶ 𝜏1 → 𝜏 Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 ∶ 𝜏1

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑥 𝑥 ∶ 𝜏
Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1 → 𝜏

 Γ ⊢ 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏1

Γ ⊢ 𝜆𝑥. 𝑥 𝑥 𝜆𝑥. 𝑥 𝑥 ∶ 𝜏



Limitations of Simple Types

• Not every lambda-term is well typed

• Untyped lambda terms can run forever, but simply-typed 
lambda terms always terminate!

― This means simply-typed lambda calculus is not Turing-complete
― Many interesting programs (ones that require loops or recursion) 

can’t be written in STLC

4 (𝜆𝑥. 𝑥) 𝜆𝑥. 𝑥 𝑥  (𝜆𝑥. 𝑥 𝑥)





Limitations of Simple Types

• Not every lambda-term is well typed

• Untyped lambda terms can run forever, but simply-typed 
lambda terms always terminate!

― This means simply-typed lambda calculus is not Turing-complete
― Many interesting programs (ones that require loops or recursion) 

can’t be written in STLC

• Typed languages don’t automatically include loops/recursion

• But we can add it in as a separate feature



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f : int -> int =

  𝜆x : int. ifzero x then 1 else x * f (x – 1)

in

  f 5



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

•Exercise: How would you typecheck a let rec?

(𝑖 is a number literal)

Γ ⊢ 𝑖 ∶ int

(Γ 𝑥 = 𝜏)

Γ ⊢ 𝑥 ∶ 𝜏

?

Γ ⊢ (let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2) ∶ 𝜏2

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ 𝜆 𝑥: 𝜏1 . 𝑙 ∶ 𝜏1 → 𝜏2



Γ 𝑥 ↦ 𝜏 ⊢ 𝑙2 ∶ 𝜏2

Γ ⊢ (let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2) ∶ 𝜏2

Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

(𝑖 is a number literal)

Γ ⊢ 𝑖 ∶ int

(Γ 𝑥 = 𝜏)

Γ ⊢ 𝑥 ∶ 𝜏

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ 𝜆 𝑥: 𝜏1 . 𝑙 ∶ 𝜏1 → 𝜏2



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

(𝑖 is a number literal)

Γ ⊢ 𝑖 ∶ int

(Γ 𝑥 = 𝜏)

Γ ⊢ 𝑥 ∶ 𝜏

Γ 𝑥 ↦ 𝜏1 ⊢ 𝑙 ∶ 𝜏2

Γ ⊢ 𝜆 𝑥: 𝜏1 . 𝑙 ∶ 𝜏1 → 𝜏2

Γ 𝑥 ↦ 𝜏 ⊢ 𝑙1 ∶ 𝜏 Γ 𝑥 ↦ 𝜏 ⊢ 𝑙2 ∶ 𝜏2

Γ ⊢ (let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2) ∶ 𝜏2





Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

𝜆 𝑥: 𝜏 . 𝑙  𝑣 → 𝑥 ↦ 𝑣 𝑙

𝑙1 → 𝑙1
′

𝑙1 𝑙2 → 𝑙1
′  𝑙2

𝑙2 → 𝑙2
′

𝑣 𝑙2 → 𝑣 𝑙2
′ let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2 → ?



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) in 
  f 5 →

(𝜆x. ifzero x then 1 else x * f (x–1)) 5



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) in 
  f 5 →

(𝜆x. ifzero x then 1 else x * f (x–1)) 5 → … →  
5 * f 4

But what is f?



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in f 5 →

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in (𝜆x. ifzero x then 1 else x*f (x–1)) 5



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in (𝜆x. ifzero x then 1 else x*f (x–1)) 5



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in 5 * f 4



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in 5 * (𝜆x. ifzero x then 1 else x*f (x–1)) 4



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec f = 𝜆x. ifzero x then 1 else x*f (x–1) 
  in (* after many steps *) 120

→ 120



Typed Lambda Calculus with Recursion

L ::= <ident> | 𝜆(<ident>: T). L | L L | <#> | L + L | L – L

    | ifzero L then L else L | let rec <ident> : T = L in L

let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2 → let rec 𝑥 ∶ 𝜏 = 𝑙1 in [𝑥 ↦ 𝑙1]𝑙2

𝑙2 → 𝑙2
′

let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2 → let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑙2
′

let rec 𝑥 ∶ 𝜏 = 𝑙1 in 𝑣 → 𝑣
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