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Abstract—As viral marketing in online social networks flourishes recently, a lot of attention has been drawn to the study of
influence maximization in social networks. However, most works
in influence maximization have overlooked the important role
that social network providers (websites) play in the diffusion
processes. Viral marketing campaigns are usually sold by websites
as services to their clients. The websites can not only select
initial sets of users to start diffusion processes, but can also
have impacts throughout the diffusion processes by deciding
when the information should be brought to the attention of
individual users. This is especially true when user attention is
limited, and the websites have to notify users about an item to
bring it into the attention of users. In this paper, we study the
diffusion of information from the perspective of social network
websites. We propose a novel push-driven cascade (PDC) model,
which emphasizes the role of websites during the diffusion of
information. In the PDC model, the website “pushes” items
to bring them to the attention of users, and whether a user
is interested in an item is decided by her preference and the
social influence from her friends. Analogous to the influence
maximization problem on the traditional information diffusion
models, we propose a dynamic influence maximization problem
on the PDC model, which is defined as a sequential decision
making problem for the website. We show that the problem can
be formalized as a Markov sequential decision problem, and there
exists a deterministic Markovian policy that is an optimal solution
for the problem. We develop an AO* algorithm that finds the
optimal solution for the problem, and a heuristic online search
algorithm, which has similar effectiveness, but is significantly
more efficient. We evaluate the proposed algorithms on various
real-world datasets, and find them significantly outperform the
baselines.
Keywords—Information diffusion; influence maximization; user
attention; push-driven cascade;

I.

I NTRODUCTION

Recently, studies on information diffusion in social networks have drawn significant attention because of their promising applications on viral marketing. To maximize the impact
of viral marketing, many researchers studied the problem of
influence maximization. The problem is usually defined as
follows: given a social network, how can we select an initial
set of k nodes so that the expected number of active users
is maximized. This definition captures an important aspect
of viral marketing, the initiation of an information diffusion
process, but it fails to capture the other aspect, the control
over an information diffusion process once it started.
In the real world, viral marketing campaigns are usually
sold by social network websites, such as Twitter and Facebook,

as services to their clients, such as Apple and Coca-Cola [1].
The social network websites can not only select the initial
set to start an information diffusion process for an item, but
can also steer the diffusion process by deciding whether an
individual user should be notified about the item, and what the
proper timing of notifying that user is. The control of social
network websites over the diffusion processes is crucial for the
optimization of viral marketing. However, few existing works
studied this topic.
It is common practice of social network websites to notify individual users with selected items, or “push” items to
selected users. In social networks, there are usually a large
number of different items propagate simultaneously, including
user-created posts, promoted posts, advertisements, etc. Users
can easily be exposed to more items than they can pay attention
to. By pushing items to users, the websites can draw the
attention of users to the items that they want the users to read.
To do that, many social network websites send users messages
or emails about selected items. Websites also put selected items
on the top of the news feeds they provide to users to draw the
attention of users to those items.
When websites conduct viral marketing campaigns, they
“push” advertisements or promoted items to users. A problem
that they usually face is limited user attention. If websites
push too many advertisements or promoted items to users,
users will be not able to read all the items. Besides, too many
advertisements or promoted items will hurt user experience. To
deal with that problem, websites usually set a “push budget”,
or the number of times each advertisement or promote item
will be pushed to users. The push budgets are usually decided
by the money that clients pay for the campaigns.
Steering the information diffusion process by “pushing”
items to users is related to the studies of recommender systems,
in the sense that both of them provide users with items that are
interesting to them. Recommender system techniques such as
collaborative filtering can be adopted by the diffusion steering
algorithm to predict which users may potentially be interested
in an item. However, steering the information diffusion is more
than pushing items to users who are most interested in them.
First, for an information diffusion process, the social influence
between users is as important as the personal preference of
users. Second, the diffusion of information is a dynamic
process. The website can have impact throughout the diffusion
process. A decision made by the website may affect users’
interest towards an item, and then affect later decisions. Third,
as the user interest changes over time, the proper timing of

notifying a user about an item is crucial.
In this paper, we explore the diffusion of information
from the perspective of social network websites. Motivated
by the observations on “limited user attention” and “co-effect
of user preference and social influence”, we propose a novel
push-driven cascade (PDC) model, which is natural for the
scenario of viral marketing in online social networks. The
dynamic influence maximization problem based on the PDC
model naturally combines two important aspects of influence
maximization: the initiation of a diffusion process and the
control over the diffusion process. We show that the problem
can be formalized as a Markov sequential decision problem,
which always has an optimal deterministic Markovian solution.
We develop an AO* search algorithm which finds the optimal
solution for the problem. Inspired by the optimal algorithm, we
also propose a heuristic search algorithm, which is orders of
magnitude faster than the optimal algorithm. We evaluate the
proposed algorithms on various real social network datasets.
The experiment results show that proposed algorithms achieve
significantly larger influence spread than the baselines.
II.

M OTIVATION

Different from information diffusions in offline social networks, diffusions in online social networks highly depend on
the social network providers (websites). In this paper, we study
the diffusion of information from the perspective of social
network websites.
Consider an online social network. At any point of time,
there is usually a large set of various items propagate in the
network. For example, there are user-created posts, links to
external websites shared by users, and advertisements and
promoted posts paid by clients of the website. The diffusion of
each item is described by an information diffusion process. A
main motivation of our work is limited user attention. Because
of the huge number of items propagating in a social network,
users are usually not able to read all the items, and the website
has to select certain items to bring them to the attention of
users by sending the users messages, or putting the items on
the top of news feeds when the user visits the social network
website. We say that the website “pushes” these items to the
users. If a user finds any item interesting, she can take an
action for the item, for example “like” the item in Facebook,
“+1” the item in Google+, or “retweet” the item in Twitter. We
say this user becomes active for this item when she takes an
action for it. Since user attention is limited, we need to limit
the number of times we pushing an item. In other words, we
set a “push budget” for each item.
The problem we study in this paper is: given a push
budget, how can a website pushes an item to users to steer
the diffusion processes, so that the expected number of active
users (which is usually referred to as information spread) is
maximized? A straightforward strategy for this problem is
pushing the item to users who are most likely to be interested
in it. The strategy is made possible by extensive studies
in recommender systems, which provide various techniques
for estimating user preference. Another possible strategy for
steering the diffusion is maximizing the social influence. The
studies in social influence and information diffusion find that
the interest of users can be influenced by their friends, and

items can propagate through the social network as a result of
social influence. These studies suggest that we should help the
diffusion of information by pushing the item to users with large
influence to other users. We believe that both strategies are
useful for maximizing the information spread, and our solution
for the dynamic influence maximization problem combines the
user preference and social influence.
To better explain our motivation, we would like to show
analysis results on a few datasets as examples.
Limited user attention. We use two social network datasets,
“Twitter-friends” and “UIC-followers” as examples. Both
datasets are collected from Twitter. The details of them are
shown in Section V-A.
We explore the relationship between the “show number”,
the number of items that the website shows to users, and the
“attention number”, the number of items that are actually read
by the users. Every time when a user visits the website, the
website will show the users a few items. If user attention is
unlimited, the user will read all the items shown by the website,
so the “attention number” will always be the same as the “show
number”. Otherwise, if we observe that the “attention number”
stays the same when the “show number” increases, it implies
that user attention is limited.
Unfortunately, neither the “show number” nor the “attention number” is publicly available. However, we can infer the
relationship between them from the Twitter datasets based on
two observations. First, the Twitter website shows the items
(tweets) to users in chronological order, in which the latest
items come first. When a user visits twitter.com, the website
will firstly show him the items that are created after his last
visit to the website, so we can roughly use the number of items
that are created by friends of a user after his last visit as the
“show number”. Second, taking an action for an item (retweet)
is very quick and easy in Twitter, so whether a user takes an
action or not mainly depends on whether he is interested in
the item or not. Assuming that the probability that a user is
interested in an item is stable over time, the number of retweets
is roughly proportional to the “attention number”.
In Figure 1, we show the relationship between the “show
number” and the number of retweets for each visit of users to
the Twitter website. Each data point in the figure corresponds
to a visit of a user. The X-axes illustrate the number of tweets
created by the friends of the user since his last visit to the
website, while the Y-axes illustrate the number of retweets
made by this user during this visit. The red curves in the
figures show the average number of retweets for varying “show
number”. As shown in the figure, the number of retweets does
not increase as the “show number” increases. Actually, they
are most likely to be independent, as the correlation coefficient
between them is very close to 0 (1.46 × 10−5 for the Twitterfriends dataset and 7.44×10−3 for the UIC-followers dataset).
It implies that no matter how many items are shown to a user
during his visit, the number of items he really pays attention
to is almost fixed. It follows that the attention of a user is
limited.
Co-effect of user preference and social influence. To build
a reasonable model for information diffusion, we need to
understand the factors that influence the behavior of users. To
be specific, we would like to find out whether user preference
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and social influence should be included in the model of user
actions. We use a Foursquare dataset for this analysis. The
details of the dataset are described in Section V-A.
We study the “check-in” action of users in the Foursquare
network. In Foursquare, when a user checks in at a location, her
friends will get notified about her “check-in”. To explore the
factors that influence the “check-in” actions of users, we use
a matrix factorization model [2], a widely used technique for
recommender systems, to analyze user behavior. The model
maps both users and items to a joint latent factor space
of dimensionality f . Each user u is associated with an f dimension vector pu , while each item i is associated with an
f -dimension vector qi . Elements of pu measure the strength
of preference the user has to the latent factors, while elements
of qi measure the extent to which the item possesses those
factors. In addition to that, we model the influence from a
user v to a user u with influence weight wvu . Formally, the
model is defined as follow:
P
âui = µ + bu + di + pTu qi + v∈N (u) wvu avi
where N (u) is the set of in-neighbors of u. avi is set to 1, if v
is active for the item i, and 0, otherwise. âui is the estimated
value of aui made by the model. µ, bu , di are the global
bias, the user bias, and the item bias, respectively. We can
learn parameters µ, b∗ , d∗ , p∗ , q∗ and w∗ by minimizing the
regularized squared error using stochastic gradient descent [2].
This model considers both the user preference and the influence from the friends of the user. We compare the model with
three partial models: the bias only model, the social influence
model, and the user preference models. The equations of them
are listed in Table I. Since Foursquare pushes an item to a user
only when one of his friends is active for the item, we construct
an observed item set Ou for each user u, which contains the
locations that at least one of his friends have checked in. Each
pair of (u, i) such that i ∈ Ou is considered as a sample.
We conduct a 10-fold cross validation for each model,
and evaluate them by mean squared error (MSE) and average
rank (rank). (Average rank is the average rank of all the
positive samples in the test set, when we rank all the test
samples in the descending order of estimated value âui . A
smaller average rank indicates a better prediction result [3].) As
shown in Table I, both the social influence model and the user
preference model significantly outperform the bias only model,
and the full model is the best one of all. This result implies
that both user preference and social influence have effects on
the behavior of users. A proper model for the diffusion of
information should combine both two factors.
Although the user preference model performs better than
the social influence model and the improvement of the full

model from the user preference model is marginal, it does not
mean that social influence is a less important factor than user
preference. That is because of the way that the sample dataset
is constructed: for each sample (u, i) in the dataset, i ∈ Ou , i.e.
at least one friend of u is active for the item i. If we consider
all the possible pairs (u, i) of users and items as samples, the
social influence factor will be much more useful.
III.

P USH - DRIVEN CASCADE MODEL

With limited user attention, information diffusions in online
social networks highly depend on how the websites push items
to users. The decisions of websites are made dynamically
throughout the diffusion processes. However, existing information diffusion models ignore the role of websites during
the diffusion process. They assume that the information will
automatically diffuse through the social networks, and a user
will always notice all the action of his friends.
Based on the observations in last section, we propose a
new information diffusion model, the push-driven cascade
(PDC) model, which is more natural for the scenario of viral
marketing in online social networks. In the PDC model, the
website pushes an item to social network users. To avoid
consume too much user attention, there is a push budge L for
the item, i.e. the number of times that the website can push
the item to users. When being pushed to, a user may become
active for the item or not. The probability that a user becomes
active for an item is decided by two factors: the preference
of the user and the influence from his friends. The preference
of a user decides how likely the user will become active for
the item when there is no social influence. Social influence
increases the probability of a user becoming active, when some
friends of the user are active. The model is formally defined
as follows.
Definition 1: Push-driven cascade model (PDC). For
each user u in the social network, there is a preference bu ≥ 0
for a given item. For each directed edge e = (v, u) in the
social network, there is an influence weight wvu ≥ 0, which
determines how much u is influenced by his friend
v. For each
P
user u, the weights and the bias satisfy bu + v∈Nu wvu ≤ 1,
where Nu is the set of in-neighbors of u. We denote whether
u is active with a(u). a(u) = 1, if u is active, and 0,
otherwise. The diffusion process takes place in discrete steps
t = [1, . . . , L]. At the beginning of the diffusion process,
a(u) = 0 for each user u. In each step t, the website pushes the
item to a user P
ut . The user ut becomes active with probability
q(ut ) = but + v∈Nu wvut a(v). If ut does not become active
t
at step t, the website may push to it again in the later steps.
The spread of information based on the PDC model depends on the sequence of users [u1 , u2 , . . . , uL ] that the website decides to push the item to. It is analogous to the initial set
for traditional diffusion models. However, in the PDC model,
it is not necessary for the website to decide the sequence of
users before the diffusion process starts. Instead of deciding the
sequence beforehand, the website may hold a policy to decide

which user to push to at each step based on the outcomes
of previous steps. Since the users take actions in a stochastic
manner, it is beneficial if the website decides the sequence
dynamically throughout the process. Similar to the influence
maximization problem on the traditional diffusion model, we
can define a dynamic influence maximization problem on the
PDC model, which finds the best policy to maximize the
number of active users given the “push budget” L.
Before we proceed to the dynamic influence maximization
problem, we now would like to point out a few more considerations about the model definition. First, in online social
networks, there is usually a large number of different items
diffusing simultaneously. Each of them has a separate PDC
model. These models may share the same set of influence
weight wvu , but have different sets of user preference bu .
Second, similar to the linear threshold model, we use a linear
model for user behavior, i.e. the probability is the sum of user
preference and the influence from each friends of the user. We
adopt the linear model based on the observation in Section
II. However, it can easily be replaced by more sophisticated
user behavior models, since our solutions to the dynamic
influence maximization problem in the following sections do
not depend on this linear model. Third, in this paper, we
mainly focus on the dynamic influence maximization problem
rather than the inference problem of the PDC model, so we
assume that the parameters bu and wvu are given. However,
the parameters can be learned from user activity data. The
stochastic gradient descent method used in Section II is a
possible inference algorithm for learning these parameters.
Actually, a wide variety of works [2], [3] in the recommender
system area can be adopted for the learning of bu and a lot of
works on information diffusion models [4], [5] can be adopted
for the learning of wvu . Fourth, in the real world, since users
are not always online, they may not respond immediately when
the website pushes items to them. The website may not be
able to wait for their responses before it pushes the item to
other users. In this paper, we assume that the website gets
the responses from users immediately, and leave the more
complicated situation for future work.
IV.

DYNAMIC INFLUENCE MAXIMIZATION PROBLEM

A. Problem definition
Now we study the dynamic influence maximization problem on the PDC model, which is analogous to the influence
maximization problem for the independent cascade model or
the linear threshold model in [6]. As we have discussed in
Section III, the dynamic influence maximization problem is
different from the traditional influence maximization problem
in that the website can make decision dynamically during the
diffusion process, and utilize the outcome of previous steps.
Thus, while the solution to an influence maximization problem
is an initial set of users, the solution to a dynamic influence
maximization problem is a policy which decides the user to
push to given the outcome of previous steps.
Let gt be the random variable that denotes the outcome of
the “push” at the t-th step, i.e. gt = 1, if ut becomes active at
step t, and 0 otherwise. Let Ht = [(u1 , g1 ), . . . , (ut , gt )] be the
history up to the t-th step (H0 is an empty sequence), and H
be the space of all possible histories. A policy decides which

user to push the item to at each step t based on Ht−1 , the
history up to the (t − 1)-th step. Formally, a policy is defined
as follows:
Definition 2: Policy. A policy π : (H, V ) 7→ [0, 1] maps
each pair of history
P and user to a probability value, such that
for any H ∈ H, u∈V π(H, u) = 1.
We adopt a general definition of policy, both deterministic
and randomized policies are covered by this definition. For
deterministic policies, given any H ∈ H, there is a single
user u ∈ V , such that π(H, u) = 1, and for any other user
v 6= u, π(H, v) = 0. For randomized policies, for each
H ∈ H, π(H, ·) defines a distribution over the user set V ,
which decides the probabilities that users are selected by the
policy to push the item to.
Suppose there is a website that follows a policy π. At each
step t = 1, . . . , L, the website picks up ut from the distribution
π(Ht−1 , ·). We denote with u(π) the expected number
of
PL
active users when the process ends, i.e. u(π) = E( t=1 gtπ ),
where gtπ is the outcome at the t-th step.
The dynamic influence maximization problem is to find
the best policy that maximizes the expected number of active
users. It is formally defined as follows:
Definition 3: Dynamic influence maximization problem.
Given a social network, a PDC model on the social network,
and a push budget L, find a policy π, such that u(π), the
expected number of active users when the process ends, is
maximized.
Dynamic influence maximization problem as an MDP. For
the dynamic influence maximization problem on a PDC model
the number of all possible policies is infinite. Fortunately,
we will shortly see that the dynamic influence maximization
problem actually belongs to a class of problems named Markov
decision process (MDP), which have been well studied by
researchers in the area of artificial intelligence for decades [7],
[8]. We can utilize the results about the MDPs to reduce the
number of policies that we need to consider.
A Markov decision processes (MDP) is a discrete time
stochastic process, which is partially controlled by a decision
maker. The process takes place on a set of states. At each step,
the decision maker chooses an action, gets the reward from
the action, and then moves to the next state. The transition
probability depends on the current state and the chosen action.
The process possesses the Markov property, i.e. the transition
probability is conditionally independent of the history given
the current state. The solution to an MDP is a policy that
maximizes the total reward. In this paper, we mainly focus a
special class of MDPs called finite-horizon Markov decision
process (FH-MDP), which is formally defined as follows:
Definition 4: Finite-horizon Markov decision process
(FH-MDP). An FH-MDP is defined on a finite set of states
S, a set of actions D, and finite steps T = [1, 2, . . . , L]. For
each state s ∈ S, there is a set of actions Ds ⊂ D that are
available in that state. For each action a ∈ Ds , rs (a) denotes
the expected immediate reward of taking action a in state s,
and pss0 (a) denotes the probability that taking action a in
state s results in a transition to state s0 . Given s, s0 and a,
the transition probability pss0 (a) is conditionally independent
of the history before arriving at state s. The process starts

at a given state s0 . At each step t, the decision maker can
select an action from the set of actions that are available in the
current state, gets the reward, and moves to the next state that
is randomly selected according to the transition probabilities.
A policy in FH-MDP is aPmap π : (H, D) 7→ [0, 1]
such that for any H ∈ H,
a∈Ds π(H, a) = 1, where
H = {[s0 , s1 , . . . , st ]|t ∈ T, si ∈ S for i = 1, . . . , t} is the
set of all the possible sequence of states starting from state
s0 . The definition is similar to Definition 2, except for that the
history is now defined differently. A solution to an FH-MDP
is a policy that maximizes the expected total reward.
We now show that a dynamic influence maximization
problem can be equivalently defined as an FH-MDP: Consider
a PDC model, we can define a state by the set of users that
are active. For each A ⊂ V , we denote with sA the state
with the set of active users A. For each user u ∈ V , we
define an action of pushing the item to u. For simplicity of
notation, we denote the action as action u. For each state sA ,
the set of actions that
P are available in that state is V \ A.
Let q(A, u) = bu + v∈Nu wvu Iv∈A be the probability that
u becomes active when being pushed to, where Iv∈A = 1 if
v ∈ A, and 0 otherwise. For each successful “push”, there is a
reward of value 1, so the expected immediate reward of taking
action u in state sA is q(A, u), and the transition probability
psA sA0 (u) is q(A, u) for A0 = A∪{u}, 1−q(A, u) for A0 = A,
and 0 for other cases. It is obviously that, given sA , sA0 , and
u, the transition probability is conditionally independent of the
history before arriving state sA . Thus it is an FH-MDP on the
steps T = [1, 2, . . . , L].
For FH-MDPs, the following result exists:
Theorem 1: Optimality of deterministic Markovian
policies [9]. For an FH-MDP with finite Ai for each si ∈ S,
there exists a deterministic Markovian policy which is optimal.
In the theorem, “Markovian” means that the decision is conditionally independent of the history, given the current state s
and the time t, while “deterministic” means that the decision
is a fixed action, rather than a randomized action.
According to Theorem 1, for any dynamic influence maximization problem, there exists a deterministic Markovian
policy that is optimal. Since we only want to find one optimal
policy, we only need to consider the deterministic Markovian
policies. Thus, we have reduced the number of policies
 to be
considered from infinite to N |V | , where N = |V L|+1 is the
number of all possible states1 .
For a deterministic Markovian policy π, given any state s
and time t, only one fixed action is taken. Thus, a policy π
can be considered as a map from the space S × T to the set of
actions A. Since we only consider the deterministic Markovian
policies now, we can redefine a policy as π : S × T 7→ A,
where π(s, t) is the action selected by policy π at state s and
time t. Since π(s, t) depends on the state s and the step t,
for the convenience of description, we regard a pair of state
and time (s, t) as an augmented state, and the space S × T
as the augmented state space. In the rest of the paper, when
it does not cause confusion, we refer to augmented state (s, t)
as state (s, t) for short. We say (s, t) is an ancestor of (s0 , t +
1 The number of states with l active users are
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Fig. 2. An example for hypergraph of augmented states. The red-colored
subgraph indicates a solution graph. The nodes with dashed outline are
augmented states that cannot be reached from (s∅ , 0). The 2-connectors to
and from these nodes are omitted.

1) and (s0 , t + 1) is a successor of (s, t), if for some action
a ∈ Ds the transition probability pss0 (a) > 0. We say an
augmented state (s, t) is a terminal state, if no further action
can be taken at it. For the dynamic influence maximization
problem, an augmented state (sA , t) is a terminal state if t = L
or A = V .
Although we have reduced the number of policies that
we need to consider from infinite to finite, N |V | is still
a huge number such that a brute-force search for the best
policy is impossible. For FH-MDPs, backward induction is
the usual method for finding the optimal policy [9]. The basic
idea of backward induction is using dynamic programming
to calculate u(s, t), the optimal expected total reward starting
from augmented state (s, t), in the backward order (from t = L
to 0).
Although the backward induction is a straightforward algorithm that finds the optimal policy, it is not practical for the
dynamic influence maximization problem. The disadvantage
of the backward induction algorithm is that it evaluates the
entire augmented state space S × T , but actually only a subset
of the space needs to be evaluated in order to find the best
policy for the process starting from state s0 . To reduce the nonnecessary evaluation, we introduce the AO* search algorithm
for the dynamic influence maximization in the next section.
B. AO* optimal search algorithm
AO* is a heuristic search algorithm that can find solutions
for MDPs with acyclic state graph. Similar to the famous
A* search algorithm, the AO* algorithm utilizes a heuristic
function to avoid evaluating the entire search space. With
an admissible heuristic function, the AO* algorithm finds the
optimal solution of acyclic MDPs.
To understand how AO* search algorithm reduces the
search space, we first show that the dynamic influence maximization problem can be considered as a search problem on
the hypergraph of augmented states. As an example, Figure 2
shows the hypergraph for a simple dynamic influence maximization problem with two users and L = 2. In the hypergraph,
each augmented state (sA , t) is represented by a node. For each
action v that is available at state sA , there is a 2-connector that
directs from the node (sA , t) to its two successors (sA , t + 1)
and (sA∪{v} , t + 1). For example, when taking action u1 at
state s∅ , the possible resulting states are s∅ and s{1} , so there
is 2-connector in Figure 2 from augmented state (s∅ , 0) to the
two successors (s{1} , 1) and (s∅ , 1).
A policy π for a dynamic influence maximization problem
can be represented by a subgraph of the augmented state

hypergraph, called a solution graph. For policy π, the solution
graph Gπ is defined inductively as follows:
1) State (s∅ , 0) is in Gπ .
2) For any augmented state (sA , t) in Gπ that is not a terminal
state, exactly one out-going 2-connector of it is contained in
Gπ , which indicates the action π(sA , t). The two successors
connected by the 2-connector are also contained in Gπ .
As an example, in Figure 2, the subgraph marked with
the red color is a solution graph Gπ , with π(s∅ , 0) = u1 ,
π(s{1} , 1) = u2 , and π(s∅ , 1) = u1 . The augmented state
(s∅ , 0) is in the solution graph, and its outgoing 2-connector
u1 is contained in Gπ . Thus, both (s{1} , 1) and (s∅ , 1) are in
Gπ . Similarly, for augmented states (s{1} , 1) and (s∅ , 1), the
2-connectors correspond to actions u2 and u1 respectively are
contained in Gπ .
Notice that the solution graph representations for two
different policies may be the same, as the graph representation
of a policy π only includes the augmented states that can be
reached from state (s∅ , 0) by following policy π. However,
since the expected number of active users of policy π only
depends on the augmented states that can be reached from
state (s∅ , 0) by following policy π, any two policies π1 and
π2 with the same solution graph are virtually the same with
respective to the dynamic influence maximization problem.
For simplicity of description, in the rest of the paper, we
do not distinguish between a policy and its solution graph
representation, and consider two polices with the same solution
graph representation as the same policy.
The dynamic influence maximization problem can be considered as a search problem for the solution graph with the
greatest expected total reward. The AO* algorithm starts the
search at state (s∅ , 0), and directs the search using a heuristic
function. Comparing to the backward induction algorithm, the
AO* algorithm reduces the number of augmented states to
be evaluated in two ways: First, for any augmented states
that cannot be reached from (s∅ , 0) by any action (marked
with dashed outline in Figure 2), AO* does not evaluate them.
Second, for some augmented states that cannot be reached
from (s∅ , 0) by following the optimal policy (marked with
gray solid outline in Figure 2), AO* avoids evaluating them
by using a heuristic function to focus the search. As long as the
heuristic function is admissible, AO* can still find the optimal
solution.
To describe the AO* search algorithm, we first introduce
a few new notations. Given a policy π, Let fπ (sA , t) be the
expected total reward starting at state sA in step t when policy
π is followed. It is obvious that for the cases with t = L or
A = V , the expected total reward is 0, since no more users can
become active. For any other cases, the expected total reward is
the sum of the immediate reward of taking the action π(SA , t)
and the expected future reward when policy π is followed.
Formally, it is defined as:
fπ (sA , t)



0
= rsA (uπ ) + q(A, uπ )fπ (SA∪{uπ } , t + 1)

 + (1 − q(A, uπ ))fπ (SA , t + 1),

where uπ = π(SA , t)

if t = L, or A = V,
otherwise.
(1)

The dynamic influence maximization problem can then be
equivalently described as finding a policy π, such that the
expected total reward fπ (s∅ , 0) is maximized. Let πopt be the
optimal solution, we denote with f (sA , t) the expected total
reward starting at state sA in step t when πopt is followed, i.e.
f (sA , t) = fπopt (sA , t).
The AO* search algorithm is a search algorithm on the
hypergraph of augmented states. It starts the search from
augmented state (s∅ , 0). It keeps a partially best solution π ∗
based on the part of the hypergraph that it have explored, and
gradually improves it, until it finds the best solution. In the
beginning, the partially best solution graph contains a single
node (s∅ , 0). In each iteration, the algorithm first expands the
partially best solution graph Gπ∗ (“expanding step”), and then
updates the rewards and the best actions for nodes in Gπ∗
(“updating step”). The algorithm repeats the iterations until
Gπ∗ cannot be expanded any more and return Gπ∗ as the best
solution graph.
In the expanding step of each iteration, the AO* search
algorithm expands a nonterminal tip in Gπ∗ by exploring its
successors. When a non-terminal (sA , t) is explored for the
first time, its estimated reward f˜(sA , 0) is set by a heuristic
function h(sA , t). In the updating step, for the each node
(sA , t) from which the newly expanded node can be reached
by following the current policy π ∗ , the algorithm updates the
estimated reward and the partially best action for it with the
following equations:
f˜(sA , t) = max [rsA (u) + q(A, u)f˜(sA∪{v} , t + 1)
u∈V \{A}
(2)
+ (1 − q(A, u))f˜(sA , t + 1)]
and
π ∗ (sA , t) = arg max [rsA (u) + q(A, u)f˜(sA∪{v} , t + 1)
u∈V \{A}

+ (1 − q(A, u))f˜(sA , t + 1)]
(3)
The updates should be made in backward order, i.e. the
successor of any node should be updated before it is updated.
Since for the dynamic influence maximization problem, any
successor (s0 , t0 ) of the node (s, t) has t0 = t+1, the backward
order can be ensured by updating nodes in the descending order
of t.
The algorithm is summarized as in Algorithm 1.
Admissible heuristic function We have described the AO*
search algorithm for the dynamic influence maximization problem. However, there is still a missing piece: how should we
define the heuristic function? In the AO* search algorithm,
the heuristic function h(·) serves as an estimator for f (·), the
expected total reward when the optimal policy is followed. An
important property of the AO* search algorithm is that, if the
heuristic function is admissible, the AO* search algorithm will
find the optimal policy.
Formally, for the AO* search algorithm of the dynamic
influence maximization problem, a heuristic function h(·)
is admissible, if it satisfies h(sA , t) ≥ f (sA , t) for any
augmented state (sA , t)2 . When using an admissible heuristic
2 The heuristic search algorithms are usually described for minimum cost problems
rather than maximum reward problems. For minimum cost problems, h(·) is admissible
if h(s) ≤ f (s)

Algorithm 1

AO* Search(b, w,L)

1: Initialize the partially best solution graph Gπ∗ such that it contains a single state
(s0 , 0)

2: while Gπ∗ has some non-terminal tip node (sAe , te ) do
3:
Expanding step: for any successor (sA0 , te + 1) of (sAe , te ) that has not

4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

been explored, if it is a terminal state, set f˜(sA0 , te + 1) := f (sA0 , te + 1)
as defined in Equation 1. Otherwise, set f˜(sA0 , te + 1) := h1 (sA0 ,te +1 ) as
defined in Equation 4. Mark the successors explored.
Updating step:
Supdate := {(sAe , te )}
while Supdate is not empty do
0
Supdate := {}
for each state (sA , t) ∈ Supdate do
Update f˜(sA , t) and π ∗ (sA , t) with Equations 2 and 3.
For any explored direct ancestor (sA0 , t0 ) of (sA , t) from which (sA , t)
0
is reached when following π ∗ , add it to Supdate .
end for
0
Supdate := Supdate
end while
end while
output Gπ∗

function h(·), the policy returned by Algorithm 1 is an optimal
policy for the dynamic influence maximization problem.
It is not difficult to find an admissible heuristic function.
Actually, h0 (sA , t) = L − t is an admissible function, since
h0 (sA , t) ≥ f (sA , t) always holds. However, a good heuristic
function should be a good estimator for f (·). Roughly speaking, the closer h(·) to f (·) is, the more efficient the AO* search
algorithm is.
To estimate the best function h(sA , t), a straightforward
idea is to use Q(L − t, A), the sum of L − t largest values
of the active probabilities q(A, u) for u ∈ V \ A. However,
this heuristic function is not admissible. Actually, it always
underestimate the reward f (sA , t), because it omits the increase of active probability caused by future actions. To make
an admissible heuristic function, we calculate I(L − t, A), the
upper bound of this increase, and add it to Q(L − t, A). The
upper bound I(L − t, A) can be estimated by the sum of L − t
largest w(u) for u ∈ V \ A, where w(u) is the sum of the
outgoing weights wu· of u. Formally, we define the heuristic
function as follows:
(
h1 (sA , t) =

0
if t = L or A = V,
Q(L − t, A) + I(L − t, A) otherwise.
(4)

where
Q(n, A) =

P

max(n):u∈V \{A} q(A, u)

(5)

and
I(n, A) =

X
max(n):u∈V \{A}

w(u) =

X

X

wuv (6)

max(n):u∈V \{A} v∈V

P
In the above two equations,
max(n):u∈V \{A} ∗(u) denotes sum of the n largest ∗(u) for u ∈ V \ {A}.
Theorem 2: The heuristic function h1 (sA , t) defined in 4
is admissible.
Sketch of Proof: The cases for t = L or A = V are trivial. For
t < L and A ⊂ V , let Af be the set of active users when the
process ends, when the optimal policy is followed from state
(sA , t), and every push is successful.
P
P We then have f (sA , t) ≤
q(A
,
u)
≤
f
max(n):u∈V
\{A}
max(n):u∈V \{A} q(A, u) +
P
P
max(n):u∈V \{A}
v∈V wuv = h1 (sA , t).

The AO* search is an offline search algorithm, i.e. it
generates the entire solution graph before the diffusion process
starts. For a website using AO* search algorithm, before the
diffusion process starts, it first executes Algorithm 1 to get
the solution graph Gπ∗ , and sets the current state to (s0 , 0) of
graph Gπ∗ . In each step of the diffusion process, it takes the
best action of the current state, and moves to the successor
according to the outcome of the action.
C. Online search algorithm
The AO* search algorithm reduces the number of augmented states that needed to be evaluated by using the heuristic
function. However, when L increases, the size of the search
space still grows exponentially. Even the solution graph itself
grows exponentially as L increases. As a result, the AO*
search algorithm is impractical when the push budget L is
large. In this section, we propose an online search algorithm
for the dynamic influence maximization problem. Instead of
generating the entire optimal policy beforehand, the online
search algorithm generates the best actions dynamically during
the diffusion process. Only when an augmented state is really
reached by the process, the online search algorithm generates
the best action for it. Thus, online search algorithm avoids
searching actions for a large number of augmented states that
are not really reached in the process. Although the online
search algorithm does not find the optimal solution for the
dynamic influence maximization problem, it is significantly
more efficient than offline search algorithms such as the AO*
search algorithm, and can be applied to dynamic influence
maximization problems with large push budget L.
The online search algorithm initializes by setting current
state to (s0 , 0). In each step of the diffusion process, for
each successor (sA , t) of current state, the algorithm estimates
f (sA , t) by the heuristic function h2 (sA , t), and then selects
the best action using Equation 3. It takes the best action, and
then moves to the successor of current state according to the
outcome of the action.
The heuristic function h2 is defined as follows:

0
if t = L or A = V,
h2 (sA , t) =
Q(L − t, A) otherwise.

(7)

where Q(L − t, A) is defined the same as in Equation 5.
Unlike h1 (·) defined in Equation 4, h2 (·) is not an admissible heuristic function. However, it is a practically good
estimation for f (sA , t). For real dataset, it is closer to the real
value of f (sA , t).
To implement the online search efficiently, q(A, u) can
be calculated incrementally. Specifically, the algorithm keeps
tracks of q(A, u) with current set of active users A. When a
new user v becomes active, q(A, u) is updated for each u with
wvu > 0. With this implementation, the time complexity for
the online search algorithm is O(|V | · L · log(L) · dmax ), where
dmax is the maximum out-degree of users. Unlike the AO*
search algorithm, which has an exponential time complexity
with respect to L, the online search can be efficiently applied to
dynamic influence maximization problems with large L, when
the AO* search algorithm is practically impossible.

5

Algorithms. We compare our proposed algorithms with several
baselines. The following is the list of algorithms we evaluate.
• AO*Search: the AO* search algorithm described in Section IV-B.
• OnlineSearch: the online search algorithm described in
Section IV-C.
• OnlineGreedy: the greedy algorithm that keep tracks of
q(u), the probabilities of becoming active for users, and in
every step pushes to the user with the largest q(u) among all
inactive users.
• Greedy: the greedy algorithm that pushes to the user with
the largest b(u) among all inactive users.
• WeightSum: the greedy algorithm that pushes to the user
with
P the largest w(u) among all inactive users, where w(u) =
v∈Nout (u) is the sum of weight of out-edges of u.
• Random: the random algorithm that selects each inactive
user with the same probability.
Weight and bias generating. The PDC model is generated
as follows. For each user u, we generate bu independently
from the uniform distribution U [0, 1]. For each incoming edge
e = (v, u) to u, we generate wvu independently from the
uniform distribution U [0, 1/din (u)],
P where din (u) is the indegree of u. To ensure that bu + v∈Nu wvu ≤ 1, we then
scale each bu with a factor θ, and each wvu with a factor 1−θ,
3 All datasets and algorithms are available at http://linshuyang.com/research/PDC/
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• Twitter datasets: We use two network datasets from
twitter.com. In both datasets, nodes represent users of Twitter,
while edges represent “who-follows-whom” relations. Each
edge is directed from the user who is being followed to the
follower. In addition to the network structure, the datasets also
have the timeline (tweets, retweets and replies) for each user
in the two datasets throughout the year 2011. The timelines
are used for the analysis in Section II.
◦ Twitter-friends: This dataset contains 822 users and
56, 286 links. We collected this dataset at Dec. 2011. It
consists of the users who are followed by the official account
of Twitter (@Twitter). They are typically employees of
Twitter. This dataset is a very dense social network, as the
users in it are strongly connected to each others, and most
of them are active Twitter users.
◦ UIC-followers [10]: This dataset contains 2, 187 users
and 14, 572 links. It consists of the users who follow the
“UIC news” account in Twitter (@UICnews). Most of the
users are students in the University of Illinois at Chicago.
• Foursquare dataset [11]: This dataset contains 8, 465
users and 72, 978 links. Nodes in this dataset represent users of
Foursquare, while indirect edges represent friendship relations.
In addition to the network structure, this dataset contains
93, 645 check-in actions of users. We use these check-in
actions for the analysis in Section II. We have remove users
with less than 20 check-ins.
• Slashdot dataset [12]: This dataset contains 77, 360 users
and 905, 468 links. Nodes in this dataset represent users of
Slashdot, while indirect edges represent friends/foes relations.
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Datasets. We experiment with four real social network
datasets. All the datasets are publicly available online.

Running time (sec/step)

3

Running time (sec/step)

A. Experiment Setup

10

Running time (sec/step)

E XPERIMENT

Number of active users

V.

3

4

Push budget

(e) UIC-followers

5

OnlineSearch
OnlineGreedy

1.5

Greedy
WeightSum
Random

1

0.5

0

1

2

3

4

5

Push budget

(f) Foursquare

Fig. 3. (a)-(c) running time for small budget, (d)-(f) Average influence

spread for small budget.

where θ is a value between 0 and 1. In the experiment, unless
it is specified, θ is set to 0.2. In the last part of the experiment,
we experiment with different values of θ.
Evaluation. To evaluate an algorithm, we run the PDC process
by following the policy generated by the algorithm. For each
algorithm, we repeat the process 1,000 times to estimate the
expected number of active users when the process ends (called
influence spread of the process).
B. Results
Influence spread and running time for small budget. We
first show the results of algorithms for dynamic influence
maximization problems with small budget L. As we discussed
in Section IV-B, the AO* search algorithm always finds the
optimal solution, but it is only practical for problems with
small budgets and moderate size of networks. The purposes
of this part of the experiment are: (1) find out the practical
limitation of AO*Search with respective to the complexity of
problems; (2) compare the effectiveness of other algorithms
with the optimal solution.
In Figures 3(a), 3(b) and 3(c), we show the average running
time for each algorithms with budget L = 1, . . . , 5 for the
Twitter-friends, UIC-followers, and Foursquare datasets. We
do not show the figure for the Slashdot dataset, because for
that dataset, AO*Search is impractical even for the case L = 3.
For each dataset, we illustrate the push budget L on the Xaxis, and the average running time for each step on the Y-

We conclude from this experiment that: (1) Even for
social network with moderate size, AO*Search is not practical
when L grows large. (2) The influence spread achieved by
OnlineSearch is close to optimal, and is significantly larger
than other algorithms.
Influence spread for large budget. For each algorithm except
for AO*Search, we evaluate them with large budget L on
each dataset. The result are illustrated in Figure 4. In each
case, the budget L is illustrated on the X-axis, while the
average influence spread is illustrated on the Y-axis. In all
cases, OnlineSearch has significantly larger influence spread
than other algorithms. The performance for OnlineGreedy and
Greedy are close when L is small, but the difference becomes
obvious when L grows large. That is because in each step,
OnlineGreedy makes the decision according to the outcome
of previous steps, while Greedy selects users only based on
their initial preference to the item. Among all the algorithms,
WeightSum has the smallest influence spread. Even random
outperforms WeightSum. It shows that the dynamic influence
maximization problem on the PDC model is essentially different from the influence maximization problem on traditional
diffusion model: simply selecting nodes with large influence
will not help the spread of influence.
Running time of OnlineSearch with large budget. In Figure
5, we illustrate the running time of OnlineSearch in different
datasets when the budge L varies. In the figure, the budge L
is illustrated on the X-axis, while the average running time
for each step is illustrated on the Y-axis. For each dataset,
the average running time increases slowly when L increases.
For all the four datasets, the running time on the Slashdot
is the largest, but it is still within a moderate range: when
L = 200, the average running time for each step is 2.53
seconds. Although the number of users in the Twitter-friend
is less than that in the UIC-follower dataset, the running time
for the Twitter-friend dataset is slightly larger than that for
the UIC-follower dataset. That is because the Twitter-friends
dataset is a very dense social network, which contains more
edges than the UIC-follower dataset.
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In Figures 3(d), 3(e) and 3(f), we show the average influence spread for each algorithms with budget L = 1, . . . , 5 for
the Twitter-friends, UIC-followers, and Foursquare datasets.
For each dataset, we illustrate the push budget L on the Xaxis, and the average influence spread on the Y-axis. In all
cases, the influence spread of OnlineSearch is very close to
AO*Search and significantly greater than the baselines. The
performances of OnlineGreedy and Greedy are similar, and
are significantly better than Random. WeightSum outperforms
Random only on the UIC-followers dataset.

50
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axis. In all cases, the running time of AO*Search increases
drastically as the budget L increases. For example, for the
Twitter-friends dataset, when L = 1, the average running time
is 0.00175 seconds, while when L = 5, the average running
time for each step is 3, 229 seconds. For OnlineSearch, the
average running time for each step slowly increases as L
increases. When L = 1, the running time of OnlineSearch
is close to that of AO*Search, but when L = 5, it is orders
of magnitude faster than AO*Search. For other algorithms, the
average running time for every step does not have obvious
increase as L increase. The running time of WeigtSum is close
to OnlineSearch. Other three algorithms are faster.
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Running time of OnlineSearch on different datasets

Variation of q(ut ) and w(ut ) during the diffusion process.
In this experiment, we show that the performance difference
between the proposed algorithms and the greedy algorithms
is caused by the different strategies underlying them. To
understand the strategies, we show the variation of q(ut ) and
w(ut ) during the diffusion process, where ut is the user who is
selected at the t-th step, q(ut ) is the probability
of ut becoming
P
active when it is selected, and w(ut ) = v∈Nout (u) is the sum
of influence weight over all out-edges of ut . In Figure 6, we
illustrate the step t on the X-axis, and the average q(ut ) or
the average w(ut ) in step t on the Y-axis. We experiment with
the Foursquare dataset with L = 4 and L = 100. As shown
in Figures 6(a) and 6(c), in the early stage of the diffusion
process, AO*Search and OnlineSearch tend to select users with
larger influence, while the OnlineGreedy does not show the
preference for users with larger influence. Comparing with
Figures 6(b) and 6(d), we can find out that in the early steps of
the diffusion process, AO*Search and OnlineSearch sacrifice
their immediate reward for the long-term reward by selecting
users who are slightly less likely to become active (smaller
q(ut )), but have larger influence (larger w(ut )). As a result,
they will have candidates with larger active probability in later
steps. When the process is close to the end, AO*Search and
OnlineSearch become more likely to select users with smaller
influence but larger probability of becoming active. Another
interesting observation is that, comparing with the case with
small budget (L = 4), when the budget is large (L = 100),
OnlineSearch is more willing to sacrifice the immediate reward
at the beginning of the diffusion process. The results show
AO*Search and OnlineSearch decide to what extend they can
sacrifice the immediate reward according to the budget left.
Effect of θ. Finally, we study how the value of θ affects
the average influence spread of algorithms. As described in
Section V-A, θ is a parameter used in the problem generating.
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In the paper, we study the information diffusion process as
a stochastic process that is partially controlled by the social
network providers. We develop a novel push-driven cascade
(PDC) model, which combines the user preference and social
influence. We present the dynamic influence maximization
problem on the PDC model, and design two dynamic influence
maximization algorithms for the model.
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We solve the dynamic influence maximization problem as
a sequential decision making problem for Markov decision
process (MDP). MDPs have been studied in the artificial intelligence area for decades. Many algorithms have been proposed
for solving the MDPs optimally or approximately [8], [9]. In
this paper, we adopt the AO* heuristic search algorithm to
solve the dynamic influence maximization problem. The AO*
algorithm was first designed for solving the search problem
on AND/OR graph [7]. Later works show that it could also be
used for solving the acyclic MDPs [8].
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