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We basically explain (and point out a typo in) Eq. 2.15 to 2.20 in
Yair Weiss and William T. Freeman, “Correctness of Belief Propagation in

Gaussian Graphical Models of Arbitrary Topology”, Neural Computation, Vol
13, pp 2173–2200, 2001.

Let xi be n dimensional and xj be m dimensional. Then a is n × n, b is
n ×m, c is m ×m, Pii is n × n, Vij is (n+m) × (n+m), Pij is m ×m, P0 is
n× n.
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So (1) becomes:
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Denote the exponent in the integrand as J . Then

2J = −x>i axi − 2x>i bxj − x>j cxj − x>i Piixi − µ>iiPiiµii + 2µ>iiPiixi

−
∑

k∈N (i)\j

(
x>i Pkixi − 2µ>kiPkixi + µ>kiPkiµki

)

= −x>i

a+ Pii +
∑

k∈N (i)\j

Pki

xi + 2

−x>j b> + µ>iiPii +
∑

k∈N (i)\j

µ>kiPki

xi

−x>j cxj + const (xi, xj) , (2)
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where const (xi, xj) represents a function independent of xi and xj .

Now if we denote:
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Piiµii +
∑

k∈N (i)\j

Pkiµki
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then (2) becomes:

2J = −x>i (a+ P0)xi + 2
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= − (xi − µ)> (a+ P0) (xi − µ) + µ> (a+ P0)µ− x>j cxj + const (xi, xj) ,
(4)

where µ can be determined by comparing the linear terms (in xi) in (3) and (4):

µ> (a+ P0) = −x>j b> + µ>0 P0,

which gives
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So now (4) becomes
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regardless of the value of µ (which is a function of xj). So
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where µij can be found by comparing the linear terms (in xj) in (5) and (6):
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In sum, the inverse covariance matrix of message mij is

Pij ← c− b> (a+ P0)
−1
b,

and the mean is
µij ← −P−1

ij b> (a+ P0)
−1
P0µ0.
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