Bregman Divergence and Mirror Descent

1 Bregman Divergence

Motivation

Generalize squared Euclidean distance to a class of distances that all share similar properties

Lots of applications in machine learning, clustering, exponential family

Definition 1 (Bregman divergence) Let ¢ : 2 — R be a function that is: a) strictly convex, b) continuously
differentiable, c) defined on a closed convex set Q). Then the Bregman divergence is defined as

Ay(z,y) = (@) —d(y) = (VYy),z —y), Vzye (D)
That is, the difference between the value of 1\ at x and the first order Taylor expansion of 1) around y evaluated
at point x.
Examples

Euclidean distance. Let ¢(z) = 3 |z||*. Then Ay (z,y) = 3l — yll®.

Y(x) = Y, wlogz; and Q@ = {z € R} : 1z =1}, where 1 = (1,1,...,1)". Then Ay(z,y) =
> wilog Z— for z,y € (). This is called relative entropy, or Kullback-Leibler divergence between
probability distributions x and y.

2 2 2
L, norm. Letp > 1 and zl) + % = 1. ¢x) = %||x||q Then Ay (z,y) = %”:Z?Hq + 1 vl —

<x, vi ||yH3> Note % ||y||§ is not necessarily continuously differentiable, which makes this case not
precisely consistent with our definition.

Properties of Bregman divergence

Strict convexity in the first argument z. Trivial by the strict convexity of ).
Nonnegativity: Ay (z,y) > 0forall z,y. Ay(z,y) = 0if and only if z = y. Trivial by strict convexity.

Asymmetry: in general, Ay (z,y) # Ay (y, z). Eg, KL-divergence. Symmetrization not always useful.

Non-convexity in the second argument. Let Q = [1,00), ¢)(z) = —logx. Then Ay (z,y) = —logz +
logy + ””y;” One can check its second order derivative in ¥ is y%(%m — 1), which is negative when
2z < y.

Linearity in ¢. For any a > 0, Aytap(2,y) = Ay(z,y) + al,(z,y).
Gradient in z: %Aw (z,y) = Vi(x) — Vip(y). Gradient in y is trickier, and not commonly used.

Generalized triangle inequality:

Ay(m,y) + Ay(y,2) = Y(x) —Y(y) — (VY (y), v —y) +¥(y) —¥(2) = (VY(2),y —2) (2

= Ay(x,2) + (2 =y, Vi (2) = Vi(y)) - 3)
Special case: v is called strongly convex with respect to some norm with modulus o if
g
b(@) 2 d(y) + (Vi(y),z —y) + 5 (R )

Note the norm here is not necessarily the Euclidean norm. When the norm is Euclidean, this condition is
equivalent to ¢ (z)—§ ||||? being convex. For example, the ¢)(z) = 3 ; Tilog x; used in KL-divergence



is 1-strongly convex over the simplex 2 = {x eERY 1z = 1}, with respect to the L; norm (not so
trivial). When ) is o strongly convex, we have

Aule,y) 2 2 lle =yl 5)
Proof: By definition Ay (x,y) = () — ¥(y) — (Vo (y),z —y) > § o~y u
Duality. Suppose 1) is strongly convex. Then
(V) (Vip(z) ==, Ay(z,y) = Ay (VY(y), Vi(z)) . (6)
Proof: (for the first equality only) Recall
V(y) = sup {(z,9) —¥(2)}. (7

sup must be attainable because v is strongly convex and 2 is closed. x is a maximizer if and only if
y = Vy(z). So

YY)+ () = (,y) & y=Vi(). (8)

Since ¢ = ¥**, so ¥*(y) + ¥**(z) = (x, y), which means y is the maximizer in
7 (x) = sup {{z, 2) — " (2)}. 9)
This means = V¢*(y). To summarize, (V¢*)(Viy(z)) = x. |

Mean of distribution. Suppose U is a random variable over an open set .S with distribution x. Then

min By [A (U, )] (10)

is optimized at 4 := E,[U] = [ _qup(u).

Proof: For any = € S, we have

Eyu[By (U, )] = Byau[Ay (U )] (11)

=Eu[)(U) = ¢(@) - (U = 2)'Vi(z) = $(U) + ¢(@) + (U — ) Vi (u)] (12)

= () — ¢(z) + 2'Vip(x) — W' VY(u) + E,[-U'V(z) + UV (u) (13)

= ¥(a) — (x) — (1 —2)' Vi) (2) (14)

= Ay(, 2). (15)

This must be nonnegative, and is O if and only if x = . ]

Pythagorean Theorem. If 2* is the projection of x( onto a convex set C' C {):

x* = argmin Ay (z, o). (16)
zeC
Then forall y € C,
Ay(y, o) = Ap(y, ") + Ay (2™, 20). (17)

In Euclidean case, it means the angle Zyx*x( is obtuse. More generally

Lemma 2 Suppose L is a proper convex function whose domain is an open set containing C. L is not
necessarily differentiable. Let x* be

¥ = argmin {L(z) + Ay(z",20)}. (18)
xeC
Then for any y € C we have
L(y) + Ay(y,z0) = L(x") + Ay (2", m0) + Ay (y, 7). (19)
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The projection in (16) is just a special case of L = 0. This property is the key to the analysis of many
optimization algorithms using Bregman divergence.

Proof: Denote J(x) = L(z)+ Ay(x, x0). Since x* minimizes J over C, there must exist a subgradient
d € 0J(z*) such that

(d,x —x*) >0, VaeCdC. (20)

Since 0J(z*) = {g+ Va=a+Ay(z,20) : g € OL(z*)} = {g+ V(z*) — V(z0) : g € OL(z*)}.
So there must be a subgradient g € L(x*) such that

(g + V() — Vip(zp),z — z*) > 0, Vel (21)
Therefore using the property of subgradient, we have for all y € C that
L(y) = L(z") + {9,y — ™) (22)
> L(z") + (Vip(zo) — Vip(2*),y — 2¥) (23)
= L(z") = (Vih(wo), " — mo) + p(27) — ¥ (x0) 24)
+ (Vip(z0),y — xo) — ¥(y) + ¥(x0) (25)
—(Vip(z%),y —a") +¢(y) — ¢(a") (26)
= L(z%) + Ay(a", o) = Ay(y, 20) + Ay (y, 27). 27
Rearranging completes the proof. ]

2  Mirror Descent for Batch Optimization

Suppose we want to minimize a function f over a set C'. Recall the subgradient descent rule

Tyl = Tk — NMkGk; where gi, € Of (w1,) (28)
! 2 1 2
Tpy1 = argmin — Hx — oy, 1 || = argmin - |z — (xr — megr)|” - (29)
sec 2 2 wec 2

This can be interpreted as follows. First approximate f around xj, by a first-order Taylor expansion
f(@) = flen) + (g, @ — xp) - (30)

Then penalize the displacement by ﬁ |z — 21||>. So the update rule is to find a regularized minimizer of
the model

. 1

Tpy1 = argmin {f(ac;c) + (gr,x — xg) + P lx — ﬂck||2} . 31
zeC Mk

It is trivial to see this is exactly equivalent to (29).

Mirror descent extension To generalize (31) beyond Euclidean distance, it is straightforward to use the
Bregman divergence as a measure of displacement:

. 1
ZTgy1 = argmin {f(xk) + (gp,x — zp) + —Ay(z, xk)} (32)
zeC Nk
= argngin {ef(@r) + e (g, ¢ — xi) + Ay (z,28)} . (33)
xTE
It is again equivalent to two steps:
. 1
)y 1 = argmin {f(mk) + (gr,x — zx) + nkAw(x,xk)} (34)
x
Thil = argrréin Ay (z, xk+%). (35)
T€
The first order optimality condition for (34) is
1
9t o (Tl y) = Vi) = 0 (36)
— V(1) = V(@) — negr (37
= Tpys = (Vo) (Vi (k) — meg) = (V) (Vi (k) — rgr)- (38)
For example, in KL-divergence over simplex, the update rule becomes
Tpy 1 (1) = k(i) exp(—nrgr (). (39)
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2.1 Rate of convergence for subgradient descent with Euclidean distance

We now analyze the rates of convergence of subgradient descent as in (31) and (33). It takes four steps.
1. Bounding on a single update

2
lxes1 — x*H; < ka+% — m*H = ||xx — Megr — x*||§ (< by the Pythagorean theorem in (17))  (40)

= ||z — 2|15 — 20k (g, o1 — &) + 17 oI5 (41)
< lox — "5 — 200 (fzx) — F(=7) + 07 lgwl - (42)
2. Telescope over k = 1,...,T (summing them up):
T T
Jorsn —a*3 < oy — 2|2 =23 me (Flan) — @) + Y 0 llgell3- (43)
k=1 k=1

3. Bounding by ||gx||3 < G? and ||z1 — 2*|3 < R? := max,c¢ |21 — 23

T

23 mk (flaw) — f(=7) <R+ G . (44)

k=1 k=1

4. Denote ¢, = f(x) — f(«*) and rearrange

T
< R?* 4+ G? Zk:l 771%_

min ¢ < (45)
kefl, 1} 22;521 e
Denote [T] := {1,2,...,T}. By setting the step size ny, = GL\/E’ we can achieve
1+>0 L 2+ [ 1d GlogT
min ¢ < RGLTZk=1k < g 2T N wdr  RGlogT (46)
kelT) 21 Ur 4f; 7 Lde 2T

Remark 1 The term log 7" in the bound can actually be removed by using the following simple fact. Given
c>0,be Ri, and D a positive definite matrix. Then

. c+3x'Dx 2¢ , 2%
:Zrellgé bix =\ 5D where the optimal x = mD b. 47

One can prove it by writing out the KKT condition for the equivalent convex problem (with a perspective
function) infy , (¢ + 3x'Dx), s.t. x € R%, u > 0, and b’x = u. Now apply this result to (45) with all

N = G—\I}T (k € [T)), then we get

min e < E (48)

ke(T] VT

So to drive minge ) €x below a threshold € > 0, it suffices to take T steps where

R?*G?

T>=

(49)
€

Note the method requires that the horizon 1" be specified a priori, because the step size 1y needs this infor-
mation. We next give a more intricate approach which does not require a pre-specified horizon.

Remark 2 The term log T in the bound can also be removed as follows. Here we redefine R? as the diameter
square max, yec ||z — y||§ Instead of telescoping over k = 1,...,T, let us telescope from k = T/2to T
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(without loss of generality, let 7" be an even integer):

T T
lori =[5 < o — o[l =2 D me(flan) = F@ )+ Y wtloels  50)

k=T/2 k=T/2
T T
— 2 ) e (flan) — f@) SRPHG Y (51)
k=T/2 k=T/2
R2 + G2 T, 2
min €r < TZk_T/Q i (52)
ke{T/2,...,T} 2 Zk:T/2 m
T 1 T
) R 1+> 0 s 1+f _logzdz  9opaG
(plug in 7 = 7) = RG—72E <R - < (53)
G k' 2Zk:T/2 ﬁ 4fT/2 ﬁd(E T

The trick is to exploit log T—log(% —1) ~ log 2 in the numerator. In step (51), we bounded HxT/Q —x* H;
by R?, because in general we cannot bound it by ||z — z* Hg In the sequel, we will simply write

RG

min €, < —

ke[T] \/T

ignoring the constants.

2.2 Rate of convergence for subgradient descent with mirror descent

The rate of convergence of subgradient descent often depends on R and GG, which may depend unfortunately
on the dimension of the problem. For example, suppose C'is the simplex. Then R < /2. If each coordinate
of each gradient g, is upper bounded by M, then G can be at most M y/n, i.e. depends on the dimension of x.

We next see how this dependency can be removed by extending Euclidean distance to Bregman diver-
gence. Clearly the steps 2 to 4 above can be easily extended by replacing ||xj+1 — 2™ Hg with Ay (z*, Tg41).
So the only challenge left is to extend step 1. This is actually possible via Lemma 2.

We further assume ¢ is o strongly convex on C'. In (33), consider 0 (f (zx) + (9x, ¢ — )) as the L in
Lemma 2. Then

e (f(zx) + (gk, 2" — zr)) + Ay(@™, z) > e (f(2r) + {9k, Tht1 — Tk)) + Ay (Trt1, Tk) (54)

+ Ay (2", zpt1). (55)
Canceling some terms can rearranging, we obtain
Ay(x®, xpp1) < Ay (@, 2) + 70 (gh 27— Trgr) — Dy (Th1, Tn) (56)
= Ay (", z) + 0k (g, 2 — Ti) + 0k (o, T — Tor1) — Dy (Trp1, T) (57
< Ay, mr) = e (f (@r) = f(@7)) + e (g, T — Tiog1) — % [t (58)
< Ayt mr) — e (f(@r) = f(27) + e llgell ok = zrgall — % ok = zal* (59

2
< Ay, an) =i (Flan) = F@7) + 25 llgell: (60)

Now compare with (42), we have successfully replaced ||z1+1 — 33*||§ with Ay (z*, z;). Again upper
bound Ay (z*, 1) by R? and ||gx||, by G, and we obtain
RG
min ¢ < ——. 61
kelr] © = VoT D
Note the norm on g is the dual norm. To see the advantage of mirror descent, suppose C' is the n
dimensional simplex, and we use KL-divergence for which 1 is 1 strongly convex with respect to the L;
norm. The dual norm of the Ly norm is the Lo, norm. Then we can bound Ay (z*, 1) by using KL-
divergence, and it is at most logn if we set z; = %1 and z* lies in the probability simplex. G can be upper
bounded by M, and R by logn. So with regard to the value of RG, mirror descent yields M log n, which is

smaller than that of subgradient descent by an order of O(, /527, )- Note the saving of ©(y/n) is from the

norm of gradient (G) by replacing the L, norm by the L., norm, at a slight cost of increasing R by log n.



Remark 4 Note R? is an upper bound on A, (z*, z1), rather than the real diameter maxx yec Ay (2, y).
This is important because for KL divergence defined on the probability simplex, the latter is actually infinity,
while max,co Ay (z, %1) = logn.

2.3 Possibilities for accelerated rates

When the objective function has additional properties, the rates can be significantly improved. Here we see
two examples.

Acceleration 1: f is strongly convex. We say f is strongly convex with respect to another convex function
1 with modulus A if

f@) > f(y) + (g2 —y) + My(z,y)  Vgedf(y). (62)

Note we do not assume f is differentiable. Now in the step from (57) to (58), we can plug in the definition of
strong convexity:

Ay(x™, xpg1) = ..+ 0k (g, @™ — i) + ... (copy of (57)) (63)

<=k (f(zk) — f(27) + MDAy (2™, ap)) + ... (64)

<. 65)

2
< (L= ) A, ae) = me (F(on) = F@) + 25 el (66)
Denote 6, = Ay(x*, ). Setn, = 5. Then
k-1 1 G? 1 G?
(Sk-+1 S k (5k - Eﬁk + m — k5k+1 S (k - 1)5k; - ka; + m (67)

Now telescope (sum up both sides from k£ = 1 to T)

T T T
1 G? 1 G? 1 1 G2?2 O(logT)
T+1S Ty kE:1 €, + 2o\ kE:1 A min € < E S (68)

Acceleration 2: f has Lipschitz continuous gradient. If the gradient of f is Lipschitz continuous, there
exists L > 0 such that

IVf(@) =Vl < Llz—yll, V. (69)
Sometimes we just directly say f is smooth. It is also known that this is equivalent to
L
@) < @)+ (VI@).e =)+ 5 llr =yl (70)
We bound the (gy, x* — xx1) term in (56) as follows
(g, @™ = Tpy1) = (gr, @ — k) + (Ghy Th — Thot1) (71)
* L
< f@) = flze) + f(ze) — f(@r41) + 5 = zhga || (72)
* L 2
= f(@") = f(zps1) + 3 |2k — zpta [|”- (73)

Plug into (56), we get

L o
Agla o) < Ag(e )+ (£7) = o) + 5 ow =) = § o= awal. 09

Setn,, = %, we get
* * o *
Ay(@", wp41) < Ay (2", z) — I (f(@r41) — f(z7)). (75)
Telescope we get
LA(x*,zq) < LR?
A

min - f(ex) = f(27) <

76
ke{2,..., T+1} ol (76)

This gives O(%) convergence rate. But if we are smarter, like Nesterov, the rate can be improved to O(%)
We will not go into the details but the algorithm and proof are again based on Lemma 2. This is often called
accelerated proximal gradient method.



2.4 Composite Objective

Suppose the objective function is h(z) = f(x)+7(x), where f is smooth and r(x) is simple, like ||z||,. If we
directly apply the above rates for optimizing h, we get O(ﬁ) rate of convergence because h is not smooth.

It will be nice if we can enjoy the O(%) rate as in smooth optimization. Fortunately this is possible thanks to
the simplicity of r(z), and we only need to extend the proximal operator (33) as follows:

1
Tpy1 = argmin {f(:ck) + {gk,x — xg) + r(x) + Aw(x,xk)} (77
zeC Mk
= argﬂéin {ef (@) + e (g, T — 1) + mer () + Ay (z, 21) } - (78)
Te

Here we use a first-order Taylor approximation of f around xy, but keep r(z) exact. Assuming this proximal

operator can be computed efficiently, then we can show all the above rates carry over. We here only show the

case of general f (not necessarily strongly convex or has Lipschitz continuous gradient), and leave the rest

two cases as an exercise. In fact we can again achieve O(%) rate when f has Lipschitz continuous gradient.
Consider 1 (f(zx) + (gr, x — xx) + r(x)) as the L in Lemma 2. Then

e (f(2) + (gr, ° — 2p) +7(27)) + Ay (27, 21) (79)
> e (f(@k) + {9k, Trt1 — k) + 1(@r41)) + Dy (@hs1, ) + Ay (27, Tpp1). (80)
Following exactly the derivations from (56) to (60), we obtain

Ay(x™, xpg1) < Ay(a™, zr) + 0k (gr, 2 — 1) +e(r(@”) — r(T41)) — Ay (Thgr, 1) (81)
< (82)

2
< Ay m) = e (f (@) + rlwesn) = @) = (@) + 25 |lgell2 (83)

This is almost the same as (60), except that we want to have r(zy) here, not r(xy1). Fortunately this is not
a problem as long as we use a slightly different way of telescoping. Denote 0, = Ay (x*, z) and then

1
Flan) +r(@r) — F@) = (@) < — (0 — dkp1) + 2= il . (84)
Nk 20

Summing up from k = 1 to T we obtain

o 5l 11 5 2
r(xryr) —r(zy) + Z (h(zp) — h(z*)) < = + Z Ok ( - ) Skl T Ey an (85)
k=1 - k=1

L2 S—— M Mk—1 nr
T T
1 1 1 G?
< R? ( <— )) 5D Tk (86)
e N )
R G2 &
=T oy 2k (87)
i 7=

Suppose we choose z1 = argmin,, r(z), which ensures r(xry1) — r(z1) > 0. Setting 7, = g\/%, we get

T T
RG 1 1 RG
> () @»\5< 2;@>\5“) )
Therefore mingepry{h(zx) — h(2*)} decays at the rate of O( R/%w)~

3 Online and Stochastic Learning

The protocol of online learning is shown in Algorithm 1. The player’s goal of online learning is to minimize
the regret, the minimal possible loss ), f(x) over all possible z:

T T

Re = —_— 1 .

gret Z fu(xr) mzlnz fr(x) (39

k=1 k=1

Note there is no assumption made on how the rival picks fj, and it can adversarial. After obtaining fj, at
iteration k, let us update the model into 1 by using the mirror descent rule on function fj only:

. 1
Tyl = argncl}n {fk(xk) + {gr,x — xk) + nkAMac,:m)} , where gi € Ofr(xk). (90)
€
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Algorithm 1: Protocol of online learning

1 The player initializes a model x; .

2 fork=1,2,...do

The player proposes a model xy.

The rival picks a function fj.

The player suffers a loss fi(xy).

The player gets access to fj, and use it to update its model to zj 1.

A AW

Then it is easy to derive the regret bound. Using fj, in step (60), we have

1
i) = fu(a”) < (At on) = Au(a® zin)) + 52 ol O
Summing up from k = 1 to n and using the same process as in (85) to (88), we get
T
. RG
> (ilzr) = frle™) < —=O(VT). (92)
e Vo

So the regret grows in the order of O(v/T).

f is strongly convex. Exactly use (66) with fj, in place of f, and we can derive the O(log T') regret bound
immediately.

f has Lipschitz continuous gradient. The resultin (75) can NOT be extended to the online setting because
if we replace f by fi we will get fi(zr+1) — fx(z*) on the right-hand side. Telescoping will not give a regret
bound. In fact, it is known that in the online setting, having a Lipschitz continuous gradient itself cannot
reduce the regret bound from O(+/T') (as in nonsmooth objective) to O(log T').

Composite objective. In the online setting, both the player and the rival know 7(z), and the rival changes
fx(x) at each iteration. The loss incurred at each iteration is hy(zx) = fi(zr) + 7(zk). The update rule is

1
Tpy1 = argnéin {fk(xk.) + g,z —x) +r(z) + nkAw(x,xk)} , where gi € Ofi(xk). (93)
xre

Note in this setting, (84) becomes

x

fe(@r) + r(@kg1) = fe(@®) —r(z”) < " (Ok — Okt1) + ;LZ llgwll? . (94)

Although we have r(xj41) here rather than r(zy), it is fine because r does not change through iterations.
Choosing 1 = argmin, r(z) and telescoping in the same way as from (85) to (88), we immediately obtain

T

2 (hi (k) — hi(2%)) < ;O(ﬁ» 95)

So the regret grows at O(v/T).
When f}, are strongly convex, we can get O(log T') regret for the composite case. But as expected, having

Lipschitz continuity of V f; alone cannot reduce the regret from O(v/T) to O(log T).

3.1 Stochastic optimization
Let us consider optimizing a function which takes a form of expectation

min F(x) = wIEp[f(a?;w)], (96)

where p is a distribution of w. This subsumes a lot of machine learning models. For example, the SVM
objective is

1 & A
F(a) = — > max{0,1- ¢ (ai,2)} + 5 o] 97)
=1
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Algorithm 2: Protocol of online learning

1 The player initializes a model x; .

2 fork=1,2,...do

The player proposes a model xy.

The rival randomly draws a wy, from p, which defines a function fi(z) := f(x;wy).

The player suffers a loss fi(xy).

The player gets access to fj, and use it to update its model to zj1 by, e.g., mirror descent (90).

A AW

It can be interpreted as (96) where w is uniformly distributed in {1,2,...,m} (i.e. p(w = i) = %), and

fx;9) = max{0,1 — ¢; (a;, )} + g z?. (98)

When m is large, it can be costly to calculate F' and its subgradient. So a simple idea is to base the
updates on a single randomly chosen data point. It can be considered as a special case of online learning in
Algorithm 1, where the rival in step 4 now randomly picks fj as f(z;wy) with wy, being drawn independently
from p. Ideally we hope that by using the mirror descent updates, xj, will gradually approach the minimizer
of F(x). Intuitively this is quite reasonable, and by using fj we can compute an unbiased estimate of F'(xy,)
and a subgradient of F'(x)) (because wy, are sampled iid from p). This is a particular case of stochastic
optimization, and we recap it in Algorithm 2.

In fact, the method is valid in a more general setting. For simplicity, let us just say the rival plays wy
at iteration k. Then an online learning algorithm A is simply a deterministic mapping from an ordered set
{w1,...,wi} to zk41. Denote as A(wp) the initial model x;. Then the following theorem is the key for
online to batch conversion.

Theorem 3 Suppose an online learning algorithm A has regret bound Ry, after running Algorithm 1 for k
iterations. Suppose w1, ...,wp41 are drawn iid from p. Define & = A(wjy1,...,wr) where j is drawn
uniformly random from {0, ..., T}. Then

. . Rri
E[F — F(x) < 99
[P(&)) — min F(o) < 1752, ©9)
where the expectation is with respect to the randomness of w1, . . . ,wr, and j.
Similarly we can have high probability bounds, which can be stated in the form like (not exactly true)
. . RT+1 1
F(z)— F(x) < log = 100
(£) — min F(z) < 77" log (100)
with probability 1 — &, where the probability is with respect to the randomness of wy, . .., wr, and j.
Proof of Theorem 3.
EF@)]= E [f@wrs)l= E  [f(Awjtr, .- wr)iwren)] (101)
DWWy WT 1 DWWy WT 41
1 I
= E —_— Z f(AWjt1,...,wr);wri1)| (asjis drawn uniformly random) (102)
W1, ,WT 41 T + 1 j:O
1 [T
= —_— E A(wi, - wr—j);wre1— shift iteration index by iid of w;
Trle B jzz;)f( (w1 7-j);wr+1-5) | ( y i)
] (103)
1 [T+1
= — E A(wy, .., ws_1);ws change of variable s =T — j 4+ 1) (104
710 E, ;f( (wn 1) >] (chang j+1) (104)
1 T+1
< — E min Tiws) + R apply regret bound 105
<7i1. E, |m s:zlf( )+ Rryi|  (apply reg ) (105)
R
< minE[f(z;w] + TT:i (expectation of min is smaller than min of expectation) (106)
. R
= F . 107
min () + 770 (1on
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